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Time complexity of recursive methods for computing the reliability of

strict consecutive—k —out—of—7 :F systems
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Abstract

A method is given for calculating the failure probability function for circular consecutive—
k —out—of—n 'F systems which operate in such a way that isolated strings of failures of length less
than k£ (which do not cause system failure) do not occur, or are immediately corrected; ie, when
system failure occurs it is because all failures present are in strings of length at least £ . This paper
estimate the time complexity of Papastavidis's recursive formula for computing the linear system
failure probability and gives a recursive method to compute the circular consecutive—k —out—of—n :F
gystems
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1. Introduction

Some methods of calculating the failure probability for consecutive— k£ —out—of-7 ‘F systems,
both recursive methods [1,4—7] and direct methods [8], do not rule out the situation that the failure
mode (at least one string of £ or more consecutive failures) is also accompanied by any possible
strings of isolated failures of length less than k. For example, let n=7, k=2, F designate a
failed component, and G designate a operational component; then the state FGFGGFF is one
of system failure only because of the last two F ’s, but there are also two isolated failure strings of
length less than two. It seems reasonable to suppose, however, that in at least some applications of
these systems, as might be the case with communication relay systems, isolated failure strings of
length less than k —which may degrade performance but do not cause system failure—are, or can
be, detected and corrected within an interval short enough that the normal operating mode can be
considered to have no failed components. That is, Bollinger assumes here that although prevention
of loss of system continuity is important enough that a consecutive—k —out—of—# ‘F design is used
for protection, the detection and repair or replacement of isolated failed components occur quickly
enough that the context is not that of the ordinary consecutive—k —out—of—7 ‘F system [2]. In such a
case, system failure will occur when and only when & or more consecutive components fail, and
without any isolated failure strings of fewer than k& consecutive components. Bollinger called such
system strict consecutive—k —out—of-7 'F systems, and in what follows their failure probability
was calculated [2].

For example, in a consecutive—2—out—of-7: F system; then the following constitute failures of
the linear system:

FFGGGGG
FFGGGFF
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GGFFFGG
GFFFFFG
FFFGFFF .

While the following configurations wc;uld cause failure of the linear system, they are assumed
not to occur because they contain isolated failure strings of length less than 2:

FGFFFFF
FFGFFGF
FFFGGFG.
The following represents a system in working order:
GGGGGGG.

As might be anticipated, the failure probability for an ordinary system is extremely conser-
vative compared to that for a strict system, and when the strict system applies, it might be possible
to use the information this provides in design economies. Bollinger studies linear system with equal
component probabilities. He presents a formula for calculating the system failure probability [2].

Papastavridis studies linear system with un-equal component probabilities [3]. He provides a
recursive formula for computing the system failure probability. Furthermore, he gave a simple exact
formula for the failure probability of the system with components of equal probability, ie, the ii.d.
case. '

We distinguish linear and circular forms of strict consecutive—k —out—of—n ‘F systems that are
analogous to consecutive—k —out—of-n °F systems.

This paper has two purposes. One is to estimate the time complexity of Papastavidis’s recur-
sive formula for computing the linear system failure probability. Another is to introduce a method to
generate a computer enumeration for the reliability function of the strict circular
consecutive—k —out—of-7 ‘F system. The method computes the reliability in O(nk2) time, for the
general case of un-equal component probabilities. '

2. Notation & Assumptions
Notation

n  number of components in the system.
k  minimum number of consecutive components which cause system failure, 2<k<n
pi operational probability of ith component.
gi =1.0-pi, failure probability of ith component.
f  first operational component.
t last operational component.
Fi(i5 )
failure probability (unreliability) of the linear system with components i,i+1,...,J.
Fe(n)
failure probability (unreliability) of the circular system with # components.

Assumptions

A. Each component and system is either operational or failed; the probabilities of component failure
are known.
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B. For given & and n, all components are mutually statistically independent with unequal
probabilities.

C. The system fails if and only if at least £ consecutive oomponents fail, and without any isolated
failure strings of length less than £..

3. Linear system

Papastavridis studied the reliability of strict linear consecutive—k —out—of—n ‘F system where
all the components have unequal failure probabilities . He has presented an equation to evaluate
the failure probability (unreliability) of the strict consecutive—k —out— of—# :F system as follows [2].

Let Fi(l;n:nc) and Fi(l;n:nr) represent the failure probability of the system with
component 7 being operational or failure, respectively. Hence

Fi(;n)=F.(,n:nc)+ FL(,n:nF) forall n>k. »
The system fails with the last component (component 7) being operational if and only if the sys-
tem failsat (n—1) stages: hence
Fi(,n:ne) = pnFr(l;n-1) @)

Denote F?(l;i)=l_[;=lpj +FL(1;i),forall i21,and F;(0;0)=1.0.
The same argument results in:
Fe(n:nr)=qnFL(l;n-1:n-1F) +pn-k - H qgF;(n-k-1) 3

isn-k+1

The recursive equations (1)—(3) give:

F.(n) =F.(n:nc)+ FL(l;n:nr)

=‘pnF},(l;n-1)+an}.(l;n-1:n-lr) + Pn-k H qiF;(Ln-k-1)

i=n—k+1

=Fi(n-1)—-gn(FL(n-1)-FL(l;n=-1;n=1r) + pn-k ﬁ qF(n-k-1)

isn-k+1

=Fi(n=1)- pragnFL(,n=2) +pns [ qiFzsn—k-1) @

i=n—k+1

For fixed k22 and for n2k+1, the recursive formula is
Fi(;n)= FL(l;n—1)— puagnFL(1;n=2) + pn-« - H qgi-Fu(l,n-k-1)

i=n-k+1
n-k

i=l j—n—k-l»l

The initial conditions are:
Fi.(1:9)=0.0,for i=0,1,2,...,k-1 and FL(;k)=qq2...4x.
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In the equation (5), first compute Q) =[T ... 9/

for i=2k,2k+1,...,n.

This requires O(n+k)=O0(n) time by first computing O(k) and then computing
O@i+1)=Q0(i)gi=/ gi-kn for each i=2k,2k+1,...,n—1. Once this is done, then each F.(1;n)
can be computed in constant time. Since there are n such FL(1;7n)’s to compute, we need another
O(n) time. Therefore the total time required is O(n).

4. Circular system

Consider that the # components lie on a cycle. Suppose that the » components are labeled
by the set {1,2,...,n} in a clockwise rotation (component » followed by component 1).

The component 7 has two states, operational or failed. So we have 2 events that the system
is operational as follows:

A. Ifthe component 7 isoperational, the unreliability function is given by:
Fea(n)=pn-FL(I;n-1) ®)

B. Ifthe /(k<I/<n) consecutive components containing of the component #n are failed, these
components cause the system failure.

For n2k+1, such a pair (f,f) must exist for the system to fail. Then the unreliability function
is given by:

/-1 n
Fs(m= Y, (pr][]a)- (2 ]]a) Q1.0-F,(f +1;¢-1)}

kS f-1+n-tsn i=1 Jat+l
i S n
+ 2 Ie1la-114, @
ksf-l+n-tsnm=f i=] Jat+l :

The initial conditions are: R;(k)=g¢,9,...q, and Rcs(i)=0.0,for i=0,l,...,k—1.

Furthermore, equation (7) is rewritten as follows:

n=l s- i n
Fca(n)=2 pi+l°pn-s+i'l_[qj' H q {1.0-F,(i+2;n-s+i-1)}

s=k i=0 Jsl lan-s+i+]
=] 3=} n=s+i i n
S35 T mIle- 11 @ ®
s=k i=0 m=i+] Jj=l l=n-s+i+]

The events, A and B, are disjoint each other. Then the system unreliability, Fc(n), can be written
as:

Fc(n) = Fca(n)+ Fes(n) ©

Next consider the time complexity of equation (9). The equation (6) is computed in O(n) time.
In equation (8), there are at most k2 distinct products:

iipm * Pn-ssi -f[qj . f[ q

ssk i=0 J=l Ian-s+i+l

which can be computed in O(%2). Furthermoré,‘the linear system can be computed in O(») time
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as shown before. Since there are at most k2values of linear system to compute, the total time re-
quired is O(k2)+ O(nk?) = 0(nk?).

5. Conclusion

This paper estimated the time complexity of Papastavidis's recursive formula for computing
the linear system failure probability and described a method to generate a computer enumeration
for the reliability function of the strict circular consecutive—k —out—of-» ‘F system. The proposed
method computes the reliability in O(nk2?) time, for the general case of unequal component prob-
abilities.

Acknowledgment

The paper was prepared while Y. Higashiyama was a visiting professor at the Department of
Mathematics and Statistic, Curtin University of Technology, Perth, WA, Australia, in 2003.
References

[1] C.Derman, G.JLieberman, and S.M.Ross, “On the consecutive k —out—of-7 :F system”,
IEEF Transactions on Reliability, Vol R-31, pp 57-63 (April 1982).

[2]  R.C.Bollinger, “Strict consecutive—k —out— of—# :F system”, JEEE Transactions on Reliability,
Vol R-34, pp 50-52 (April 1985).

[81 S.Papastavridis, “Algorithm for strict consecutive—k —out—of—# ‘F system”, JEEE Transac-
tions on Reliability, Vol R-35, pp 613-615 (December 1986).

[41 FXKHwang ‘Fast solution for consecutive—k out—of-n :F systems”, IEEFE Transaction on Re-
Liability, Vol R-31, pp 447—448 (December 1982).

[5] D.T.Chiang and Ru—fang Chiang, “Relayed communication via consecutive—k —out—of-# F
system”, JEEE Transactions on Reliability, Vol R-35, pp 6567 (April 1986).

(6] M.T.Chao and G.D.Lin, “Economical designing of large consecutive—k —out—of-n ‘F systems”,
IEEE Transaction on Reliability, Vol R-33, pp 411-413 (December 1984).

[71  J.C.Fu, “Reliability of a large consecutive—k —out—of-# ‘F system”, JEEE Transaction on Re-
Liability, Vol R-34, pp 127-130 (June 1985).

[8] R.C.Bollinger, “Direct computation for consecutive—k —out—of—# ‘F systems”, JEEE Transac-
tion on Reliability, Vol R-31, pp 4444-446 (December 1982).

Annual Journal of Eng,
Ehime Univ,, I, Mar, 2005 69





