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Ergodic Theorems for Dynamical Systems

with Intemittent Chaos
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Abstract: We consider dynamical systems with intermittent chaos. In particular, we consider one-

dimensional dynamical systems with indi erent xed points (xed points with derivative one). Typical

orbits under such dynamical systems display intermittent behaviour. Many such maps have absolutely

continuous ergodic innite invariant measures. We study the limit of the ratio of the ergodic sum of f to

that of g, where the integrals of f and g are innite with respect to the absolutely continuous invariant

measure. If f and g are real analytic functions on [0, 1], the result in this article makes it clear whether

the ratio of the ergodic sum of f to that of g converges in the Lebesgue measure or not.
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f (A) =
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A
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T : X X

A A (T 1(A)) = (A) T : X X
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1A(x) = 0

(2) A

(X) < (X) =

(2) (A) < A

0 (A) = A

(X) = Hopf

(X,A, ) - T : X X

f, g L1( ), g 6= 0 -a.e.x

lim
n

Pn
k=0 f(T

k(x))Pn
k=0 g(T

k(x))
=

R
fdR
gd

(3)

R
fd = ,

R
gd = (3)

T
R
fd = ,

R
gd =

(A) =

A

3.

1

T (x) =

(
2x for x [0, 12 )

2x 1 for x [ 12 , 1]



47

[0, 1] [0, 1]

A A (A A )

(i)-(iv)

inf
x
T 0(x) > 1

infx T
0(x) > 1

T 0(0) = 1

2

T (x) =

x

1 x
for x [0, 12 )

2x 1 for x [ 12 , 1].

(D) =

Z

D

1

x
Leb(dx) ( Leb )

² > 0 ([0, ²]) = [0, ²]

([², 1]) < [², 1] 0

[0, ²] 1

T 0(0) = T 0(1) = 1

3

T (x) =

x

1 x
for x [0, 12 )

2x 1

x
for x [ 12 , 1].

(D) =

Z

D

1

x(1 x)
Leb(dx)

² > 0 ([0, ²]) = ([1 ², 1]) = 2

[0, ²]

[0, ²]

4.

3

0 < c < 1 T : [0, 1] [0, 1]

(i) T (0, c) (c, 1) C2 (0, c] [c, 1) C2

;

(ii) T (0) = 0 T (1) = 1;

(iii) T (0, c) = (0, 1) T (c, 1) = (0, 1);

(iv) T 0(x) > 1 for x 6= 0, c, 1.
A 0 B 1

T (x) x = 0x
d0 + o(xd0) in A (4)

x T (x) = 1(1 x)d1 + o((1 x)d1) in B (5)

0 > 0, d0 1 , 1 > 0, d1 1

T ([0, 1]\(A B)) <

d0 2 (A) = d1 2 (B) =
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d0 2 d1 2 [0, ²]
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f , g

f , g fA, fB

m0, m1 1A, 1B :
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fA, fB f , g (6)
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