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    The purpose of this paper is to determine the KFq

a special case.

-cohomology of lens space L6'(ld) in

g 1. Introduction

   Let l be an odd prime number and L"(IO the standard (2n+1)-dimensional lens space

S2n+il(ZllO. The lens space Ln(ld) has the CW-decomposition

      Ln(ld) =: Si U e2 U e3 U ny•• U e2n U e2n+i

and we write L6'(ld) for its 2n-skeleton.

   Denote by A the ring of l-adic integers Zi. Let K,(-) be the l-adic completion of the

classical complex K-theory, T/ the canonical complex line bundle of L"(lO and put x = ri - 1.

Then the K,rcohomology of lens space is (see [3])
      KA (L"(l4) = KA (L6'(lO) = A[x] 1 ((1 + x)" - 1, xn+i).

   In [1], for d =r 1 we showed that there is an element g of K,, (L"(D) such that

      K.4 (Lti(D) 2{ K,, (Lg(D) E-i: A[e]1(6i + ls, en+i).

   Let Fq be a finite field of order q and assume that q is prime to l. By KFq (-) we

denote the algebraic K-cohomology for Fq.

   The purpose of the paper is to show the following two theorems :

   Theorem 1.1. There is an element e of K, (Ln(ld))

degree (ld - 1) 1 (l - 1) such that

   (i) K,, (L"(ld)) {i! A[g]/(17(si"i)6, En+i) and

   (ii) for an integer le whose order in (ZllOX is Prime to l,

the Adams operation.

and a monzc

gk(s) = cltg

Polynomial f(.X) of

(CkCEi A), where vh is
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   Theorem 1.2. Let IiTq be a finite field of order q and assume the order of q in (ZllOX is

Prime to l. Letrbe the leastPositive integer such that qr i 1(mod D. Then the algebraic K-

cohomology grouP of lens sPace KFq (L6'(IO) is isomorPhic to the torsion subgromp of

A[C] 1 (IC(Cs)g, g"m'i), zvhere C = er, s = (l - 1)lr and m := [n/r].

                  g 2. Splitting of KA-cohomology

   Let p E A be a primitive (l-l)-th root of unity. Then for 1 5 i -S l - 1 we define the

A-module homomorphism Åëi : KA(-) rmm> KA(-) by
      <Pi = ili ,j,Ei, p-mi"Lrp"z,

where wk is the Adams operation.

   Then we have (cf. [2])

   Proposition 2.1.
    (i) Åëi + Åë2 + ••• + Åël-i = id,
   (ii) ÅëiÅëi - ( oÅë' ifZfii,\=:=7."

   Let le be an element of A such that le iik O (mod D. Then there exists only one element m of

A such that mimi == 1 and m ffi le (mod D. We write k for the element m. Then we have

   Proposition 2.2. Let le be an integer whose order in (Z/ld)Å~ is Prime to l, then

      "LtkÅëi ua- ÅëiyLtle = kiÅëi

as A-modzale homomorPhism KA(Ln(ld)) --, K,t(Ln(ld)).

   Proof. The commutativity of 9k and Åëi is clear. Since the order of k in (Z/ld)Å~ is prime to l,

9le == es. From the fact that le is an (l-1)-th root of unity, there is an integer s such that le = pS. Then
      sbkÅëi = lli i,ll.}i, p-'"iyetEpM = lli ,j,il.l', p-misbpm's

           = i2ii j,ltlli psi:p-(nt+s)iye',"n+s

           == lll psi l,z-..i, p-miyLrp'" == EiÅëi.

This completes the proof of the proposition.

                      g 3. Structure of KA(Ln(ld))

   In this section we write R for the ring A[x] 1 ((1 + x)id - 1). The ring is a free A-module with

a basis {1, x, x2,..., xid-i}. The action of the Adams operation vk to R is gk(x) = (1 + x)le - 1.
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   Put 6 = Åëi(x) and m = ld - l, then we have

   Proposition 3.1.
    (i) {1, g, e2,..., e'n} is a basis of the A-module R and

   (ii) the ideal (6) ofR is equal to (x).

   Proof Since {1, x, x2,..., x'"} is a basis of R, we can write

       6i = cio + cilx + ci2x2 +--•+ ci.xM,

where O $ i -S m and ci• is an element of A. And cio ::= coi = O for 1 S i <= m. Since the mod l
reduction of (1 + x)id - 1 is xA and

              1 t-1
       Cii - l-1 .,Z=i p-"ZpM = 1 (mod D,

we have that ci• i O (mod D for i > 1' and cii i 1 (rnod D. Therfore det(ci•) - 1 (mod D, which im-

plies Proposition 3.1.

   Proposition 3.2. For fe l O, we have

    (i> Åë,<gk) == O ifif fe (mod l-1) and

   (ii) Åë,<6fe) = gk i i E le (mod l-1).

                                       '
   Proof To prove (i), assume i l k (mod l-1). By Proposition 2.2, opÅëi(gk) == piÅëi(g"k). On the

other hand

       vLtpÅëi(6k) = Åëi((vLtp(6))k) =:= Åëi((yLtpÅëi(x))k)

               = Åëi((pÅëi(x))k) == pleÅëi(ek).

Since pi - pk is a unit of A, (pi - ple) Åëi (sk) = O implies Åëi(6k) =r O. To prove (ii), assume i m== fe

(mod l-1). Applying Proposition 2.1 (i) to gk, we have

       gk = Åëi(6h) + Åë2(gk) +•-•+ Åëi-i(ek)

         == Åëi(ele)•

This completes the proof of the proposition.

   Proposition 3.3. There is a monic Polynomialf(.)O of degree (ld - 1) 1 (l - 1) such that R

=. A[g]/ (f(gi-i)g).

   Proof By Proposition 3.1 there is a relation

      em+i = ao + aie + a2g2 +•••+ a.em,

where ai i's an element of A for O $ i .S m. From Proposition 3.2, we have

      g,n+1 = Åë1(e,n+1)

           = Åëi(ao + aie + a262 +•••+ a.te"t)

           :=: aie + ai6i + a2iuie2i-i +•••+ a,.-t+2g,n-i+2.

Put

      f(M = N ai - aiX - a2i-iX2 -•••- a.-i+2X,ni(i-i>-i + xmiu-i},

then we have a reiation f(eiJi)e = O of R. Clearly A[6] 1 (17(ei-i)g) is a free A-module with a basis
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{1, g, e2,..., gnz}. This implies Proposition 3.3.

   Proof of Theorem 1.1. From Proposition 3.1 and Proposition 3.3, we have
      KA(L'i(ld)) {i! A[x] 1 ((1 + x)id - 1, xn+i) g R 1 (xn+i)

              2 R/(en+i) z A[g] 1 if(ei-i)g,gn+i).

   Let r be a positive integer such that r divides l - 1, and put s = (l - 1) / r. We write R'

for the ring A[(] 1 if((S)<). Then there is the ring homomorphism e : R' -, R such that e(C) == e'

and e1A = idA. Then we have the following proposition :

   Proposition 3.4.
    (i) c is a monomorPhism,

   (ii) IM(e : R' 'R) = IM(Åër + 02r +'''+ Åëi-i :R-R),
   (iii) let T : R - R 1 (6"'i) be the canonical Projection, then Ker(noe) = (c["/']'i), and

   (iv) R' 1 (C["/r]") ! Im(Åë. + Åë2. +•-•+ Åëi-i : R 1 (g"'i) -• R 1 (6n+i)).

   Proof Since R' is a free A-module with a basis {1, 4, C2 ,..., CM/r} and Im(Åë, + Åë2r

+'''+ Åëi-i) is a free A-module with a basis {1, s', e2r ,..., e'n}, (i) and (ii) is clear. To

prove (iii), assume that cr is an element of Ker(noc), Then we can write

      e(cy) = 8"'i(ao + aie + a2e2 + • • ' + a,. .ft M)

          = ao8n+i + ai6n+2 + a2sn+3 +•••+ a,.gn+,n+i,

where ai E A for O $ i -S nz. By Proposition 3.2 we have

      e(cr) =:: (Åër + Åë2r +'''+ <Pi-1)(cr)

          = Z aien+i+i
              osi .s m
            n+i+1[-O {mod r)

          = Åí aic(C(n+i+1)tr).
              O5i .S nt
             n+ it1=-O (mod r)

Therefore cr is an element of the ideal (c[n/r]+i). It is clear that e(4nh']+i)=O, so we have

Ker(noe) = (4["/']"). From (i), (ii) and (iii), (iv) foiiows. This completes the proof of Proposi-

tion 3.4.

             g 4• KFq-cohomology of lens space L"o(ld)

   Let ,FTq be a finite field of orderq and assume that the order ofq in (Z/l4Å~ is prime to l.

   Put Mi -- di,<rt,,(Lg(ld))). Then from Proposition 2.1, we have

      K.(L6'(ld)) ; A CD M, ({D M,O• • • (D Mi-,•

Since K-i(Lg(ld)) = O, there is an exact sequence (cf, [4])
      O . rtFq(Lg(ld)) -e- rt,,(L6(ld)) 1-Y' q. R,,(L6i(ld)).

   From Proposition 2.2 and the fact that 1 - gg commutes with Åëi we have the following
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proposition :

Proposition 4.1.
(i) The KIiTq-cohomology of lens sPace L6'(lO is

               l-1   KFq(Lg(ld)) or i(=[I}51 Ker(1 - gq : M, . M,), and

(ii) (1 - 9q)ly) = (1 - q')y foryE Mi.

Then the following lemma is well known :

Lemma 4.2. Letr be the leastPositive integer such that qr iii 1 (mod b. Then

(i) 1 - q-' is a unit ofA zfif O (mod r) and

(ii) 1 - q"i = O zfi -- O (mod r).

   Proof of Theorem 1.2. From Proposition 4.1 and Lemma 4.2,

      Aort,FTq(L6t(io) z- Ao(i,ll.ISI!rMi,.

Since this A-submodule of K,i(L6'(ld)) is generated by 1, er, e2'; 63r ,..., we

      A eKFq(L6'(lO) =' IM(Åër + Åë2r +"''+ Åëi-i)'

From Proposition 3.4
      AeKFq(L'o'(l9) or R / (c[nir]+i),

which implies Theorem 1.2,

have
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