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1. INTRODUCTION 

In this thesis we are concerned wi th the existence and asym ptotic 

behavior of solutions of neutral di百erentialequations of the form 
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お[x( t) + h (t) x ( T (t) )] + f (t， x (g ( t) ) )ニ q(t)， 

where the following conditions are assumed: 

(1.2) nεN; 

(1.3) to > 0; 

(1.4) h εC[to，∞) ; 

(1.5) ァ εC[to，∞ isstrictly increasing， 1imt→∞T( t) 

T(t)く tfor tどto;

(1.6) 9 εC[to，∞) and 1imt→∞g(t) =∞; 

(1. 7) f εC([to，∞) x lR); 

(1.8) qεC[to，∞) • 

∞ and 

By a solution of (1.1)， we mean a function x(t) which is continuous 

and satisfies (1.1) on [tx，∞) for some 九三 to.Therefore， if x(t) is a 

solution of (1.1)， then x(t) + h(t)X(T(t)) is n-times continuously dif-

ferentiable on [tx，∞). Note that， in general， x(t) itself is not n-time 

continuously differentiable. 

A solution of (1.1) is called oscillatory if it has arbitrarily large zeros; 

otherwise it is called nonoscillatory. This means that a solution x(t) is 

oscillatory if and only if there is a sequence {tJご1such that ti→∞as 
t →∞and X(ti) = 0 (i = 1，2，. • .)， and a solution x(t) is nonoscillatory 
if and only if x (t) -::/= 0 for all large t 

In recent years there has been an increasing interest in oscillation 

theory for neutral differential equations， and a number of results have 

been obtained. For typical results we refer to the papers [1， 3-7， 9-23， 

26-39， 42-50， 52-69] and the monographs [8] and [24]. In oscillation 

theory the problem of the existence and asyrnptotic behavior of so-

lutions is quite important， and in the present paper this problem is 
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discussed in detail for the neutral di妊'erentialequation (1.1). Although 

thc pro blem of findi時 oscillationcriteria (that is， su伍cientconditions 

for all solutions to be oscillatory) is also important， it is not considered 

in the present paper. In this paper we focus our attention to the prob-

lem of the existence and asymptotic behavior of solutions of (1.1). For 

oscillation criteria‘see the papers [1， 5-22， 26-28， 30-32， 34， 37-43， 52， 

53， 59-62， 64-66， 69] and the references cited therein 

It is possible to discuss more general neutral differential equations of 

the form 
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But， for simplicity， we restrict our attention to neutral differential equa-

tions of the form (1.1) 

The neutral differential equations (1.1) and (1.9) may theo川 ically

be regarded as an extended form of the differential equation with a 

deviating argument 

、1
l，ノ
ハU
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E
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1
Eよ

〆
'at

、、
x(η) (t) + f ( t， x (g ( t) )) = q (t) ， 

for which the asymptotic and oscillatory behavior of solutions has been 

intensively studied in the last three decades. 

Neutral differential equations find numerous applications in natural 

science and technology. For instance， they are frequently used for the 

study of distributed networks containing lossless transmission lines. 

See， for example， [2]， [25]， [40]， [41] and [51]. Let us give an example 

of this type. We consider the network in Figure 1. 
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Figure 1. 

In this circuit the section between 0 and l is a lossless transmission line 

with specific inductance Ls， specific capacitance Cs， one end of which 

is switched on a power source E with resistance R， while the other end 

is switched on an oscillating circuit formed by a condenser C and a 

nonlinear element， the volt-ampere characteristic of which is i = f(υ) . 

The vol tage v across this line and the electric current i flowing through 

it are functions of x and t and obey the following partial differential 

equations: 
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O<xく仁 t>O 

wi th the boundary condi tions 

、、EE
S
'''

の
ノ
ム】

1
1
ム
ーーム

〆
'
E
E

、、

O=E-υ(0， t) -Ri(O， t)， 

-ciu川=-i(仁川い(l，t)) 
Let cp，ψεC1 (lR) be arbitrary. Then we easily see that 

v(ιt) = [cp(x -st) +ψ(x + st)]， 

仰)=;凶-st)一伽叫
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lS a 則 utionof (1.11)， where s = 1/何 Csand z =よ /Cs.From 
these expressions it follows that 

2ψ(-st) =州，t+(l/s)) +zi(l，t-t-(l/s))， 

2ゆ(st)=υ(l， t -(l/s)) -zi(l， t --(l/s)) 

By the fi凶 boundarycondition (1.12)， wc see that 

E=ψ( -st)十ψ(st)+ R[ψ( -st)一ψ(st)] 
z 

=三うん(-st)+ヂ ψ(st) 
=三ι(l，t+(l/s))+ヲム(l刊の))

灯 7.- l"f 

+元fu(JJ-(J/s))-すこi(l，t-(l/s))

Multiplying (1.13) by 2/(z + R) and substituti.ng t -(l/s) for t， we 

(1.13) 

have 

i(l， t) -Ki(l， t一ア)=α-~v(l ， t) -ム(l，t-T)，
z z 

where 

KーとE-

z+R' 
and 

幻一

s
一一7
 

Using the second boundary condition (1.12) and putting y(t) =υ(l， t)， 

we obtain 

cilu(t)-向 (t-T)] 

=αーシ(t)-予(t-T) -川 ))+Kf(y(t-ア))
This is a special form of (1.9) 

Now let ω(t) be a solution of the unperturbed equation 

，Jn 

二百[ω(t)+ h(t)ω(T(t))] = q(t) 
dt 

It is natural to expect that， if f is small enough in some sense， equation 

(1.1) has a solution x(t) which behaves like the function ω(t) as t → 
∞. In Section 2 we study the existence and asymptotic behavior of 
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solutions ω(t). In Section 4 we shall be concerned with the existence 

of solutions x(t) of (1.1) with the asymptotic properties 

x(t) =ω( t) + 0 ( tk ) ( t→∞)， k = 0，1，2，・・・ ?η-1. 

For this end， in Section 3 we introduce the operator φ: C[T，∞)→ 

C[T，∞) such that 

到u](t)+ h(t)φ[u](ァ(t))= u(t)， u εC[T，∞) 

This operator φis usefu1 to discuss the existence of sol u tions of the 

neutra1 differentia1 equation (1.1). In fact， if the integra1 equation 

u(t)=f1JGIM州 (s)))ds 
or 

u(t) = l ~(JGIfh-fy-U(TAlul川村
for some k ε{1，2，・ 7η-1} 

has a solution u(t)， then x(t) = Ok[U](t) is a solution of (1.1)， where 

Ok[U](t)二 ω(t)+ (_l)n-k-lφ[u](t) ， k = 0，1，2， ・・ ?η-1 

Here and hereafter， C [T，∞) is regarded as the FJ耐 hetspace of all con-

tinuous functions on [T，∞) with the topo1ogy of uniform convergence 

on every compact subinterva1 of [T，∞) 

In Section 5 we derive sufficient conditions and necessary and su伍-

cient condi tions for the unforced neu tra1 di百'erentia1equation 

(1.14) zh(t)十九(t)X(T(t))]+ f(t，x(g州=。

to have certain nonoscillatory solutions. If x(t) is a positive solution of 

(1.14)， then y(t) = -x(t) is a negative solution of 

ξ[y(t) +刷仲(t))] + J( t， Y (仰)))= 0， 
U，& 

where f(t， u) = -f(t，一件 Thus we will state our resu1ts for the 

existence of positive solutions on1y. 
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In Section 6 we establish sufficient conditions for (1.14) to have a 

positive solution for the case h(t)三O.In Sections 7-9 we consider the 

equation 

手同)+川(t-T)] + f(t， x(g 

where入εJRandァ>O. In Section 10， we consider the equation (1.14) 

for the case where h(t) = h(TN(t)) + 0(1) as t →∞ for some integer 

N 三1. (The notation of TN (t) is explained just below.) The more 

precise case h(t) = h(T(t)) is discussed in Section 11， and its particular 

case ァ(t)= t -T is further discussed in Section 12. 

Throughout this paper we use the notation: 

TO(t) =仁川t)二ア(Ttー l(t))，i = 1ヲ2，・

T-i(t) = T-1(T-(i-l)(t))， i = 2ぅ3，・;

Ho(t) = 1; Hi(t)二 h(t)h(T(t))...h(Ti-1(t))， i二 1，2，

where ァ-l(t)is the inverse function of T(t). Since T(t)く t，we obtain 

(1.15) tく T-1(t)くァ-2(t)< ・・ ・く T-t(t)く・・・ t三to

We note here that T-P(t)→∞ as p→∞ for each fixed t三to

Otherwise， because of (1.15)， there are a constant cどtoand a number 

T三tosuch that 1imp→∞T-P(T) = c. Letting p→∞ lnァ-P(T)= 

ァー1(ァー(p-l)(T))， we have c二 T-1(C)，which contradicts the assumption 

that T(t) < t for t三to

2. DIFFERENCE EQUATIONS 

In this section we consider difference equations of the form 

、、E
E
，ノ

噌
E
i
qノ“
〆
'at
、、

v(t) -p(t)V(T(t)) = q(t)， 

where the following conditions are assumed to hold: T > 0; T ε 

C[T，∞) is strictly increasing， 1imt→∞T(t) =∞and T(t) < t for t三T;

pε C[T(T)，∞); qεC[Tぅ∞)
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Take a function Q εcn[T，∞) such that Q(η)(t) = q(t) for t三T.If 

there exists a function υε C[T(T)，∞) satisfying 

υ(t) -p(t)υ(T(t)) = Q(t)， 

then 仰)is a solution of 

，Jn 

(2.2) おい(tト p(t)υ(T(t))]=仰)

Hence， it is worthwhile to investigate di百'erenceequations of the type 

(2.1) 

The following notation will be used: 

(2.3) 九(t)= 1; Pi(t) = p(t)p(T(t)) ... p(戸-l(t))， i = 1，2， 

Lemma 2.1. Let ψεC[ァ(T)，T]αηdψ(T) --p(T)cp( T(T)) = q(T). 

TI 

L Pi(t)q(戸(t))+ P m+ 1 (t)ψ(Tm+1 (t))， 
i=u 

(2.4)υ(t) = t ε[ァ-m(T)，T一(m+川T)]， m = 0，1，・

ψ(t)， t ε[T(T)， T]， 

is continuous 0 η [什何7ベ(Tη)， ∞ ) α仰ηdg仰t
υαlんueproblem 7η b 

(2.5) (十rいυ叫仰刑朴(収ω仲tのト)ト一仰州州)v川川υ叫(
υ川(収肋t)= 伊(t)， t ε [T(T)， T] 

Remar k 2.1. There is a function cpεC[T(T)， T] satisfying ψ(T) -

p(T)ψ(ァ(T))= q(T). lndeed， for each γ> 0， 

(t-T(T) ¥ ' 
(t) = q(T) (;;， '_~~\) ， t ε[T(T)， T]， 
¥T-γ(T) } 

is such a function. Thus， (2.1) always has a 似 utionv(t). 

Proof of Lemma 2.1. It is easy to see that v (t) is continuous on 

[T(T)，∞) -{ァ-m(T): m = 0，1，2γ・}
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We observe that 

l担ov(t)二 ψ(T)二 q(T)+p(TM(7(T))=tM04

and that if m 2:: 1， then 

lim v(t) 
t→T-m(T)-O 

m-1 
二 LPi (ァ-m(T))q(T~-m(T)) + Pm(ァ-m(T))cp(T) 
i=O 

m-1 
=三〉(7-m(T))W-m(T))+Pm(7-m(T))lq(T)+p(T)v(7(T))l
i=O 

= LPi (ァ-m(T))q(T~-m(T))+ Pm(ァ-m(T))q(T)
i=O 

+ Pm+1(ァ-m(T))cp(ァ(T))

= lim ~ v(t) 
t→T-m(T)+O 

Consequently，仰)is continuous on [ァ(T)，∞)

Now we show that v(t) satisfies (2.5). Clearly，υ(t) = cp(t) for t ε 

[T(T)， T]. For t ε[T， T-1 (T)]， we obtain 

り(t)= q(t) + p(t)ψ(ァ(t))= q(t) + p(t)υ(ァ(t))，

because of T(t)ε[T(T)， T]. Now let t ε[T-m(T)， T-(叫 l)(T)]， m 二

1，2， • • • • Then T(t)ε[T一(m-1)(T)， T-m(T)]. Since 

Pi(t) = p(t)Pi-1(T(t))， i = 1，2， 



we五ndthat 

v(t) = q(t) +乞刊のq(Tt(t))+ Pm+1(t)ψ(Tm+1 (t)) 
1ニ l

二作)+ LP(t)Pi-1(T(t))q(ァ什T(t)))
i=l 

+ p(t)Pm(ァ(t))<p(Tm(T(t)))

二 q(t) + p(t) [医除z苧R叫
二 q(tωtの)+ p(収ωtの)υ (ヤ何7ベ(tの)リ) 

Hence，υ(t) -p(t)υ(ァ(t))= q(t) for t三T

The solution of (2.5) is unique. In fact， if U εC[T(T)，∞) is a 

solution of (2.5)， then we have 

U(t) = q(t) + p(t)U(T(t)) 

= q(t) + p(t)[q(ァ(t))+p(ァ(t))U(T2(t))]

二 Po(t) q (t) + P1 (t) q ( T (t)) +九(t)U(T2(t))

=玄Pi(のq(Ti(t))+ Pm+1(t)U(Tm+1(t)) 
i=O 

=乞Pi(のq(Tt(t))+ Pm+1(t)ψ('rm+1(t)) 

for t ε[γ-m(T)，アー(叫1)(T)]， m = 0，1，2， 

Lemma 2.2. Suppose thαtv ξ C[T(T)，∞) sαtisfies (2.1) foけど T.

Suppose thαtlp(t)1三入<1 on [T，∞) for some入>O. 1f 1imt→∞q(t) = 

0， then 1imt→∞υ(t) = 0 

Proof. Let ε> 0 be arbitrary. There is a nurnber T1三Tsuch that 

q(t) Iく εfort三T1・ Weset <p(t) = υ(t) for t ε[ァ(Td，T1]. Then 

<p(Td -p(T1)ψ(T(T1)) = q(T1). From Lemma 2.1 it follows that v(t) 



satisfies 

υ(t) =玄Pi(t)q(叩))+ Pm+1(t)<P(Tm勺t))，
i=u 

t ε[T-m(Td， T-(m+l) (l'd]， m = 0，1， 

Put K = max{1ψ(t) I : t ε[ァ(Td，T1]). There exists an integer N三l

such that入問十lKく εform > N. We find that 

よ 1tA ε 2-入
|υ(t)1 三)~入Zε + 入m十 1K ~ ) :，¥2ε+ε二 一一 +ε=一一ε
白 白 1一入 1一入?

t ε[T-m(T1)， T一(m+川T1)]， m = N，N + 1，・

Consequently， we have 

2-入町
|υ(t)1 ~ーーム t訂 -lV(Td， 
- 1一入

which means 1imt→∞υ(t) = O. 

Now we shall be concerned with the asymptotic behavior of solutions 

of the difference equation 

(2.6) ω(t) -p(t)ω(ァ(t))= 1 

We note here that if q(t)ヂofor alllarge t， then (2.1) becomes 

u(t) ~~ (-'-\ q(T(t)) u(ァ(t))
一一 -p(t)一一一一一一=1 for all large t， 
(t) i¥-/ q(t) q(T(t)) 

which is the same form as (2.6) 

In Lemmas 2.3-2.10 below， we assume thatωε C[T(T)，∞) satisfies 

(2.6) for t三T.

Lemma 2.3. Suppose thαt Ip(t)1三入く 1on [~r，∞) fOi some入>O. 

Then 

1-2入
一一一三 liminfω(t)三limsupω(t) ~一一
1-入 t→∞ t→∞ - 1一入

In paiticulαi，げ入<1/2， then 

lim infω(t) > 0 
~-too 
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Lemma 2.4. Suppose thαt Ip(t)1三入<1 and p(t)p(ァ(t))どoon 

[T，∞) for some入>O. Then 

o < 1 -A ~ lim infω(t) ~ lim supω(t)<-L 
t→∞ →∞ -1一入

Lemma 2.5. Suppose thαt 0三μ三p(t)三入く1on [T，∞) for 

some μ三0αηd入>O. Then 

0<-L5limnfω(t) ~ lim supω(t)<-L  
1-μ t→∞ t→∞ -1一入

Lemma 2.6. Suppose thαt 0三μ三-p(t)三入<1 on [T，∞) for 

some μ三Oαnd入>O. Then 

1一入 . . ~ /.' _.. /.' _ 1-μ 
0<一一τ三liminfω(t) ~ lim supω(t) ~一一τ
1-μ釦 t→∞ t→∞ -1一八&

Lemma 2.7. Suppose thαt 1くμ三p(t)三入 oη [T，∞)for some 

μ> 1 and入>1. 1fω(t) is bounded on [T，∞)， then 

一 1 三liminfω(t) ~ lim supω(t)<--L<O 
μ-1 - t→∞ t→∞ 一 入-1

Lemma 2.8. Suppose thαt 1くμ三-p(t)三入on[T，∞) for some 

μ> 1 and入>1. 1fω(t) is bounded on [T，∞)， then 

μ-1 _.. . 入-1
0<τ一一三 liminfω(t) ~ lim supω(t)三τ一一
八白 -1 - t→∞ t→∞ μ山-1

Lemma 2.9. Suppose thαt 1imt→∞ Ip(t)1 =∞ 1fω(t) is bounded 

on [T，∞)， then 

JiqLω(t)p(ァ-l(t))= -1. 

Lemma 2.10. Suppose thαt 1imt→∞p(t) = l for some l εlR. 1f 

either 1く III<∞ andω(t) is bounded on [T，∞) or IIIく 1，then 

limω(t)=-L 
t→∞ 1 -l 

14 



Proof of Lemmα2.3. Put ψ(t) =ω(t) on [T(T)， T]. Then Lemma 

2.1 implies that 

(2.7) 

ω(t) = L Pi(t) + Pm+1 (t)ψ(Tm+1(t))， tε[ァ--m(T)，T-(川町T)]，

for m 0，1，2，・ LetK > 0 be a constant such that Icp(t)1三K

for t ε[T(T)， T]. For any ε>  0， there is an integer N 三 1such 

that入m+1K<εfor m 三N.From (2.7) it follows that， for t ε 

[T-m(T)， T-(m+川T)]， m = N， N + 1， 

and 

ω(t) = 1 + ~ンミ (t)+ Pm+1(t)CP(Tm叶t))
i=l 

三1-LAi - Am+1K 
Z二 1

入 1-2入
> 1一一一一一一 ε=一一一一一 -E.
1-入 1-入 つ

ω(t)三γ入Z+入m+1K<-L+ε
討 -1一入

Therefore， we have 

1-2入 1
一一一一 ε三ω(t)~一二一+ム tどT-N(T). 
1一入 - 1一入

This completes the proof. 

Proofs of Lemmαs 2.4 -2.6. Observe that 

ω(t) = 1 + p(t)ω(ァ(t))

= 1 + p(t)[l + p(ァ(t))ω(T2(t))] 

二 1+ p(t) +乃(t)ω(T2(t))， t三ァ-1(T). 

15 



Hence， we have 

(2.8)ω(t) = 1 + p(t) +九(t)[l+ p(T2(t)) +九('r2(t))ω(T4(t))]

= 1 + p(t) +乃(t)[l+ p(T2(t))] +九(t)ω(T4(t))

= 1 + p(t) + 2二九(仰十p(T2j(t))]+ P川t)ω(T2m(t)) 
j=l 

m-1 

=玄んい)[1+仲2j(t))] +九m(t)ω(T2m(t)) 

for t三7一(2m-1)(T) and m = 1，2， . 

(Proof of Lemma 2.4) From Lemma 2.3， it follows that Iω(t)1三K

on [T(T)，∞) for some K > 0 and that lim SUPt_→∞ω(t)三1/(1一入). 

Let ε> O. There is an integer N 三2such that入2NKく ε. Since 

p(t)p(T(t))三ofor t三T，we find that 九j(t)さ0，j = 1，丸・・ ，N-1， 
for t三ァ一(2N一円T)，so that 

九j(t)[l+p(T竹t))]三九j(t)[l一入]三 0，j==1，2γ ・・，N-1， 

for t三ァ一(2N一円T).By (2.8) we obtain 

ω(t)三1+ p(t) +九N(t)ω(T2N(t))三1一入ーム t三ァ一(2N-1) (T)， 

w hich means lim inft→∞ω(t)三1一入

(Proof of Lemma 2.5) By Lemma 2.3， we see that Iω(t) I ~ K on 

[T(T)，∞) for some K > 0 and that lim SUPt→∞ω(t)三1/(1一入).For 

any ε> 0， there is an integer N 三2such that 

入町く ;and
μ2N ε 
一一

1-μ2  

Using (2.8)， we see that 

N-1 
戸 1υ2N ..2N 

ω(t)三了μ勾(1+μ)一三二 iーペ (1+μ)一三.l一 μ 一三ロ 2 1-μ:L ¥ " 2 1-μ2  

16 
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for tど7一(2N一円T).Hence， lim inft→∞ω(t)三1/(1-μ) . 

(Proof of Lemma 2.6) Lemma 2.3 implies that Iω(t)1三Kon[T，∞) 

for some K > O. Let ε> O. There is an integer l'{ど2such that 

入2NK<f and μ2N (1て入)く 三
2 1-μ:L 2 

We note thatμ2j三P2j(t)三入2jfor j = 1，2， • • . • From (2.8) it follows 

that 

and 

N-1 

N-1 
~つ ε l -Ll ε 

ω(t)三γが (1-μ) + ~ ~ム一一+-=­コ 2~ 1 _，¥2 ' 2' 

'"""" ε 1-μ2N ε l一入
ω(t)三)~μ竹1 一入)一一= (1-入) 一一>一一一一ε信 2 I 1-μ2 2 -1-μ2 

for t三7一(2ト 1)(T). This completes the proof. 

Proof of Lemmα2.7. Since 

we have 

and hence 

(2.9) 

p(t)ω(ァ(t))= -1 +ω(t)， t三T，

ω(t) 
ω(ァ(t))=一一一+-'-'p(t) ， p(t) ，一

ω(γ-l(t)) 
ω(t)二一
p(T-1(t)) ， p(T-1(t)) 

1 1 r 1ω(T-2(t))1 
p(T-1(t)) ， p(ァ-l(t))l p(ァ-2(t)) ， p(T-2(t)) J 
1 1 ω(ァ-2(t))

一-p(T-1(t)) p(ァ-l(t))p(ァー2(t)) I p(ァ--l(t))p(ァ-2(t))

= -[ P1 ( T -1 ( t ) ) ] -1一[九(ァ-2(t))]-1+ [九(ァー2(t))]-1ω(T-2(t))

二 - L[Pi(T-
i(t))]-l + [pm(T-m(t))]-lW(T-m(t)) 



for t 三Tandm 1，2，・・・・ Let K > 0 be a constant such that 
|ω(t)1三K for t三T.For any ε> 0， there exists an integer N どl

such that 

戸 ¥-N
C λ ε 

Kμ-Nくこ and 一一一一くー.
入-1 2: 

In view of (2.9)， we see that 

ι ε 1一入-N ε 
ω(t)三一γ入-1，+ ~ = +;. <一一一+ε，3 2 入-1 2一入-1 ' -， 

and 

N 

ω(t)三-p-t-←一戸-i
for t 三T.The proof is complete. 

Proof of Lemmα2.8. From (2.9) it follows that 

ω(t)二一乞[[九j-1(ァ一(2j-1)(t))]-1+ [ん(ァ-2j (t) )] -1 ] 

+ [P2m ( T -2m ( t) ) ] -1ω(ァ-2m(t)) 

-乞[九(ァ-2j(t))]-1[p(〆J(t))+ 1] 

+[九m(ァ-2m(t))]-1ω(ァー2m(t))， t三T，m=1，2， ・・

Choose a constant K > 0 such that Iω(t)1 ::; K for tどT.Let ε>0 
Then 

A
U
 
n
 
a
 

ε
一2
く
N
 

q
L
 μ
'
 

K
 

ε
一つ中
く

、、，，，
J

一

T
t
i

--一1
μ
二

，，ti
‘、-

日
一

P

1
八

一 for some N εN. 

Since 

0<μ -1三-[P(γ-2j(t)) + 1] ::;入-1， t三T，j = 1，2，・

we concl ude that 

N 

ω(t)三?叩-什三ti+;?
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and 

N ¥ -2N ー 1

ω(t)三??-23(μ-1)-i=iに1(μ-1)ードft-ε
for t 三T.This completes the proof. 

Proof of Lemmα2.9. From (2.6) it follows that 

ω(t) -1 
ω(γ(t)) = 

(t) 
for all large t: 三T.(2.10) 

we see that 1imt→∞[ω(t) -l]/p(t) 

Letting t →∞ in (2.6)， we obtain 

。， so Since ω(t) is bounded， 

by (2.10). that 1imt→∞ω(t) = 0 

1imt→∞p(t)ω(T(t)) = -1. This completes the proof 

Proof of Lemmα2.10. First we assume that l == O. Let εε(0，1/2) 

be arbitrary. There is a number九三 Tsuch that Ip(t)1く ε<1/2 for 

1 

1-ε 

t 三九.From Lemma 2.3 it follows that 

三liminfω(t) :::; lim supω(t)三
Eー+αコ tー+αコ

1 -2ε 

1-ε 
、、，，，，
，

1
Eよ
1
E
A
 
つ山
〆
'
t
t

、、

= 1 = 1/(1 -l) 

exactly the same way， it can be shown that limt-t(コop(t)= l/(l-l) for 
n
 

y
E
i
 

Letting ε→o in (2.11)， we have 1imt→∞ω(t) 

the cases 0 < lく 1，-1く lく 0，1 < lく αコand-αコ<l < -1， by 

using Lemmas 2.5-2.8. 

3. FUNDAMENTAL OPERATORS 

In this section we are concerned wi th the mapping φ: C[T*，∞)-→ 

C[T*， 00) such that 

U εIC[T，判∞). 

We assume throughout this section that to > 0; TεC[to，∞) is strictly 

increasing， 1imt→∞T(t) =∞ and T(t)く tfor t三to;PεC[to，∞) • 

We use the notation (2.3) 

φ[u](t) -p(t)φ[U](T(t)) = u(t)， 

Proposition 3.1. Let T* αnd T be numbers with to三Z三ァ(T).

Suppose thαt the folloωing condition (3.1) holds: 

19 
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(3.1) p(t) is bounded on [T，∞) and tJ附 eαreN εN  and入>0 

such thαt IPN(t)1三入く 1for t三ァ一(N-1) (T) 

Then there existsαmαppzηgφ: C[T*，∞)-→C[T*，∞) which hαs the 

following properties: 

(ωi) the mα叩pp戸tη旬gφtおscωorηdinz 

(のii)fo γ e α ch u ε C[T丸*，∞ ) ， φ S刈αt“isfi万eωS φ到[u凶u叶](tωtり)一 p(収例tの)φ到[u叫](ヤT(収例tの)リ)二 u(例tの) 
for t 三T;

(iii)ザUεC[T*，∞) and limt→∞u(t) = 0， then 1imt→∞φ[u](t) = O. 

Remark 3.1. If Ip(t) I三入<1 on [T，∞) for some入>0， then (3.1) 

holds. 

Proof of Proposition 3.1. For each u εC[T*，∞)ヲ weassign the func-

tionφ[u] by 

(3.2) 

f Pi (t)u( yi (t)) + P m+l (t) '7' :(~:'7'\ (ym Pi(t)U(Tl(t)) + Pm+1(t) fT1 UJ \~:fT1\ (Tm+1(t) -T(T))， m+l¥VJT_T(T) 

φ[u](t) = ~ t ε[T-r叩 )，T一(m+1)(T)]， m=O，l， 

u(T) 
(t-T(T))， 

T -T(T) 
t ε[T*，T]. 

From Lemma 2.1 i t follows thatφ[u](t) is continuous on [T*，∞) for 

each u εC[T判∞)and satisfies the property (ii). 

Now we show that φhas the properties (i) and (iii). 

(i) It suffices to prove that if {Uj}立 isa sequence in C[T*，∞) 

converging to u εC[T*，∞) uniformly on every compact subinterval 

of [T*，∞)， then φ[Uj] converges toφ[u] uniformly on every compact 

subinterval of [T*，∞) • 1 t is clear thatφ[Uj] converges to <T[u] uni-

formly on [T判 T]. We claim that φ[町l→φ[u]uniformly on 1m三
[ァ-m(T)，T一(m+川T)]， m = 0，1，2，. . . • Then we easily see thatφ[的I

converges toφ[u] uniformly on every compact s山1I巾rvalof [T*，∞) 



~ 

We have 

sup /φ[Uj](t) -φ[U](t)/ 

三EKUlU3川
m+l ____ I Uji(T) -u(T)1_m+lI1¥ Im¥¥1 
十 upI-J;;  / _/~\- / (Tm+1(t) -T(T))I 1 T-T(T) ¥' ¥V/ ' \~//I 

55kzt把 /Uj(tト吋)/+Km川

for m = 0，1，2，..， ， where K = max{/p(t)/ : t ε[T*，T一(m+川T)]}.

Hence‘we conclude that 

sup /φ[Uj](t) -φ[U](t) /→o (j→∞)， rn=0，1，2，.・?

so thatφ[Uj] converges toφ[U] uniformly on 1m for m = 0， 1ぅ2，

(iii) Let U εC[T，川∞)such that 1imt→∞U(t) = O. From (ii) it follows 
that 

φ[U](t) = u(t) + p(t)φ[U](ァ(t))

= u(t) + p(t)[u(ァ(t))+ p(T(t))φ[U]( T2 (t))] 

=九(t)U(t)+ P1(t)U(T(t))十九(t)φ[U](7勺t))

N-l 

=玄Pi(t)U(戸(t))+PN(悦 [1物
i=O 

Since p(t) is bounded， we have limt→∞乞む1Pi(t)U(Ti(t)) = O. Apply-

ing Lemma 2.2 with v(t)， p(t)， T(t) and q(t) replaced by φ[U](t) ， PN(t)， 

T
N (t) and 

7
 
U
 

PU-
山工
i=O 

we conclude that limt→∞φ[U](t) = 0 

Proposition 3.2. Let T，ホ αηdT be numbers with to三Z三T(T).

Suppose that the folloωng condition (3.3) holds: 
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(3.3) Ip(t)1 > 0 foけど T)Ip(t)I-1 is bounded on [T，∞)) and there 

αre N εN  αndμ>  0 such thαt IPN(t)1三μ>1 for t三

7一(N-l)(T).

Let M > 0) and define 

B(M) = {uεC[T*，∞): lu(t)1三M，t三T}

Then tl附 eexistsαmαPP2旬 並:B(M) -→C[T*，∞) which hαs the 

following properties: 

(i) the mapping宙 iscontinuous in the C[T*， CXJ)-topology; 

(ii) for eαch u εB(M))宙 sαtisfies宙[u](t)-p(t)引U](T(t))= u(t) for 

t >T; 

(iii)宙[u](t)is bounded on [T*，∞) for each u ε13(M); 

(iv) if uεB(M) sαtisfies 1imt→∞u(t) = 0) then 

引u]山

(v)ザUεB(M)) u(t) > 0 for t三T*and 

lim SUD之主-) < 1. 
t-ぷr-U(T(t))ー「

then古川(t)/u(t)is bounded on [T*，∞) • 

Remark 3.2. If Ip(t) I三μ>1 on [T，∞) for some μ> 0， then (3.3) 

holds. 

Remark 3.3. The mapping W described in Proposition 3.2 satisfies 

引u](t)= 0(1) (t→∞) 

for each u εB(M) with limt→∞u(t) = O. This follows from (3.3) and 

the property (iv) in Proposition 3.2. 

22 
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Proof of Proposition 3.2. For each u εB (M)， we define the function 

w[u] as follows: 

I -玄[Pi(戸 (t))]-lU(戸(札 t三T(T)，
並[u](t)= < 

l w[u](T(T))， t ε [T*ぅア(T)].

Using (3.3)， there is a constant K > 1 such tl川 Ip(t)I-1三K for 

t三T.For each i εN， we take integers q( i)三oand r(i) such that 
i=q(i)N+γ(i) and 0三γ(i)三N-1. Then we have 

Pi(t) = PN(t)PN(TN(t)).. .PN(ァ(q(i)-l)N(t)) 

X p(Tq(i)N (t))p(Tq(i)N+1(t))... p(Tq(i)N+r(i)-l(t)) 

for tどァ一(i一円T)and i = 1，2γ . Then， from (3.3) it follows that 

(3.4) I[Pi(ァ-i(t))] -11三μ-q(i)Kr(i)三μ-q(i)KN-¥tどT(T)，

i = 1，2，・・・ . 

Since 

玄μ-q(i)KN-1三 L<∞?

we see that宙 iswell-defined and that， for each u εB(M)， w[u] is 

continuous on [九∞)and satisfies 

(3.5) 
()(コ

|古川(t)1三吹μ-q(i)KN-1sup lu(s)1 = L sup lu(s)1三LM
i=l S~T-l(t) s2:T-1(t) 

for t三T(T).This implies that宙 satisfiesthe property (iii). 

N ow we show that並satisfiesthe properties (i)， (ii)， (iv) and (v) 

(i) Let {Uj}T1 be a sequence in C[T*，∞) converging to u εC[T*，∞) 

uniformly on every com pact su binterval of [T*，∞). Let [α，s] be an 

23 
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arbitrary compact subinterval of [ァ(T)，∞).For a町 ε>0， there is an 

integer p三1such that 

F
}

一A
吐

くμ
 

∞乞
引

N
 K
 
M
 

Since 

見 [sup{I町(T-i(t))-U(T-i(t))1 : tε[α，s]} ] 

=民 [sup{Iuj(s)一川S)1 : S ε[ァ-Z(α)， T-Z(s 

for i = 1，2γ ・・，pぅthereexists an integer jo such that 

nu 

.
q
J
 

>一-q
J
 

ε
一つ“
く、
l
I
B
i
-
-

Aμ α
 
ε
 

4
g
hV
 

4
F
U
 

7
 
u
 

i
'
u
 

7
 

q
，d u
 

k
 
P2M 

r
l
lど
E
1
1

p
 
u
 

円

b

By virtue of (3.4)， we see that 

|則的](t)一世[U](t)1 

三玄I[Pi(ァ-i( t ) ) ] -111町(T-Z(t))-u(T-Z(t))1 
i=l 

+ 乞 I[Pi(ァ市
z=p+1 

+玄 1[Pi ( T -i ( t) ) ] -111 U ( T叶
Zニp+1

三LKiluj(戸 (t))-u(ァ-i(t))1+2玄 μ-q(i)KN-1 M 
i=l i=p+1 

<三十2.E=ム t ε[α，s]， j三Jo，
-2 4 

which implies that宙[Uj](t) converges to古川(t)uniformly on [α，s]. In 

view of the fact that 曽叫叫[1μU州L

t山ha抗t宙叫[μUjバ](収例tの)→ 1宙叫叫E引叫[1μU叫L](収例tの)uniformly 0∞n [T*，Tベ(Tη)].Consequently， 世 lS 
continuous on B(M) 
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(ii) Since 

p(t)[pi(y-(i一円t))]-l

= p(t)[p(ァ一(i一円t))p(ァ一(i一幻(t))・..p(y-l(t))p(t)]-l 

= [Pi-1(ァー(iーl)(t))]-r， t三T， 't二 2，3，...， 

we have 

p(t)宙[u](y( t)) 

-叶P1(t)]叫
ー - u(t) -L[Pi-1( 

Z二 2

= -u(t) + W[u](t)， t三T.

(iv) Let u εB (M) and 1imt→∞句作)= O. From， (3.5) it follows that 

叫u](t)→oas t →∞ Using (ii)， we see that 

p(t)引u](y(t))=並[u](t)-u(t)→o as t →∞? 

so that並satisfies(iv) 

(v) Let uεB(M) such that u(t) > 0 for t三T"， and 

limsuD U(t) 
t→∞r u(ァ(t))一

Take 0 > 0 such that (1 + O)(N+l) /μ< l. There is a number 九三 T

which satisfies 

u(ァーl(t))./ 1 ， 
+ o. t > T，・u(t) 一 I ..... ， ..... =-----1. 

Then 

|川))|=lw-l川 y-2(t)) 附-z(t))|
u(t) I I u(t) U(y-l(t)) u(ァ一(i一川t))

三(1+ O)i二 (1+ O)q(i)N+r(i)三(1+ O)(N+l)q(i)， t三T
1
，



----

for iニ 1う2，・・ In view of (3.4)， we conclude that 

l円宙叫叩川[μ川附附u叶州耐州](川川(い例作tの) [(1 + ;(N+lJ r" KN-1 <∞ t 2:: T
1 u(t) I -7=-; lμ  

The proof is complete. 

Proposition 3.2 implies the following result. 

Lemma 3.1. LetTどT-1(tO).Suppose thαt (3.3) holds. Then there 

existsαbounded functioηωε C[T(T)，∞) sαtisfying (2.6) for t三T.

From Propositions 3.1， 3.2 and Remark 3.3う wehave the following 

result. 

Lemma 3.2. Let T どァーl(tO). Suppose thαt qεC[T，∞) and 

1imt→∞q(t) = O. 1f (3.1) or (3.3) holds， theηthere existsαfunctioη 

υε C[T(T)，∞) sαtisfyi句 (2.1)fort三Tand 1imt→∞υ(t) = 0 

Proposition 3.3. Let T*αηd T be numbers 8uch thαt to :::; T* :::; 

T(T) αηd let rεC[T判∞)ωith r(t) > 0 for t三T本・ Suppose thαt the 

following conditioη (3.6) holds: 

(伶3.6め pバ(収ωtの州)川[r何γベ(Tベ(tωtの引)リ)/介r(収例州tの川)月lいisbωour枕 d 0叩η[T， ∞ ) α仰ηd tl附
αηd 入> 0 such tめhαωtIPN(tの)[ド似γベ(ヤγN(収例tの)リ)/γ(収t州州)川川lリI:三三 入< 1 for t 三
ア一(N一1り)(T)ト. 

Then there existsαmαppzngφ: C[T*，∞)-→ C[1:，∞)ωhich sαtisfies 

the following properties: 

(i) the mαppzngφis continuoω in the C[T*，∞) -topology; 

(ii) for eαch u εC[T*，∞)， φsαtisfiesφ[u](t) -p(t)φ[u](ァ(t))= u(t) 

for t三T;

(iii)ザU εC[T*，∞) satisfies u( t) = o(γ(t)) (t→∞)， thenφ[u](t) = 

。(γ(t))(t→∞) 

Proposition 3.4. Let T*αnd T be numbers 8uch thαt to :::; T* :::; 

T(T)αηd letγε C[T*，∞)ωth r(t) > 0 for t三T*.Suppose thαt the 

following coηditioη(3.7) holds: 
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(3.7) Ip(t)1 > 0 for t三 T，Ip(t)[γ(T(t))/γ(t)] 1-1 is bounded 0η 
[T，∞)， and tf町 eαre N εN  andμ> 0 such thαt 

IPN(t)l[γ(TN (t))/r(t)]三μ>1 for t三ァ一(N-l)(T) 

Define 

u = {uεC[T判∞): lu(t)1 ::;γ(t)， t三T}.

Then there existsαmαppzng守:u-→C[T*，∞) z山 chsαtisfies the 
following properties: 

(i) the mαppzng宙 zsco的問。ω inthe C[T*，∞)-topology; 

(ii) for eαch u εu，宙 sαtisfies宙[u](t)-p(t)世[U](T(t))= u(t) for 
t 三T;

(iii) if uεU satisfies u(t) = o(γ(t)) (t→∞)， then 

/γ(ァ-1(t))¥ 
lul(t)=O ()(t→∞) ; 

¥Ip(T-1(t))IJ 

(iv)げU ξ U， u(t) > 0 for t三九 αηd

limsuD U(t)γ( T(t)2 < 1 
t→∞r u(ァ(t))γ(t)一勺

then古川(t)/u(t)is bounded on [T*，∞) • 

Remark 3.4. If Ip(t)l[ァ(T(t))/γ(t)]三入く 1for t三T，then (3.6) 

holds. If Ip(t)l[r(ァ(t))/r(t)]~μ> 1 for t三T，then (3.7) holds 

Proofs of Propositions 3.3αnd 3.4. We give the proof of Proposition 

3.4 only. In exactly the same way， we can show Proposition 3.3. 

By applying Proposition 3.2 with p(t) and M replaced by 

p(t) [γ(T(t))/γ(t)] and 1， respectively， there exists a mapping 

Wl : B(l)→ C[T*，∞) such that (a) the mapping宙1is continuous in 
the C[T*，∞)-topology; (b) for each vεB(l)，並1satisfies 

γ(T(t)) 
川 ](t)-p(t)一一也dV](T(t))=υ(t)， t三T;

γ(t) 

(c) if V εB (1) satisfies limt→∞V(t) = 0， then 

叫 ](t)= 0 ( I_f_-l f .J- \\lr_ ~.J-\ I_f__l f.L¥¥l ') (t→∞) ; ¥Ip(ァ-1(t)) 1 [r(t) /r( T-1 (t))] J 
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and (d) if vεB(l)，υ(t) > 0 for t三九 and

iimS11D1皇-) < 1 
t~;;; I" V ( T (t) )ー「

then 曽dv](t)j υ (t) is bounded on [ 乙? ∞ ). For each u ε U， w附ed仇e白白fine

1也曽叫叫z苫引叫I刊巾[ド[u叫L]by ，唖宙叫叫;[J引叫F刊巾[ドμu州L
曽 map戸sU into C[T*，∞) and satisfies (i)-(iv) in Proposition 3.4 

4. EXISTENCE THEOREMS 

In this section we show that if f is small enough in some sense， then 

(1.1) has a solution 刈t)which behaves 1ike the solution ω(t) of the 

unperturbed equation 

(4.1 ) ιレ(t)+ h(t州
We a1ways assume that (1.2)-(1.8) and the following condition hold: 

(4.2) there exists a function F εC([to，∞) X [0，∞)) such that 

F(t， u) is nondecreasing in u ε[0，∞) for each fixed t三to

and satisfies 

If(久的|三 F(t，lul)，(t， u)ε[to，∞) X 1R 

The main resu1ts of this section are as follows. 

Theorem 4.1. Let kε {O， 1，2， ・・ ?η-1}， and letω(t) be αsolution 

of the unperturbed equαtion (4.1). Suppose thαt eitheγ 

(4.3) h(t)[T(t)jt]k is bounded on [to，∞) and t1附 eαreNεN  and 

入>0 such thαt IHN(t)I[TN(t)jt]k三入く 1for t三ァ一(N-l)(to) 

or 

(4.4) Ih(t)1 > 0 for t三to，Ih(t)[T(t)jt]kl-l i.s bounded on [to，∞) ， 

αηd thereαre N εN αndμ> 0 such thαt IHN(t)I[TN(t)jt]kど

μ> 1 for tどァ一(N-l)(tO)'



~ 

1f 

州 f∞tn-k-1p(t，1ω(g(t))1 +ε[g州
then (1.1) possessesαsol山 oη x(t)sαtisfying 

(4.6) x(t) =ω(t) + o(tk) (t→∞) 

Theorem 4.2. Let kε{O， 1，2，川-1}，and letω(t) be αsolution 

of the unperturbed equαtion (4.1). Suppose thαt (4.4) holds. 1f 

μ7) J∞tn-k吋ι|ω(g(t)) 1 + iffJCM[) dtく∞
for some ε> 0， 

then tJ町 eexistsαsolution x(t) of (1.1) sαtisfying 

(4.8) (t→∞) • 

Remark 4.1. In view of the boundedness of Ih(t)[ァ(t)jt]kl-1in con-

dition (4.4)， we find that the solution x(t) obtained in Theorem 4.2 sat-

isfies (4.6). Further， if Ih(t)[ァ(t)jt]kl-1is bounded， then (4.5) implies 

(4.7). Thus， Theorem 4.2 implies Theorem 4.1 for the case (4.4) 

In particular， for the case k 0， Theorems 4.1 and 4.2 give the 

following results. 

Corollary 4.1. Let ω(t) be αsolution of the u叩ertz川 edeqωtioη 

(4.1). Suppose thαt either 

(4.9) h(t) is bounded on [to，∞)αηd thereα何 N εN  and入>0 

such thαt IHN(t)1三入<1 for tど7一(N一円to)

or 

(4.10) Ih(t)1 > 0 for t三to，Ih(t) 1-1 is bounded on [to，∞)， and 
thereαre N εN  αηdμ> 0 such thαt IHN(t)1三μ>1 for 

tどァー(N-1)(t
O
).
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lf 

r~∞ f門川一→γ叫1γ町刊州F引叩町川川(t仏川t久川，1叫仰榊州g引仰州(t肋tの州)リ川)川1+打吋ε寸ル)d

t仇h児enηtf町 eeαxz臼stsαsolutionx(t) of (1.1) such thαt 

x(t) =ω(t) + 0(1) (t→∞) • 

Corollary 4.2. Let ω(t) be αsolution of the unperturbed equαtion 

(4.1). Suppose thαt (4.10) holds. lf 

/00 tn-1F (ι|ω(g(t)) 1 + ε ) dtく∞ fors…>  0， 
¥ Ih(γ-1 (g (t))) 1 ) 

then (1.1) hαsα sol山 onx(t)sαtisfying 

x(t) =ω( t) + 0 ( I L ( _:11 .L ¥ ¥ I ) ( t→∞) 
¥Ih(T-1(t))I) 

Proofs of Theorems 4.1 and 4.2. From Remark 4.1， it is su伍cientto 

give the proof of Thcorem 4.1 for the case (4.3) and the proof of The-

orem 4.2. Assume that either (4.3) and (4.5) or (4.4) and (4.7) hold 

Let九三 tobe a number such thatω(t) satisfies (4.1) and is continuous 

on同?∞).We can take a number T三1satisfying 

Z三 min{ァ(T)，inf{g(t) : t三T}}三九

and 

ioo tn-k-1 F(lw(g(小
where 

r tk for the case that (4.3) holds， 
ψ(t) = < 
l [ァ-l(t)]k/lh(ァ-l(t))1 for the case that (4.4) holds 

Put F(t) = F(t， 1ω(g(t)) 1 +εψ(g(t))) and 

η(t)二

lOO~s ーが- 1，F(s)ds， 
(n -1)! 

rt (t -S )k-1 r∞(γ -S )n-k-1 
I ¥ ~ ln -/1 ¥ ， I ~~ -，~ 1 ¥ ， F (γ)drd叫
ん (k-1)!人
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for t三T.Consider the set Y of all functions y εC[T*，∞) satisfying 

y(t) =ν(T) for t ε[T*， T] and /y(t) /三η(t) for t三T

Obviously， Y is a closed convex subset of C[T*，∞). It can be shown 

that 

Y c {uεC[T*，∞) : /u(t)/三tkfor :tど T}.

In fact， if k二 0，then η(t)三1for t三T，and if kチ0，then 

rt (t -S )k-r∞ 
η(t)三jds× jTn-k-IF(ァ)dr
J T (k -1)! ~V " } T 

~ rt (t -S )k-Anー(t-T)k/A4¥巾
--' JT (k-1)!… k! 二 v ， (.1 ~ 

In view of the fact that 1imt→∞η(t)/tk = 0， we have 1imt→∞/y(t) //tk 二

o for each y εY. We use Proposition 3.3 or 3.4 with p(t) = -h(t) and 

巾)= tk. Then there exists a continuous mapping A : Y→ C[T*，∞) 
such that， for each y εY， 

(4.11) A[y](t)十九(t)A[Y](T(t))= y(t)， t三T，

and 

(4.12) A[y](t) = o(ψ(t)) (t→∞) 

Define the mapping F : Y→ C[T*，∞) as follows: 

(Fy)(t) = 

f∞(sーか-
I f(s，ω(g(s)) + (_l)n-lA[y](g(s)))ds， 

(η-1) 

lit -S )k-:1∞(T一 S)n-k-l 
(k -1)!人 (η-k -1)! 

k = O. t > T 

xf(γ?ω(g(γ))+(-1)η-k-l A[y] (g(γ)))drds， 

k -# 0， t 三T，

(Fy)(T)， t ε[T*， T]， 
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where 

f(t， u) = < f(t， u)， 

f(t，ω(g(t)) +εψ(g( t)))， uどω(g(t))+εψ(g( t))， 

lu-ω(g( t)) 1三εゆ(g(t))， 

f(t，ω(g(t)) -εψ(g( t)))， u三ω(g(t)) -εψ(g( t)) 

Note that If(t， u)1三F(t) for all u ε1R. Then it is easy to see that 

F is well defined on Y and maps Y into itself. 8ince A is continuous 

on Y， the Lebesgue dominated convergence theorem shows that F is 

continuous on Y. 

ow we claim that F(Y) is relatively compact. We note that F(Y) 

is uniformly bounded on every compact subinterval of [T*，∞)， because 

of F(Y) c Y. By the Ascoli-Arzela theorem， it suffices to verify that 

F(Y) is equicontinuous on every compact subinterval of [T*，∞). If 

k = 0 and n = L then 

I(Fy)'(t)1三F(t)， t三T

If either k = 0 and n三2or k = 1， then 

T
 
>一<一QU

 

J
U
 

Q
U
 
F
 

n
 
Q
U
 

∞
 
f
I
1
1
T
 

<一UU 
F
 

If k > 2. then 

rt (t -S )k-2 r∞(γ-S)n--k-1 
I(乃 )'(t)1ヰ (k ~ J2)! Js tη-k一司F(ア)dr
rt it -S )k-~ds x r∞γη一吋 (r)dr
-JT (k -2)! ~~ " JT 

/' (t -T)kー ¥ 市

ー (k-l)! ' ν 

Let 1 be an arbitrary compact subinterval of [T，∞). Then we see that 

{(Fy)'(t) : y εY} is uniformly bounded on 1. The mean value theorem 

implies that F(Y) is equico凶 nuousonI.Since 1(~Fy)(t1)-(Fy)(t2)1 = 

o for t1， t2ε[T*， T]， we conclude that F(Y) is equicontinωus on every 

compact subinterval of [T*，∞) • 
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Applying the Schauder-Tychono百fixedpoint theorem to the opera-

tor F， we find that there exists a fj εY such that fj = Ffj. Set 

x(t) =ω(t) + (_1)n-k-1 A[到(t)

From (4.12) it follows that x( t) satis五esx(t) =ω(t) + o(ψ(t)) (t→∞) ， 

and hence there exists a number T三Tsuch that Ix(g(t)) -ω(g( t)) I ~ 

εψ(g(t)) for t三T.Then ](t，x(g(t))) = f(t，x(g(t))) for t三T.By 
virtue of (4.11)， we observe that 

(4.13) x(t) + h(t)X(T(t)) 

二 ω(t)+ h(t)ω(ァ(t))+ (_1)n-k-1[A[到(t)+ h(t)A[到(T(t))]

二 ω(t)+ h(t)ω(T(t)) + (_1)n-k-1fj(t) 

二 ω(t)+ h(t)ω( T ( t )) + ( -1) n -k -1 ( Ffj) ( t ) 

for t三T.By differentiation of (4.13)， we see that x(t) is a solution of 

(1.1). The proof is complete. 

Now we assume that (4.1) has a positive solution ω(t). Consider the 

equation 

.rln 

(4.14) お[x(t)+ h(t)X(T(t))] +ψ(い(g(t))) =仰)， 

where (1.2)-(1.6)， (1.8) and the following condition are assumed to 

hold: 

( 4.15)ψε C([to，∞) X (0，∞)) and there exists a continuous function 

Fε C([to，∞) X (0，∞)) such that F (t， u) is nondecreasing in 

U ε(0，∞) for each fixed t三toand satisfies 

|ψ(仁川|三 F(t，u)， (t， u)ε[to，∞) X (0，∞) • 

Theorem 4.3. Let kε{O， 1，2，・川-1}，and letω(t) be αsolution 

0] the u叩ertz川 edequαtion (4.1) sαtis]ying 

ω(t) 
lim infーで一>O. 
t→∞が
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Suppose thαt (4.3) or (4.4) holds. 1f 

f∞tn-k叫川g(t))+ε[g州 dt<∞ for s…>  0， 
then (4.14) hasαpositive solution x (t) sαtisfyi句(4.6). 

Theorem 4.4. Let kε{O， 1， 2， 川-1}，and letω(t) be αsolution 

of the unpertl川 edeqωtion (4.1) sαtisfying 

ω(t)lh(ァーl(t))1、 ハ
1im inf 
t→∞ [ァー1(t)]k

Suppose thαt (4.4) holds. 1f 

f∞ ( ε吋ψ[什什[T-1戸一斗-1(g( t 
tn-ηト一kい一-1F ( t，ω(ωg(収tの)リ)+ ) O∞o for some ε>0ぅ
¥ Ih(ァ-l(g(t)))I)

then tJ町 eexistsαpositive solutioηx(t) of (4.14) sαtisfying (4.8) 

Proofs of Theorems 4.3αηd 4.4. We may assume without 10ss of 

generality that ε> 0 is su伍cient1ysma11. App1y the proofs of Theorems 

4.1 and 4.2 with f and To rep1aced byψand a 1arge number T1 such 

thatω(t) is continuous and satisfies (4.1) on [T1，∞)， and ω(t) >εψ(t) 

for t 三T1・

5. EXISTENCE OF POSITIVE SOLUTIONS 

In this section we derive various sufficient conditions and necessary 

conditions for the neutra1 differentia1 equation 

(5.1) 手[x(t)+ h(t)X(T(t))] + f(t， x(g(t))) =。
to have certain positive solutions. It is assumed throughout this section 

that (1.2)-(1.6) and the following condition (5.2) ho1d: 

(5.2) f εC([to，∞) x (0，∞)) and there exists a continuous function 

Fε C([to，∞) X (0，∞)) such that F(t，u) is nondecreasing in 

U ε(0，∞) for each fixed t三toand satisfies 

If(仁川|三 F(t，u)， (t， u)ε[to，∞) X (0，∞) • 



~ 

We note here that the unperturbed equation of (5.1) is 

，Jn 

(5.3) ~tn[ω (t) 十 h(t)ω (T(t))] 二。

Theorem 5.1. Let k ε{O， 1，2，..川-1}. Suppose thαt one of the 

folloωing conditions (5.4) -(5.6) holds: 

(5.4) Ih(t)I[T(t)/t]k三入く 1/2，t三to，for some入>0; 

(5.5) 怖い)1[T(t)/t]k三入く l αηd h(t)h(T(t))三0，t三ァー1(to)， 

for some入>0; 

(5.6) 1くμ壬Ih(t)I[T(t)/t]k三入 t三to，

for some入>0αndμ> O. 

If 

川 / ∞ tn-戸F円ηト川一…一寸十引kトい一斗切1

th児eη (5.1) hω α positi7.υJe sol 山 O η x(収例tの)s α tisfy仰yzrけTηZ

(5.8) x(t) ./ 1: ~ ____ x(t) 
o < lim infτγ::; lim supで了く∞
c--tαコ['.ー+α:::> "凡

Proof. If (5.4) or (5.6) holds， then (4.3) or (4.4) holds， respectively 

If (5.5) holds， then (4.3) with to replaced by T-1 (to) holds. Lemmas 

2.1， 2.3， 2.4， 2.7， 2.8 and 3.1 imply that there exists a function Bε 

C[ァ(T)，∞)satisfying 

fT(t)lk 
(5.9) B(t) + h(t) I f I B(T(t)) = 1， t三T，
and 

(5.10) o < li巴担fIB(t)1三liE2Plo(t)|く∞?

where T is a sufficiently large number. We note that B(t) is eventually 

positive or eventually negative. For any α> 0， we put ω(t) =αtk IB( t) I 
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In view of (5.9) and (5.10)， we see that ω(t) is a sol u tion of the un per-

turbed equation (5.3) and削 isfies

∞
 

く

山
川
一
が

DA 
m
∞
 

m
h
 

<一
山
川
一
が

P
十
i-m
∞
 

m
h
 

くハU

Ifα>  0 is sufficient1y small， then there are a constant ε> 0 and a 

number T1三Tsuch that 

ω(g(t)) +ε[g( t)]kく c[g(t)]k， tさT1

By virtue of Theorem 4.3， (5.1) has a positive solution x(t) satisfying 

(5.8) 

Theorem 5.2. Let k ε{O， 1，2，.川-1}. Suppose thαt 

rT(t)lk 
t巳忠h(t) I ' ~V J I = l for some l εR  ωith IIIヂ1.、、‘，，，ノ

1
1
A
 

1
i
 

に
リ
〆
'
t
t
、、

1f (5.7) holds， then (5.1) hωαpositive solution x(t) sαtisfying 

lim x(t) JEヲk existsαηd isαpositiveβηite vαlue. (5.12) 

Proof. We easi1y see that (4.3) or (4.4) ho1ds for some 1arge number 

to. Therefore， by the same arguments as in the proof of Theorem 5.1， 

the conclusion follows from Theorem 4.3 and Lemlma 2.10. 

Theorem 5.3. Let k ε{O， 1，2， ・川一 1}.Suppose thαt 

己主Ih(t)I[T(t)jt]k=∞ 

q 

(5.13) f∞tn-k-1 F (い|日以)adtく∞ for some c > 0， 
then (5.1) hαsα positive solution x( t) sαtisfyin 

(5.14) 
lh(ァ-l(t))1

~r;:， x (t) 1'; ~~ l( f¥V1J: I existsαηd isαpositiveβηite vαlue. [ァ-l(t)]
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Proof. It is easy to check that (4.4) holds for some large number 

to. From Lemmas 2.9 and 3.1 it follows that there exists a function 

oε C[T(T)，∞) satisfying (5.9) and 

丸山 IB(t)llh(ァ-l(t))I[t/ァ-l(t)Jk二 1，

where T is su伍cientlylarge. Notice that B(t) is event凶 llyposi ti ve or 

eventually negative. There are constants α> 0，ε> 0 and a number 

T1三Tsuch that 

[T-1(t)Jk ~ _ [ァーl(t)Jk
αIB( t) Itk +ε 

Ih(T-1(t))1 ~ ~ lh(T - 1(t))I' ー 1

Put ω(t) =αIB(t)ltk. Then we find that ω(t) is a solution of (5.3) and 

satisfies 

(5.15) 1 ~ ー ω (t)lh(T- 1 (t)) | 、ハ
t吋[ァ-l(t)Jk 山

Applying Theorem 4.4， we conclude that (5.1) has a solution x(t) sat-

isfying (4.8). By (5.15)， x( t) satisfies 

|h(ァーl(t))1
lim z(t)=α  
→∞[ァ-l(t)Jk

This completes the proof. 

Since ァ(t)く tfor t三to，the condi tions 

(5.16) Ih(t)1三入く 1/2，t三to，for some入>0

and 

(5.17) 

Ih(t) I三入く 1ぅ h(t)h(ァ(t))三0，t三ァ-1(to)， for some入>0

imply (5.4) and (5.5)， respectively. Thus， by Theorem 5.1， we have the 

following corollary. 

Corollary 5.1. Let k ε{O， 1，2，. •• ，η-1}，αηd suppose thαt (5.16) 

or (5.17) holds. 1f (5.7) holds， then (5.1) hαsα positive solution x(t) 

sαtisfying (5.8). 
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In particular， for the case k = 0， Theorems 5.1-5.3 give the following 

results. 

Corollary 5.2. Suppose thαt 

(5.18) 1く μ三Ih(t)1三入 t三to，for some入>0αndμ>o. 

Lσ f 

(5.1川川1ω川9的 JOO∞tn-一→川1

then (5.1) hαSα posit“灼tれvesol仰 Oη x(t)sαtiωsfyiη句g 

Oく li!llinf x ( t )三limsup x(t) <∞-
，，-，.山→αコ

Corollary 5.3. Suppose thαt 1imt→∞h(t) = l for some l εR  ωith 

IIIヂ1.1f (5.19) holds， theη (5.1) hasαpositive solution x(t) sαtisfyin 

Jltz(t)eztstsαηd isαpositiveβnite vαlue 

Corollary 5.4. Suppose thαt 1imt→∞ Ih(t) 1 =∞• 1f 

f∞f一」叫1
then (5.1) hαSα posituυJe solution x(t) such th凶α

Atz(t)lh(ァ-1(t)) 1 exi的

Now we consider the case 

(5.20) JEE7(t)/t二 l

Corollary 5.5. Let k ε{O， 1，2，・7η-1}. S叩posethαt (5.18) 

αηd (5.20) hold. 1f (5.7) holds， then (5.1) hasαpositive solution x (t) 

sαtisfying (5.8) 

Corollary 5.6. Let k ε{O， 1，2，・ ?η -1}. Suppose thαt (5.20) 

holds αnd thαt 1imt→∞h(t) = l for some l εR  ωith IIIヂ:1. 1f (5.7) 

holds， then (5.1) hasαpositive solution x (t) sαtisfying (5.12). 
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Corollary 5.7. Let k ε{O， 1，2，... ，η-1}. Suppose thαt (5.20) 

holds αnd thαt limt→∞Ih(t)1 = ∞ • 1f (5.13) holds， then (5.1) hαsα 

positive sol仰 oη x(t)sαtisfying (5.14) 

Proofs of Corollaries 5.5-5.1. We give the proof of Corollary 5.5 

only. In a similar fashionぅ wecan provc that Corollaries 5.6 and 5.7 

follow. For the case k 0， Corollary 5.5 follows immediately from 

Corollary 5.2. Assume that kヂO.If (5.18) and (S.20) hold， then (5.6) 

holds for some large number to. Hence， Theorem 5.1 shows that (5.1) 

has a positive solution x(t) satisfying (5.8) 

Now consider neutral differential equations of the form 

(5.21) 手[x(t)十九(t)x(ア(t))]+σj(t， x(g 
where σ=  +1 or -1. We establish necessary conditions for (5.21) to 

have a positive solution x(t) satisfying (5.8) or (5.14). For equation 

(5.21) we assume the following: 

(5.22) j εC([to，∞) X (0，∞))， j(t，u)三Ofor(t，匂)ε [to，∞)X (0，∞) 

and j (t， u) is nondecreasing in u モ(0，∞)for each fixed t三to・

Theorem 5.4. Let k ε{O， 1，2，・ ，n-1}. Suppose thαt (5.22) 

holds αηnd t的hαωth川(tの)[什T(収ωtの)νjtずi戸kおsbounη~ded 0仰η[to句0，∞). 1.庁ft仇heγ何θeωxz“stおSα
positi1υJe solz仰 Oη x(収例tの)0ザIf(σ5.2幻1)ωwhiηzc仇hs印αt“zs析万eωs(伊5.8的)， then 
間 /∞tη一町久c[g(t)]k)dt<∞ for some c > 0 
Proof. Put y(t) = x(t)十九(t)X(T(t)).We get 

y(t) x(t) I 1..14-¥ Iァ(t)lkx(T(t))
つτ=ττ+h(t) I一一|一一一
山山 I t I [T(t)]k' 

which implies that y(t)jtk is bounded. From (5.21)， we have 

(5.24)σy(η) (t) = -j (t， x (g (t) ) )三ofor all large t. 
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We see that y(i)(t) (i = 0， 1，2，・川一1)are eventually monotonic， so 

that limt→∞y(け(t)(i=0，1，2γ・川-1) exist in JR U { -∞?∞}. Since 

y(t)jtk is bounded， we find that limt→∞y(刈(t)= Z for some l εIR and 

limt→∞y(i) ( t) = 0 for i = k + 1， • • • ，η-1. Repeated integration of 

(5.24) yields 

日)(t)=l+(-l)η-k-lσ/∞(s-t)n-k一，J(川的)))ds 
人 (n-k-1)

for all large t. Consequently we obtain 

メ∞sn-k-lf(s，x(的)))ds <∞ for some T ~ to 

By virtue of (5.8) and the monotonicity of J， we conclude that (5.23) 

holds. 

Theorem 5.5. Let k ε {O， 1，2， ・・ ，n -1}. Suppose thαt (5.22) 

holds αnd thαt limt→∞ Ih(t)I[T(t)jt]k = ∞• If (5.21) hasαpositive so-

J山 oη x(t)sαtisfying (5.14)， theη 

(5.25) /00 tn-k-1 f (t， c]J;ilizi川dtく∞ for some c > 0， 
Proof. Observe that 

z(T(t)) x(T(t))h(t) 1 r t lk 
[T (t)] k tk h (t) l T (t) J 

so that limt→∞x(t)jtk = O. Put y(t) = x(t) + h(t)x(ァ(t)).Then 

l-u(t) ， z(t)l h(t)x(ァ(t;U= T， 
!己ヲτ=よ忠ヲr+t→t tk 一一 L

for some constant LヂO.By the same argument as in the proof of 

Theorem 5.4， the conclusion follows. 

By Theorems 5.1-5.5， we obtain necessary and :sufficient conditions 

for (5.21) to have a positive solution x(t) satisfying (5.8) or (5.12) or 

(5.14). 
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『司回--

Theorem 5.6. Let k ε{O， 1，2，川-1}. Suppose thαt (5.22) 

holds αnd thαt one of conditions (5.4)-(5.6) holds. Then (5.21) hαsα 

positive solution x(t) sαtisfying (5.8)げαηdoηlyU (5.23) holds. 

Theorem 5.7. Let k ε{O，lぅ2γ・ス-1}. Suppose thαt (5.11) and 

(5.22) hold. Theη(5.21) hαsα positive sol山 oη x:(t)Sαtisfying (5.12) 

ザαηd07均ザ (5.23)holds 

Theorem 5.8. Let k ε{O， 1，2，・川-1}. Suppose that (5.22) 

holds αnd thαt limt→∞ Ih(t)I[T(t)jt]k =∞・ Then(5.21) hαsα posit附

solution x(t) sαtisfyi句 (5.14)ザαηdonlyザ(5.25)holds 

6. EXISTENCE OF POSITIVE SOLUTIONS FOR THE CASE h(t) ::; 0 

In this section we consider the neutral differential equation (1.14) for 

the case h(t)三O.It is convenient to rewrite (1.14) in the form 

(6.1) 手μ(t)一内)X(T(t))]+仰
For equation (6.1)ぅconditions(1.2)， (1.3)， (1.5)， (1.6)， (5.2) and the 

following condition are assumed to hold: pεC[to，∞) and p(t)三ofor 
t 三to・

The notation (2.3) will be used 

Theorem 6.1. Let kε{O，1，2ぅ ・川-1}andletuk(t) beαpositive 

continuoωfunctioηsαtisfying 

(6.2) 

Oく li問 fUk(t)ーナ川))三 li白川(t)-PTW(t)1<∞  

(6.3) f
∞
tn-k-1川

then (6.1) hαsα positive sol山 oη x(t)such thαt 

(6.4) 0 < lim inf三位<lim sup豆立
t→∞ Uk (t) 

-.: ~~~t

→∞
Y 

Uk(t) 
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αηd 

lim z(t) -p(t)X(T(t) 、。
= COnST;:> U 

Theorem 6.2. Suppose thαtp(t) > Ofort三to.Let k be αη integer 

with 0 ::; k ::; n -1，αηdαssume thαt there existsαpositive continuous 

function Uk(t) such thαt 

(6.5) 

-∞ <liM州

Let ω(t) be αpositive continuous function sαtisfyin 

(6.6) 

万

(6.7) 

ω(t) -p(t)ω(ァ(t))= 0う t三to・

f∞tn-k-1川
th犯附erηi(6.1) h α S α positive sol~匂diωtωOη X(t例tり)s α tiωsfyi η 

(何6.8め oく 1imi凶nf 豆f企~ < lims叩三豆〔位1企L 
t→∞ ω(t) ~ ~~~→∞ Yω (t) 

αηd 

(6.9) lim z(t) -p(t)X(T(t)) ，， n 
tk = conST;く U

Remark 6.1. It shou1d be emphasized that restrictive condition on 

p ( t )， s u ch as p ( t )三入，is not assumed in Theorems 6.1 and 6.2. 

Remark 6.2. It shou1d be noted here that there a1ways exists a 

positive continuous function Uk(t) which satisfies (6.2)， and the integra1 

condition (6.3) and the asymptotic condition (6.4) do not depend on 

the choice of the function Uk(t). (See Lemma 6.2 be1ow.) 

Remark 6.3. The integra1 condition (6.7) and the asymptotic con-

dition (6.8) are independent of the choice of the function ω(t). (See 

Lemma 6.4.) 

First 1et us prove Theorem 6.1. We need the following 1emmas. 
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Lemma 6.1. Assume thαt u， VεC[T(tO)，∞) sαtisfy 

十(t)一川(t))川)-p(t)川))， t ~ to 
u(t)三仰)， t ε[ァ(to)，to] 

Then u(t)三υ(t)fortどT(tO)

Proof. Put ω(t) = u(t) -v(t). Then 

(仰)-p(t)川))三 O 山 0

ω(t)三0，t ε[ァ(to)，to] 

It is sufficient to show that ω(t)三ofor tどT(tO).Obviously，ω(t)三O
for t ε[T(tO)， to]. Assume that ω(t)三ofor t ε[ァー(m-り(to)，T-m(to)]， 
m=Oぅ1，2，・.Iftε[T-m(to)， T-(m+l) (to)]， then 

ω(t)三p(t)ω(T(t))さ0，

because of ァー(mーリ(to)三 T(t)三ァ-m(to).By induction， we conclude 

that ω(t)三ofor tどT(to). 

Lemma 6.2. There existsαfunctioηυkε C[T(tO) ，∞) such thαt 

υk(t)>Ofort三toαηd

(6.10) Vk(t) -P(t)Vk(ァ(t))= tk， t三to

In addition， for each positive continuous functioηUk Sαtisfying (6.2)， 

thereαre constαnts c* > 0， ♂ >0 αndαnumber T三tosuch thαt 

(6.11) C*Vk(t) S Uk(t)三c円)k(t)， tどT(T)

Proof. Lemma 2.1 together with Remark 2.1 implies that the func-
tion 

芝川+1 ( t) --T ( to) .Lk 
Pi(t)[Ti(t)]k + Pm+1(t) 一一~t

o -T(tO) "0' 

Vk(t) = ~ t ε[T-m(to)， T-(m+叩0)]， rn = 0，1， 

t-T(to) .Lk 
toーァ(to)吻
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satisfies Vk(t) -P(t)Vk(T(t)) = tk for t三to・ 1t is easy to see that 

Vk(t)どが>0 for tどto・

We can choose a su伍cientlylarge T三to，a su任icientlysmall C* > 0 

and a sufficiently large ♂>  0 such that 

C*t
k
三Uk(t)-P(t)Uk(T(t))三♂tk?t三T

and 

C* Vk (t)三Uk(t)三C*Vk(t)，t ε[T(T)， T] 

By (6.10)， we have 

Uk(t) -P(t)Uk(T(t))さらがこらVk ( t) -P ( t ) [ C* V k (ァ(t))]， t三T.

Using Lemma 6.1， we obtain Uk(t)三C*Vk(t)for t ~: T(T). In the same 

way， we have Uk(t)三C*υk(t)for t三ァ(T).The proof is complete. 

Proof of Theorem 6.1. Let Vk ε C[T(tO)，∞) satisfy (6.10) and 

Vk(t) > 0 for t三to・ Inview of Lemma 6.2， we can take a number 

T三toand constants C* > 0，♂> 0 satisfying (6.11)， 

九=min{ァ(T)，inf{g(t) : t三T}}どto，

and 

(6.12) [''''' tn-k-lF(t， C'Vk(g(t)))dtく?

Consider the set Y of all functions y εC[T*，∞) sa tisfying 

y(t)=y(T) fortE[T*，T] and c*tk/2三y(t)三C*tk for t三T.
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Clearly， Y is a nonempty， closed and convex subset of C[T*，∞). For 

U εY， we assign the function 1> [y] on [T*，∞) by 

(6.13) 

LPi(伽(TZ(t))+ Pm+l (t)<p(ァm+l(t)) 
i=O 

φ[y]( t)二
t ε[T-m(T)， T一(m十円T)]， m = 0，1， ・?

<p(t)， t ε[T*， T]， 

where 

y(T) 
(t)二子rh(t)? 日[九T]

By the same arguments as in the proof of Proposition 3.1， we see that 

φ:Y-→C[T*，∞) is continuous in the C[T*，∞)-topology， and satis-

fies 

(6.14)φ[y](t) -p(t)φ[y]( T (t)) = y (t)， t三T，y εY. 

We define the operator F : Y -→C[T*，∞) by 

f∞(s -t)ηー 1
-C*+(-1)n-1/f(S?φ[y] (g( s)) )ds， 

人 (η-1)! 

(Fy)(t) = 

k = 0， t 三T，

;cJ+(-1)n-k-1× 

rt (t -S )k-1 r∞(ァ -s)ηート1
/ rn '(  k -/， i I / ~rn _ -; _ 1¥ I f (ηφ[y](g(γ)))drds， Jr (k -1)!人 (η-k -1) 

kヂ0， t 三T，

(Fy)(T)， t ε[T*，T]. 

We claim that F is well de白led. By virtue of (6.10) and (6.14)， we 

日ndthat 

C*川(t) -p ( t) C* V k ( T ( t)) = c* tk三y(t)= 1>[y](t) --p(t)φ[y](ァ(t))

for t 三Tand y εY， and 

y(T) 
山 (t)三 Tkりたい)=φ[y]( t)， tε[T*， T]， μ 区
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In view of of Lemma 6.1， we have φ[y]( t)三C*Vk ( t) for t三T*and 

U εY. Likewise， we obtain φ[y]( t)どC*vk(t)/2> 0 for t三T*and 

uε Y. Consequently， F is well defined. 

We conclude that F maps Y into itself. In fact， from (6.12) it follows 

that 

1[0∞ いト山川一イイtのが)戸ドη， f(s，φ[y] (g ( s ) ) ) ds I (η_ 1)! J ¥ v， ~ L~ J ¥::1 ¥ V J J J ¥..vu I 

くlOOsn-1F(s，C.Vk(g川 Sく?
for k = 0， t 三T，yεY， and 

Il~t -S )k-1∞(T-r-11  
l f !日以](g(γ)))drdsj Jr (k -1)! Js (η _ k _ 1)! J ¥ I ， ~ L.'f J ¥}:I ¥ I }}}  U，I u'u I 

(t(t-S)k-lJ r∞ 
/ S -j p-k-lF(T?C*%(g(s)))dTく三tkJr (k -1)! ん

for kヂ0，t 三Tand y εY. As in the proofs of Theorems 4.1 and 

4.2， we see that F is continuous on Y and F(Y) is relatively compact. 

Using the Schauder-Tychonoff fixed point theorem， we have fj = Ffj for 

some y εY. Then it is easy to verify that x(t) =φ[到(t)is a positive 

solution of (6.1) satisfying 

and 

C* Vk(t) /2三x(t)三C*Vk (t)， t三九?

1;~ X(t) -p(t)x(ァ(t) 3 、ハ
t→∞ tk -4 "'* ~ v 

This com pletes the proof. 

For the proof of Theorem 6.2， we need some lemlmas. 

Lemma 6.3. Suppose thαt p(t) > 0 for t三to・ Thereexistsα 

positive continuous functioηUk(t) sαtisfying (6.5)げαηdonlyげthe1'e

exぱ Sα positivecor伽

(6.15) ω(t) -p(t)ω(ァ(t))=ーが forαII lαrge t 
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Proof. The “if" part is clear. We show the “only if" part. There are 

a number T and a constant c > 0 such that 

Uk(t) -P(t)Uk(ァ(t))三-ctk?t三T

Put 

仰)=(ir-K)よ(;)+K， tε[T(川?
where K > O. It is easy to see that 

cp(T) -p(T)cp( T(T)) = -Tk 

and 

min{ψ(t) : t ε[T(T)， T]} = min{ cp(ァ(T))，ψ(T)}

= min{出ド)
Hence， we can cho08e K > 0 80 large that 

C-1Uk(t)三ψ(t)，t ε[T(T)， T] 

Let VkεC[T(T)，∞) be a solution of the initial value problem 

(句作)-p(t)川))= -tk， t汀
Vk(t) = cp(t)， t ε[T(T)， T] 

(See Lemma 2.1.) We see from Lemma 6.2 that Vk(t)三C-1Uk(t)> 0 

for t三ァ(T).This completes the proof. 

Lemma 6.4. Suppose thαt p(t) > 0 for t三to・ Thenthere existsα 

functionωε C[T(tO)，∞) satisfying (6.6) andω(t) > 0 for tどT(to). 

In addition， if Wl，ω2ε C[T( to)，∞)αre positive sol山 onsof (6.6)， then 

there exist constαnts c*αnd c* such thαt 

(6.16)ιω2 (t)三ω1(t)三♂ω2(t)，tどT(to). 
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Proof. Put 

p(to) -1 
ψ( t) = : ¥ vv / _ {.L ~ (t -T ( tO)) + 1， t ε[T(tO)， to] to -T(tO) 

Then wc easily find that ψ(t) satisfies cp( t) > 0 for t ε[ァ(to)，to] and 

ψ(to)-p(to)ψ(T(tO)) = O. From Lemma 2.1 it follows that the function 

Pm+1 (t)ψ(T叫 l(t))，t ε[T-m(to)， T一(m+l)(to)]， 

ω(t)二 m = 0，1，・・ ? 

cp(t)， t ε[ァ(to)，to]， 

satisfies (6.6). Since p(t) > 0 and cp(t) > 0， we have ω(t) > 0 for 

tどT(to). 

Let ω1，ω2ε C[T(tO)，∞) be positive solutions of (6.6). Take con-

stants c* > 0 and c* > 0 such that 

C本ω2(t)三ω1(t)三c*ω2(t)，t ε[T(tO)， to] 

Then， from Lemma 6.1， we obtain (6.16) 

Lemma 6.5. Let ω(t)αηd Uk (t) be positive contin uous functions 

oη [T( to)，∞) which sαtisfy (6.6)αnd (6.5)， respectively，ωhere k isαη 

integer with 0 :s k 三η-1. Then 
Uk(t) 

limsup~一一<∞­
t→∞ ω(t) 

Pγoof. By (6.5)， there is a T三tosuch that 

Uk(t) -P(t)Uk(ァ(t))く 0，t三1'.

Take a sufficiently large number c > 0 such that Uk (t)三cω(t)for 

t ε[T(T)， T]. In view of Lemma 6.1， we obtain Uk(t)三c叫t)for 

t三T(T).This completes the proof 

Proof of Theorem 6.2. By Lemma 6.3， there exists a positive contin-

uous function Vk(t) satisfying (6.15). Using Lemma 6.5 applied to the 

case of Uk(t) = Vk(t)， we find that 

(6.17) cdυk(t) +ω(t)] :sω(t)， t三t1，
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for some C1 > 0 and t1三to，so that 

/00 tn-k川 ，CdVk(g(t))+内 (t))])dt<∞ 
By Lemma 6.5 again there exist t2 > t1 and C2 > C1 such that 

(6.18) (C2 -C1)川似ト仇 t"2 t2 

Choose T 三toso large that 

T* = min{ T(T)， inf{g(t) : t三T}}三 t2

and 

ioo tn-kー1F(t， CdVk(g(t)) +内川dtく与三
Consider the set Y of a11 functions y モC[T*，∞)satisfying 

y(t) = y(T) for t ε[T*， T] and c1tk:::; y(t)三C2tk for t三T.
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Using the same arguments as in the proof of Proposition 3.1， we find 

thatφ :Y-→C[T*，∞) is continuous in the C[1~川∞)-topology and 

satisfies (6.14). Let C = (C1 + c2)/2， and define the operator F by 

f∞ (s -t)η-1 
c -(-1)η-1/f(S?ー φ[y](g ( s ) ) ) ds， 

人 (n-1)! 

k = 0， t 三T，

(Fy)(t) = 
ゲ-(-1) n-k-1 X 

l~t -S )k - ~ l∞ (T 一 s)日一 1
T (k-叩人 (n-k-l)!f(十剣山(ア)))drds，

kラ1:.0， t 三T，

(Fy)(T)， t ε[T*，T]. 

It can be shown that F is we11 defined. In fact， frorn (6.18) we observe 

that 

C2りたい)+jC1ω(t)三一仰)三川い1ω(仏 tε川?
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so that 

Oく C2h(t)+jqW)三一φ[y](t)三川いlω(凡 t三九

by Lemma 6.1. By the same arguments as in the proof of Theorem 

6.1， the Schauder-Tychono百fixedpoint theorem shows that fj = :Ffj 

for some fjεY. In view of (6.17)， we easily see that x(t) = -φ[到(t)

is a positive solution of (6.1) and制 isfies

ト(t)三川
for t 三T本 and

im z(t) -p(t)X(T(t) 
tk = -C. 

The proof is complete. 

7. THE CASE h(t)二 1

We consider the neutral differential equation 

...Jn 

(7.1) お[x(t)+ x(t -T)] + f(い(g(t)))= q(t)， 

where T > 0， and (1.2)， (1.3)， (1.6) and (1.8) are assumed to hold 

Theorem 7.1. Suppose thαt (1.7) and (4.2) hold. Let k ε{0，1， 

2，・ ・?η -l}， andletω(t)be αsolution of the u叩ert~川ed equαtion 

...Jn 

(7.2) お[ω(t)+ω(t-T)]=仰)

1f 

f∞tn-k-1 F(久|引(t))1+ε[g( t) ]k)dtく∞ fo:rs…>  0， 
then (7.1) 1ωα solutionx(t) sαtisfyin 

(7.3) x(t) =ω(t) + o(tk) (t→∞) • 



司..-

Theorem 7.2. Suppose thαt (5.2) holds. Let k: ε{O， 1，2，川-

1}， and letω(t) be αpositive solution of the unpertiUrbed equαtioη(7.2) 

such thαt 

ω(t) 
lim infーナ>O. 
t→∞ tt.: 

1f 

f∞tn-k-1恥
theη(7.1) }ωα positive solution x(t) sαtisfyiηg (7.3). 

N ow consider the equation 

(7.4) 五同)+ x(t -T)] + f(t， x(g(t))) == 
where T > 0 and (1.2)， (1.3) and (1.6) are assumed to hold. Let 

ω+ε C[to，∞) and ω+(t+ァ)=-ω+(t) fort三to・Then，for any c ε1R， 

ω+(t) + c is a solution of 

(7.5) 手レ(t)+ω(t -T)] = 0 
For c > 0， the functions Pk(t) = ctk (k = 0，1，2，・ω ，n-1) are posi-

tive solutions of (7.5). Hence， by Theorems 7.1 and 7.2， we have the 

following results. 

Corollary 7.1. Assume that (1.7)αηd (4.2) hold αnd thαt 

同/∞tn-1p(t，a)dtく∞ f…
Then， for eαchω+ε C[to，∞)αηdc ε1R such thαtω+(t+T)=-ω+ (t) 

for t三toαηdmpx|ω+(t) 1+ Iclく α，eqωtion (7.4) hasαsolutioηx(t) 
sαtisfyin 

x(t) =ω+(t)+c+o(l) (t→∞) 
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Corollary 7.2. Let k ε{O， 1，2，.. • ，η-1}. Suppose thαt (5.2) 

holds αnd thαt 

f∞tn-k叫 α[g(t)]k)dt<∞ for so…>0 
Then (7.4) hαsα positive solution x (t) sαtisfying 

lim x(t) JEヲrezt幼 αηdisαpositiveβηite vαlue. 

Remark 7.1. The solution obtained in Corollary 7.1 is oscillatory 

or nonoscillatory according to w hether the functionω+ ( t) + c is oscil-

latory or nonoscillatory. Since condition (7.6) is independent of the 

choice of the function ω+ (t) + c， equation (7.4) possesses both oscilla-

tory solutions and nonoscillatory solutions if (7.6) holds 

We consider the equation 

(7.7) 214)+z(t-7)]+σf(t，x(g(t)))二 0，

where σ +1 or -1， T > 0 and (1.2)， (1.3)， (1.6) and (5.22) are 

assumed to hold. From Theorem 5.4 and Corollary 7.2， we obtain the 

following result. 

Corollary 7.3. Let k ε{O， 1，2，・ ?η-1}. Assume thαt (5.22) 

holds. Then (7.7) hαsα positive solution x(t) sαtisfying 

lim x(t) 
JE1r ezt山 αηdisαpositiveβnite vαlue 

ifαnd only if 

f∞ tn-戸什円ηト吋一…一寸十引kトい一→1川ぱ州川州tの州州刷)月)]k)戸内k竹切い)d
Now we pr陀eparethe next proposi tion for the proof of Theorem 7.1. 

Proposition 7.1. Let T αnd T* b仇ecorη~stωαTη~tおS 1ω1J2“th T一 7 三T* "三三 t句o.
Suppose t仇hαωtηε C[T一アη.ウ?∞) such t的hαωtη引(収例tの)三ofoγt三T一 7 αηd 

lim叫t→∞η(収t)二 Oα吋 defiη

U 二 (十uωεωC山):イ陪怪凶(E除回2会合(←一川 +打吋吋ベt竹川イ7寸イ)三叫η川仰(収tの)， tげ三汀T一ア十) 
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αηd 

I ) ~(_l)i+lU(t + iT)， t三T-T，
φ[ u ]( t) = < i= 1 

lφ[U](T-T)， t ε[T川 T-T]， 

for eαch u εU. Thenφmαps U into C[T*，∞)αnd hαs the following 

properties: 

(i) the mαppzngφis continuoω in the C[T*，∞) -topology; 

(ii) for eαch u εU，争 sαtisfiesφ[u](t)+φ[u](t -T) = U(t) for t三T

αnd 1imt→∞φ[u](t) = o. 

Proof. It can be shown that φis well defined and that φ[u]( t) is 

continuous on [T*，∞) for each u εU. In fact， if u εU， then 

(7.8) 
00 c:xコ

sup Iχ (_l)i+lU(t+け)I = sup Iγ(_l)i+lU(t + pT +け)
児[T-r，∞)I i二日 | 促[T-r，∞)I iゴ

く supη(t+ pT) 
tε[T-r，∞) 

supη(t)， p=0，1，2， 
tε[T+(p-l)r，∞) 

which means that the series L:~l (_l)i+lU(t +け)converges uniformly 

on [T -T，∞) • 

N ow we prove that the mapping φsatisfies (i) and (ii) 

(i) For any ε> 0， there is an integer p三1such that 

(7.9) supη(t)<: 
tε[T+(p-l)r，∞)。

Take an arbitrary compact subinterval 1 of [T -T，∞). Let {Uj}~l 

be a sequence in U converging to u εU uniformly on every compact 

subinterval of [T*，∞). There exists an integer jo三1such that 

玄IUj(t+け)-u(t +川I<~， t E 1， j三Jo
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It follows from (7.8) and (7.9) that 

|φ[町](t)-φ[U](t) I 

<玄IUj(t+け)-u(t +川|
i=l 

+1芝(寸1Uj(t+け)1+ 1芝(-1川 t+け)
'/，=p+1 i=p+1 

く ε tε1， j 三)0，

which implies that φ[Uj] convergesφ[U] uniformly on 1. In view of 

the fact thatφ[U](t) =φ[u](T -T) for t ε[T*， T --T] and U εU， we 

conclude that φis continuous on U. 

(ii) Let U ξ U. Observe that 

(7.10)φ[u](t) +φ[u](t -T) 

。。 00 

=玄(_1)i+1U(t+け)+乞(_l)i+lU(t+ (i -l)T) 
i=l '/，=1 

=乞(-l)i九 (t+け)-L( _1)i+1U(t +け)
Z二 1 i=O 

= u(t) for t三T，

and that 

主主|@lul(t)15JLtη(t)= 0 

Thus，φsatisfies (ii) 

Proof of Theorem 7.1. We can take a number T such that 

T*三 min{T -T， inf {g(t) : t三T}}三to，

ω(t) is continuous and satisfies (7.2) on [T*，∞)， and 

(7.11) LOO sn-k-l F(s)ds <ε? 
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t > T. 

We consider the set Y of all functions y εC[T*，∞) such that 

y(日 (T) for t E [T*， T]， Iy(t) Iイωsおけど T
and 

|U(t+7)-W)14~榊山T

Obviously， Y is a closed convex subset of C[T*，∞) • 

N ow we claim that if y εY， then 
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for m = 1，2，・ ・・. We see that if m is odd， then 

乞(-1) i+ 1 Y (t +け)
1二 l

L [y(t + (2j -l)T) -y(t + 2jT)] + y(t + mT) 
j=l 

<吉川;)TG(S)ds+ι7G(S)ds
<ιG(s)仇 t"2T-γ 

For the case where m is even， using the equality 

乞(_1)i+1y(t+け)=乞[y(t+ (2j -1)ァト山+2j引
i=l j=l 

we can conclude (7.13) 
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According to (7.13)， if m 三p三1and t ε[T-T，∞)， then 

乞(_l)i+ly(t+け)= I L (-l)i+Py(t + U + P一助)
i=l z=p 

-乞(-1) i+ 1 Y (t + (p -1) T +け)
1二 l

三 I G(s)ds→o as p→∞. 
Jt+PT 

Hence， the series I:~l(- l)i+ly(t +け)converges for each fixed t ε 

[T-T，∞). Letting m →∞ in (7.13)， we obtain 
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for each y ε]/. By using Proposition 7.1 and by taking account of 

(7.11)， (7.12) and (7.14)， there exists a continuous mapping φ:Y→ 
C[T*，∞) such that 

φ[y](t) +φ[y](t -T) = y(t)， t三T，

(7.15) Atφ[y](t) = 0 and Iφ[y](t) I三ム t三T*，

for each y εY. For y εY， we set 
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k = 0， 

and 

Ok[y](t) =ω(t) + (_l)n-k-lφk[y](-t) 

Since 

..Jk 

Fφdy](t) =φ[y]( t)→o as t→∞? 
we find that 

(7.16) 仏[y](t)=ω( t) + 0 ( tk) ( t→∞)， y εY. 
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ヲF

From the second half of (7.15) we have l<Tk[y](t)1 ::::;εtk for t三Z

We define the mapping F : Y. -→C[T*，∞) as follows: 
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Since IOk[y](t)1三|ω(t)1+εtk for t三T*and y εY， the mapping F 

is well defined. We find that F(Y) c Y. In fact， if t三Tand y εY， 

then 

I(乃)(t) 1三fru川 s=f山 s
and 

|川+T)一川)|=lj~
三jt+T川

for the case k = n -1， and 

1 (Fy)(t +γ)-(Fy)(t)1 

二lf+7f;:?と;:f川叫(g(γ)))dイ
三ffj;:?と;〉(T)仙=[十7Gい

for the case k i-η-1. By the same arguments as in the proofs of 

Theorems 4.1 and 4.2， we see that F is continuous on Y and F(Y) is 

relatively compact. Consequently， we are able to apply the Schauder-

Tychonoff fixed point theorem to the operator F and conclude that 

there exists a yεY such that y = Fy. Set x(t) = Ok[到(t).From 

(7.16) it follows that x(t) satis五esx(t) =ω(t) + o(tk) (t→∞). We see 
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that 

(7.17) 

so that 

ZMt)+z(t-T)l 

=か(いい-T) + (_l)n-k-l{州(山川(t-T)}]
...Jk 

こか[ω(t)+ω(t -T)] + ( -1) n-い [φ[到(t)ート φ[到(t-T)] 
...Jk 

=お[ω(t)+ω(t -T)] + (-1)η-kサ(t)
...Jk 

=示[ω(t)+ω(t-T)] 
f∞(3 -t)n-k-l 

+ (_1)nーい / f(S?Z(g(s)))dn tどT，
Jt (n-k-1)! 

...Jn 

お[x(t)+ X(t -T)] =仰)-f(い(g(t)))ぅ t三T

This implies that x(t) is a solution of (7.1). The proof is complete. 

Proof of Theorem 7.2. We may assume thatε> 0 so small that 

ω(t) >εtk for t三九 forsome九三 to・Hence，the conclusion follows 

from the proof of Theorem 7.1 wi th to二九 slnce

Oく ω(t)-εtk三Slk[y](t)三ω(t)+εtk?t三T*.

8. THE CASE h(t) = -1 

In this section we consider neutral differential equation of the form 

...Jn 

(8.1 ) ~tn [x(t) -x(t -T)] + f(t， x(g(t))) = q(t)， 

where ァ>0， and (1.2)， (1.3)， (1.6) and (1.8) are assumed to hold 

Theorem 8.1. Supp03e thαt (1. 7)αnd (4.2) hold. Let k ε{0，1， 

2， ・・ ?η}， αnd let 川t)be αsol山 oη of the unpertz川edeqωtion 

...Jn 

(8.2) お[ω(t)-ω(t -T)] = q(t) 
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Theη (8.1) hasαsolution x(t) sαtisfyin 

(8.3) x(t) =ω(t) + o(tk) (t→∞) 

げ

f∞tn-kF(t，1岬 ))1+ε[g(t)]k)dtく ∞ f…
Theorem 8.2. Suppose thαt (5.2) holds. Let k ε{O， 1，2，・ 1η}，

αnd let ω(t) be αpositive sol山 onof the u叩erturbedeqωtioη(8.2) 

such thαt 

1f 

f ∞ f 一寸川k
tl 

ω(t) 
lim infーナ>O. 
t→∞が

Before giving the proofs of Theorems 8.1 and 8.2， let us consider the 

unforced equation 

An  

(8.4) お[x(t)-x(t -T)] + f(い(g(t)))二:0， 

where T > 0 and (1.2)， (1.3) and (1.6) are assumed to hold. Obvi-

ously， continuous T-periodic functions are solutions of the unperturbed 

equation 

(8.5) 手[ω(t)-ω(tーァト 0
The functions Pk(t) = ctk (k = 0，1，2，・ ?η)are positive solutions of 

(8.5)， where c > O. From Theorems 8.1 and 8.2 we olbtain the following 

corollaries. 

Corollary 8.1. Assume thαt (1. 7)αηd (4.2) hold αnd thαt 

州 F'"tnF(t，a)d 
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. ， 

Then， for each cor的問。ω T-periodic functioηω_(t) such thαt 

m?x lω_(t)1 <α， eqωtioη(8.4) Iωα solution x(t) sαtisfyiηg 

x(t) =ω_(t) +0(1) (t→∞) • 

Corollary 8.2. Let k ε{O， 1， 2，... ，η}. Suppose that (5.2) holds 

αηd that 

f∞門川(t)]k)dt<∞ f… 
Thぽeη (8.4) possesses α posit“'/，1υJe sol 仰 O η x(い例tの)s α t“isfyirη19 

(8.7) lim x(t) 
m っー~ existsαηd isαpositive fiηite vαlue 
t→αコ 工向

Remark 8.1. The solution obtained in Corollary 8.1 is oscillatory 

or nonoscillatory according to whether the function ω_ (t) is oscillatory 

or nonoscillatory. Since condition (8.6) do not depend on the choice of 

the function ofω_(t)， equation (8.4) has both oscillatory solutions and 

nonoscillatory solutions if (8.6) holds 

We consider neutral differential equations of the form 

--1n 

(8.8) ~tn [x(t) -x(t -T)] +σf(い(g(t))) :二 0，

where σ二十1or -1， T > 0 and (1.2)， (1.3)， (1.6) and (5.22) are 

assumed to hold. 

Theorem 8.3. Let k ε{O， 1，2，・・・川}.Suppose thαt (5.22) holds. 

Theη(8.8) hαsα positive solutioηx(t) sαtisfying (8.7)ザαηdonlyげ

仰 JOOtn-k f(t， a[g(t)]い

Proof. The “if" part follows from Corollary 8.2 immediately. We 

prove the “only if" part. 

Let x(t) be a solution of (8.8) satisfying (8.7). Put y(t) = x(t) -

x(t -T). From (8.8) and (5.22) it follows that 

(8.10)σy(η)(t) = -f(t， x(g(t))) ::; 0 for alllarge t. 
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Then we see that y(i)(t) (i = 0，1，2，・ ?η-1)are eventually monotonic， 

so that 1imt→∞y(の(t)(iニ 0，1，2，・1η-1)exist in 1RU {-∞?∞}. We 

observe that 

im y(.t) = lim r出 t-T)k些コ11= n 
t→∞ tk t~∞ l tk tk (t -T) k J -V 

Therefore， if k ヂκthenlimt→∞y(の(t)= 0 for i = k， k + 1， • • • ，η-1 

Consequently， if kヂη，then repeated integration of (8.10) yields 

(8.11) 円)(t)= (_1)n-k-1σ/∞(s -t)η-k-，f(叫 (s)))ds 
人 (η-k -1) 

for all large t. 

We first assume that y(t) is eventually nondecreasing. Let M* 

min x(t) on [T一円T]and M*二 maxx(t)on [T --T， T]， where T is 

su伍cientlylarge. By virtue of Lemma 2.1， we have 

x(t) = Ly(t-け)+x(t-(m+ l)T)，民 [T+ mT， T + (m + 1)ァ]，

m = 0，1，2，・・・ . 

Since y(t) is nondecreasing， we obtain 
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We find that 

内)三会;に1)TU(S)ds+仏
=;fMW)ds+仏

=:jtu(s)ds+:lT 作)ds+ M* 
I JT I J t-(m+1)T 

for t ε[T + mT， T + (m + 1)ァ]， m = 0，1，2，・， so that 

州)ど ;fu(S)ds+ι t三T，
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where 

I'T 

K* =仏 +7J11Tllu(u)dtL

Likewise， it can be shown that 

作)三 ;fYs)ds+r? t 三Tう

where 
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Then we conclude that 

T[X(t一日*1 :s l y ( s ) ds :s T川
If k 0， since x(t) is bounded and y(t) is positilve or negative， we 

see山 t山(s ) ds is bounded and monotone on [T，∞)， so山 ty( t) is 
integrable on [T，∞). If kヂ0，then 

民 U(k-1)(t)=HmZfu(s)ds
む一一一心 JT 

lim k!T[X(t)一九l 一 内)
.二Tk!lim --'，-/ . 

and 

ι I't+T 

lim y(k-l)(t) = ，limι / y(s)ds 
t→∞ (t+T)k JT 

1~ _ k!T[X( t) -K*] _ LI 1:___ x( t) 
= Tk! lim -'.-/ 

→∞ (t +ァ)k →∞ tk. 

This shows that 

lirr凶rr川I
t一+αコ t一争00 t向

Hence we conclude that y(k) (t) is integrable on [T，∞) for k二 0，1，

2，... ，ηIntegrating (8.10) or (8.11) over [T，∞)， we obtain 

メ∞(s-Tド.， f(s， x(g(s)))ds <∞? 
(η-k) 
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which implies that (8.9) holds. In the same way， we can provc that 

(8.9) holds for the case where y(t) is eventually nonincreasing. The 

proof is complete. 

Now we make preparations for the proofs of Theorems 8.1 and 8.2. 

Let T and T* be constants with T -T三九三 to・ Wedenote by 

S[T*，∞) the set of all functions u εC[T*，∞) such that the series 

cxコ

(8.12) L lu(t+け)1， tとT-T，

converges uniformly on [T -T，∞). For each u ε8[T*，∞)， we define 

the function世[u]on [T*，∞) by 

I -) ~ u(t +け)， t三T-T，
引u](t)= < i=l 

{並[u](T-T)， t ε[T*， T -T] 

o bviously， W [u] (t) is continuous on [九∞)for each u εS[T*，∞)， and 
satisfies 

(8.13) 到叫(t)一世[u](t-T) = u(t)， t三T? U モS[T，川∞)• 

Lemma 8.1. Let u εC[T*，∞). Suppose thαt the series (8.12) con-

verges for eachβxed t ε[T-T，∞) and 

。。

ほ玄lu(t+ iT)1 = 0 
i=l 

Then u εS[T*，∞) • 

Proof. Putゆ(t)= L:~1 lu(t +け)1.Let m εN. Y!Ve find that 

cxコ C幻

L lu(t+け)1=Llu(t+(m-1)T+け)1
t=m i=l 

=ψ(t + (m -l)T)， t三T-T，
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so that 

C幻

花Jよ[Jr:史九T竺1Rじ∞♂|附u叫仰(t+打川tけ川小γ寸)
t花εIT一∞

supψ(t)→o as m →∞. 
tE[T+(m-2)T，∞) 

This means that u εS[T*，∞) • 

Lemma 8.2. Suppose thαtηε S[T*，∞) such thαtη(t)三ofor 
t どTαηddefine 

(8.14) U={uεC[T*，∞) : lu(t)1三η(t)，tどT}.

Thenωe hαve 

(i) U c S[T*，∞) ; 

(ii)宙 zscoηtinuoω on U in the C[T*，∞) -topology. 

Proof. It is clear that (i) holds. We prove that (ii) holds. 

For every ε> 0， there is an integer p三1such that 

乞 η(t+け)く ;?t三T-T
i=p+l 

Take an arbitrary compact subinterval 1 of [T -T，∞). Let {Uj}三1

be a sequence in U converging to u εU uniformly on every com pact 

subinterval of [九∞).There exists an integer joど1such that 

玄IUj(t+け)-仰+川|く ;?tU7jb-。

We see that 

|則的](t)一世[U](t)I 

:::; Lluj(t+け)-u(t +川1+乞 IUj(件付)トト乞 Iu(t+川|

く;+2乞仰+け)<ε tε1， )ど)0，
i=p+l 
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可.，--

so that 則的]converges曽[u]uniformly on 1. For t ε[T*， T -T]， we 

have I並[Uj](t)一世[u](t)I = I則的](T-T)一世[u](T--T)I. Therefore， we 

can conclude that W is continuous on U. 

Lemma 8.3. Let pεNu {O}. Suppose thαtG εC[T，∞)， G(t)三O

for t三Tαnd

f門附く∞
IfuεC[T*，∞) sαtisfies 

lu(t) I :s: [<0 (s -仰榊 t三T，
then u εS[T*，∞) and 

lW)14C♂+lG(S)仇 t'2T'-T
Proof. We observe that 

2争トl同M附u叫仰(収川t+
三訟に+1)7(S-t)PG(S)ds
= 2j よιrff::fケ什川+刊叫1り巾η1)汁h71(

Ifs ε[t + jT， t + (j + 1)ァ]， then [(s -t)/T] -1 三 j~; (S-t)/T・ Hence

we have 
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We are ready to prove Theorem 8.1 for the case k 1: n. 
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Proof of Theorem 8.1 (k i=η). Let k ε{O， 1，2，. • • ，η-1}. Take a 
number T such that 

Z三 min{T -T， inf {g(t) : t三T}}三to，

ω(t) is continuous and satisfies (8.2) on [T*，∞)， and 

~ r∞snーヤ(s)dsくε?
I JT 

where F(t) = F(t， 1ω(g(t)) 1 +ε[g(t)]k). Consider the set Y of all func-

tions y εC[乙?∞)such that 

I / (s -t)'トいF(s)ds， t三T，
ly(t)l:s < J~∞ 
l JT (s-T)η-k-1F(s)仇 tε [T*，T]

Then Y is a closed convex subset of C[T*，∞). Lernma 8.3 applied to 

the case p二 n-k -1 and G(t) = F(t) implies that Y c S[T*，∞) and 

|制作)1 三~r∞snーケ(s)ds<ε t三T-T， Y E Y， 
I Jt+T 

and hence limt→∞ 宙[y](t)= 0 for each y εY  

For each y εYぅ weassign the functions Wk[y](t) and r2k[y](t) on 

[T*，∞) by 

I w[y](t)， 

れlu(t)=idu;;1的](s)仇 k= 1，2ぅ ，n-1， 
and 

r2k[y](t) =ω(t) + (-1)η-k-l宙k[y]( t) 

Then we find that (7.16) holds. In view of the fact that 1引y](t)三ε

for t三T*，we obtain IWk[y](t)1 三εtkfor t三Z

We define the mapping :F : Y -→C[T*，∞) by 

r r∞(s -t)n-k-l 
1/7 ふ 1¥if(S，r2k[y](g(s)))ds.，t三T，

(:Fy)(t) = <ん ~n -1¥， - l)! 

l (:Fy) (T)， t ε[T*，T] 
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By the same arguments as in the proof of TheoreIn 7.1， we conclude 

that :F is well-defined and continuous and maps ]7 into itself， and 

that :F(Y) is relatively compact. The Schauder-Tychonoff fixed point 

theorem shows that fj二 :Ffjfor some fjε Y. Set :x:(t) = nk[到(t).By 

(7.16)， x(t) satisfies x(t) =ω(t) + o(tk) (t→∞) • In a similar way to 

(7.17)， we see that x(t) is a solution of (8.1). This completes the proof. 

We need a further preparation for the proof of Theorem 8.1 in the 

extreme case k =η. 

Let T and T* be constants such that T -T ~三九三 to ・ For each 

U εC[T*，∞)， we define the function φ[u](t) on [T*，∞) as follows: 

争[u](t)= 

ε ρ)  u(t -iァ)+一一(t-mT -T)， 

t ξ [T + mT， T + (m + 1)ァLm = 0， 1，・?
u(T) 
-f(t-T+7)?t  ε[T-T，T]ぅ

ハU t ε[T*， T -T]. 

By the same arguments as in the proof of Proposition 3.1， we find that 

φhas the following properties: 

(i)φmaps C[T，川∞)into itself and is continuous in the C[T*，∞)ー

topology; 

(ii) for each u εC[T，川∞)，φsatisfiesφ[u](t) -φ[u](t -T) = u(t) for 

t > T. 

Lemma 8.4. Let T > 2T αnd T -T ~三 T* ど to ・ Suppose thαt 

G εC[T，∞)， G(t)三ofor t三Tαηd

I G(s)ds <∞-
JT 

Assume moreover that u εC[T*，∞)αηd 

lu(t)1 :s 1∞G(s)ds， t三T
67 



Thenφ[叫(t)= o(t) (t→∞)αηd 

|φ[u]山

Proof. If t ε[T -T， T]， we see that 

so that 

|川)1三平l(t-T +ア)三 lu(T)1三;fG(s)ds

Thus we conclude that 

|的](t)1 三~ /"∞G(仇 tε [T*，'T]，
I JT 

because of φ[u](t) = 0 for t ε[T*， T -T] 

Let tε[T + mT， T + (m + l)T]， m = 0，1，... • We observe that 

ι lu(T)1 
|φ[u](t) 1三〉Jlu(t-t7)l+-7-(t-m7-T)

三~1:7 G(s)ds + !r'X) G(s)ds 

二川)100 G(s)ds + ~ Li7 G(s)d什 iooG(s)ds 
and that 
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since if s ε[t -jT， t -(j -l)T]， then [(s -t)/T] -1三-J三(S-t)/T・

Hence we obtain 

三山

Since t -mTどTand m三(t-T)/T， we have 

|川)1竺(平+1) l'" G(s)ds + ~ [ (s -t)G(s)ds 
+メ∞川s

= (←2一:)[げ[00∞川S+;汀rff∞川S+;11LfLt二Sω刈G(ω仰(いS
三リ∞仰s+;メsG(s )ds三仰)

Then 
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Further， from 

d(t)=;fG榊→oas t→∞ 

it follows thatφ[u](t) = o(t) as t →∞. This completes the proof 

Proof of Theorem 8.1 (k = n). We can take a number T > 2T such 

that 

T*三 min{T -T， inf {g(t) : t三T}}三to，

ω(t) is continuous and satisfies (8.2) on [T*，∞)， and 

~ r∞F(s)ds三ム
I JT 

where F(t) = F(t， 1ω(g( t)) 1 +ε[g(t)]n). We con副町 the制 Yof all 

functions y εC[T*，∞) satisfying 

υ(t) = y(T) for t ε[T判 T]
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and 

ly(t)1 ::; 1∞川
For each y εY， we set 
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and 

Dn[y](t) =ω(t) +φn[y](t) 

In view of Lemma 8.4， we find that 

Dn[y](t) =ω(t) + o(tn) (t→∞) ， 

and 

IDn[y](t) I ::; Iω(t)1 +εf¥t三T判

for each yεY. 

Define the mapping F : Y -→C[T*，∞) by 

川)= f 100 f川叫(g(s)))ds，t三T，
l (Fy)(T)， t ε[T*，T]. 

Using the same argument as in the proof of Theorem 8.1 for the case 

k ヂκweconclude that Fy = fj for some fj εY'， and that x(t) = 

Dn[YJ(t) is a solution of (8.1) satisfying x(t) =ω(t) + o(tn) (t→∞) 

The proof is complete. 

Proof of Theorem 8.2. By the same arguments as in the proof of 

Theorem 7.2， we can show Theorem 8.2. 
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9. THE CASE h(t) =入WITHI入|ヂ:1 

In this section we consider the neutral di百'erentialequations 

(9.1)+ か(t)+ Ax(t -T)] + f(t，x(g(t))) 二二 0， 
and 

，Jn 

(9.1)_ お[x(t)一入x(t-T)]+f(い(g(t)))== 0， 

where入>0，入ヂ 1，ア>0， and (1.2)， (1.3)， (1.6)， (1.7) and (4.2) are 

assumed to hold. 

Let ω+ and ω-ε C[T，∞) be functions satisfying ω+(t+T) = -ω+ (t) 

and ω_(t+T)二 ω-(t)， respectively， for t三T.lWe easily see that 

入門λ斗(t)and入門.J_(t)are solutions ofthe u叩 e山 rbedequations 

dn r / ， dη 
お[時)+ Ax(tーァ)]= 0 and ;t

n 
[x (t) 一入~r; (t-T)] = 0， 

respectively. Thus it is natural to expect that， if f is small enough in 

some sense， equation (9.1)+ [resp. (9.1)_] possesses a solution x(t) be-

having like the function入t/TW+(t)[resp 入t/Tω_(t)] as t →∞. Indeed， 

we have the following theorem. 

Theorem 9.1. Suppose thαt 

附 r~∞勺~日入γγ刊一寸t

(ωi) For eωαchω仙+ε C[to句0，∞)such t仇hαωtω叫+(収t+ T寸)二一ω叫+(い例tの)flμor t三t句O 
αηd mpx|ω+(t) Iく α，eqωtioη(9.1)+ hαsα solution x+ (t) sαtis-

fying 

(9.3)+ x+(t)二入t/T[ω+(t) + 0(1)] (t→∞) • 

(ii) For eachω-ε C[to，∞) such thαtω_(t+T) =ω-(t)fort三toand 

m?x|ω_(t)1 <α， eqωtion (9.1)_ hαsα sol山 onx_(t)sαtisfyin 

(9.3)_ x_(t) =入t/アレ_(t)+ 0(1)] (t→∞) • 
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Remark 9.1. For the case ω+ (t)手0，the sol凶 onof (9.1)+ ob-

tained in (i) of Theorem 9.1 is oscillatory. For the case ω-(t)手0，

the sol u tion of (9.1) _ 0 btained in (ii) of Theorem 9.1 is oscillatory or 

nonoscillatory according to whether the function ω_ (t) is oscillatory or 

nonoscillatory. Since the condition (9.2) is independent ofω-(t)， (9.1)一

has both oscillatory solutions and nonoscillatory solutions if (9.2) ho1ds 

In what follows we superpose the p1us sign + and the minus sign -. 

For examp1e， the two equa1ities ω+(t+T)=-ω+(t) and ω_(t+T) = 

ω_ (t) are written as ω:i:(t+ァ)=干ω土(t)ぅandthe two conditions (9.3)+ 

and (9.3)_ are written as 

(9.3)土 Z土(t)=入t/T[ω:i:(t) + 0(1)] (t→∞) • 

Let T and T本 beconstants with T -T三九三 to・ Wedenote by 

S[T*，∞) the set of all functions u εC[T*，∞) such that the series 

(8.12) converges uniform1y on [T -T，∞). For each u εS[T*ぅ∞)， we 

assign the function ¥T土[u]on [T*，∞) by 

7
 +
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一
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う一

4rw
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4

1
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一

宙

/
1
1
1
1

、11
1
1

一一，
T
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u
 u
 

土
宇宙

t 三T--T，

t ε[T*， T -T]. 

By the same argument as in Section 8， we have the following resu1t. 

Proposition 9.1. Suppose thαtηε S[T*，∞) such thatη(t)三ofor 

t三Tand define the set U by (8.14). Then並土問α.psS[T*，∞) into 

C[T*，∞)αηdsαtisfies 

守土[u](t)土も[u](t-T) = u(t)， t三T， u 巴S[T*ぅ∞)， 

αnd is continuous on U in the C[T*，∞) -topology. 

We自rstprove the case 0く入く 1of Theorem 9.1. To this end， we 

need the next 1emma. 



司 T

Lemma 9.1. Let 0く入く 1and k εN U {O}. Suppose thαtG ε 

C[T，∞) sαtisfies 

(9.4) G(t)三ofor t三Tαηd / 入-t/TG(t)dtく∞
JT 

Then 

州 2入一日 ι(s-tーけ)kG(s )ds 
三7kKC門的)仇 t2:: T -T， 

ωheTek=221M-ltk-1. 

Proof. Let t 三T-T be fixed. Observe that 

(9.6) 乞入-(t+iT)/TI (s -t -げ G(s)ds
J t+iT 

∞∞ rt+(j+1)T 
二 ε入γ一-(tμ川t

j=i J t+jT 

二 芝('+件附+川土入(ωSトパ一寸t一打川州川川)ν附川/介勺7吋(いS一イt一けげ附)k勺ヤ入γF刊一寸S
j=l J t+JT 

Ifs ε[t + jT， t + (j + l)T]， then (j -i)T ::; S -t -iT三(j+ 1 -i)T・

Hence we have 

(9.7) 乞入(S-t-iT)/T(s -t一げ三 TkiンJ-t(j+ 1ーのた
i=l i=l 

::; Tk L Al-1Zk三TkK
l=l 

for s ε[t + jT， t + (j + l)T]. By (9.6) and (9.7)， we obtain (9.5) 

Proof of Theorem 9.1 (0 <入<1). Let 0く入<1. Put 

C =mpx|ω:t:(t) I and ゆ(t)= Tn-1K / 入-S/TF(s)ds 
Jt+T 

for alllarge t， where F(t) = F(t，α入g(t)/T)and K = :~:'1 Ai-1in-1. We 

can choose a number T三tosuch that 

Z三 min{T-T， inf{g(t) : t三T}}三 to
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and ψ(t)く α-c for t三九.We define the function ηε C[T*，∞) and 

the set Y. by 

|入-tjTI (S-t)n-1F(s)ds， t 三T，
η(t) = < Jt∞ 
|入-TjTI (s -T)n-1F(s)ds， t ε[T*， T]， 

and 

(9.8) Y = {yεC[T*，∞) : ly(t)1三η(t)for t三T*}，

respectively. It is obvious that η(t)三ofor t三T*and Y is closed and 

convex. Lemma 9.1 implies that 

(9.9) 2二仰+け)三ψ(t)， t三T-T

In view 0ぱfLemma 8.1 and the fact that lirr叫I

S判[陀T丸:二彰川?∞)ト.From Proposition 9.1 i比tfollows t凶ha剖t宙土正:Y一→ C[T*二彰判?∞) is 
continuous and satis白es

(9.10) 申士[y](t)土並土[y](t-T) = y(t)ヲ t三T，y εY  

Since ψ(t)く α-c for t三T*，from (9.9) we find that 

(9.11) 曽士[y](t)I三ψ(t)三α-c， t三T-T，Y εY. 

We define the mapping :F.土 :Yー -tC[T*，∞) as follows: 

(:F.土y)(t) 

(_l)n-l入-tjT

xl∞(s -t)n-l ，f(s， [ω土(g(s)) +守士[y](g(s))]入g(s)jT)ds，
(n -1) 

t > T 

(:F.土y)(T)， t ε[T*，T]. 

From (9.11)， we have 

|ω土(t)+宙土[y](t)I ::; Iω土(t)1+ I宙土[y](t)I三c+(α_.c) =仏 t三T判



司 T

for each y εY， so that :r土 iswell defined and maps Y into itself. By 
using the same arguments as in the proofs of Theorems 4.1 and 4.2， 

we concl ude that F土 iscontinuous and F士(Y)is relatively compact 

Application of the Schauder-Tychonoff fixed point theorem shows that 

there exist Yx εY such that Yx :r土Yx'Put x土(t)= [ω土(t)+ 
宙土[Yx](t)]At/T . Then we obtain 

f∞(s -t)n-1 
Z土(t)土入Z士(t-T)=(-l)η-1j f(SぅZ土(g(s)))ds 

人 (η-1)! 

for t三T，which implies that x土(t)are solutions of (9.1)土 From

(9.11) it follows that xx(t) satisfy (9.3)土・Thiscom pletes the proof of 

Theorem 9.1 for the case 0 <入くl.

Now we turn to the the case入>1 of Theorem 9.1. 

Lemma 9.2. Let入>1 and k εNU{O}. Suppose thαtG εC[T，∞) 

sαtisβes (9.4). Then 

(9叫 む-…ftT(tHT一りkG(s)ds
三LP-s/7G(s)ds+U/TfG(S)ds

+ムγt/7f+T(t+ア一川)ds

for t三T-T，ωhereL 二件乞ご1入-i+1ik
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Proof. Let t 三Tーァ befixed. We observe that 
∞ rt件+2打7 

(伶9叫 2ε二ン入γ一川
i=l JT 
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=刊2イ+T(t+tァ-S)kG(s)ds 
+EUぺ

We have 

(t + iT -S)k = [(t + T -s) + (i -l)T]k 

~ 2k[(t +ア - S)k + (i -l)kTk] 

for s ε[T， t + T]， because of (u + V)k三2k(Uk+υk)for u三oand υ三O.
Then we see that 
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+ 2kT古川一ザ+7G(S)ds
っk f't+T rt+T 

三てニτ/ (t+T-S)kG(s)ds+2kL / G(s)ds 
八一 LJT JT 

Ifs ε[t + jT， t + (j + 1)ァ]， then (i -j -l)T三t+ iT -s三(i-j)T 

Thus 

00 0<コ

(9日) 乞入-(t+iT一川
2=j+1 2=j+1 

=TkI:入-l吋 =L
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for s ε[t + jT， t + (j + l)T]. Combining (9.13)-(9.15)， we obtain (9.12) 

Lemma 9.3. Let入>1 and k εN u {O}. Suppose thαtG ε[T，∞) 

sαtisβes (9.4). Then 

(9.16) 民入-t/7it+い
Proof. It suffices to give the proof for the case k == O. In fact， if 
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Put ψ(t) =入-t/7J;G(s)ds. An easy computation shows that 

(9.17) ル(s)ds=志[[げ
Then we have 

rt ，，_  T r∞ J 

0::; I cp(s)ds::;一一/入-S/7G(s)ds，t三T，J T r ¥ -r-- - 10g・八JT 

which imp1ies thatψis integrable on [T，∞) • It follows from (9.1 7) 

that l三 1imt→∞ψ(t)exists and is a nonnegative finite va1ue. Since <p is 

integrab1e on [T，∞)， it is impossible that l > O. Consequent1y， (9.16) 

ho1ds for the case k = O. This comp1etes the proof. 

Proof of Theorem 9.1 (入>1). We assume that入>l. Set F(t)二

F(t，α入山)/7)，C 二 mpx|ω土(t)l，

L=戸 -1乞入→叩一1う M =ア-1max {ム占}，
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and 

仰 )=LC川 (s)ds+m-t/Tf[1+(t+7-r-llF(s)ds

for t 三九 -T， where To is a suffi.ciently large number. By Lemma 9.3， 

we have limt→∞ψ(t) = O. Hence， we can take a number T三九 such

that 

九三 min{T-T， inf{g(t) : t三T}}三九
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and define Y by (9.8). In view of Lemma 9.2， we see that (9.9) holds， 

so thatηε S[T*，∞) by Lemma 8.1. Proposition 9.1 implies that宙士:

y-→C[T*ぅ∞)is continuous and satisfies (9.10) and (9.11). By the 

same arguments as in the proof of Theorem 9.1 for the case 0く入く 1，

there exist Y-:1εY such that Y-:1 = F:土品， where F:土 :Y-→C[T*，∞)

is the mapping defined by 

(F-:1y)(t) 

一入-tjTrt ~t -s)η-1 / 1f(S?[ω土(g(s))十世士[y](g(s))]入g(s)jT)ds，
JT (η - 1) 

t > T 

ハU t ε[T*，T]. 

Let x土(t)= [ω土(t)+宙土[Y-:1](t)]入tjTThen we find that 

rt (t -s)n-1 
Z土(t)土入Z土(t-T) = -I \~_ _ ~ /-j \1 f(s，x土(g(s)))ds， 

JT (n -1)! 
t ? T， 

so that x土(t)are solutions of (9.1)土 From(9.11)， we conclude that 

X-:1(t) satisfy (9.3)土 Thiscompletes the proof of Theorem 9.1 for the 

case入>1.
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10. THE CASE h(t) = h(TN (t)) + 0(1) 

We consider the equation 
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for the following case: 

(10.2) itlh(t)-h(7N(t))]=O 

for some N εN. It is assumed throughout this section that (1.2)-(1.7) 

and (4.2) hold. 

Pairs of the functions 

h(t) = (lj2)sint+o(1) (t→∞)， T(t) = t -(2πjN); 

h(t) = 3 + sin(針 logt)+0(1) (t→∞)?7(t)=e-1/Nt? 

gi ve typical exam ples satisfying (10.2). 

Now we suppose that (-l)N HN(t) i= 1 for t 三ア一ベ(N一-1)(収仇tお0)and de白白fin

the function ωN(t) by 
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ωN(t) + h(t)ωN(ァ(t))=l，t三γ-N(to). 

Thus it is natural to expect that， if (10.2) holds， then there exists a 

continuous function ω(t) which削 isfies

(10.3) ω(t) + h(t)ω(T(t)) = 1 

for all large t and behaves like the function W N (t) as t →∞. In fact， 

we have the following result. 

Lemma 10.1. Suppose thαt h(t) is bounded on [to，∞) and thαt ei-

ther (4.9) or (4.10) holds. Assume moreover thαt (10.2) holds. Then 
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there existsαcontinuous functioηω(t) sαtisfying (10.3) forαII lαrge t 

αηd 

ω(t) =ωN(t) +0(1) (t→∞) 

Proof. Put p(t) = -h(t) and use the notation (2.3). Then 

叫)= [トい-川)]
First we claim that 

(10.4) t正弘[ωN(t)-p(t)ωN(T(t))] = 1 

We observe that 

[ωN(t) -p(t)ωN(T(t))][l -PN(t)][l -PN(ァi(t))] 

二 LPi(仰 -PN(T(t))] -2ン(t)Pi(T(t))[l-PN(のl
i=O i=O 

二 LPi(仰 -PN(T(t))] -L Pi(の[1-PN(のl
i=O 1二 1

二玄Pi(の[1-PN(T(t)) -1 + PN(t)]十 1-}JN(T(t)) 
i=l 

-PN(t)[l -PN(t)] 

=玄Pi(の[PN(t)-PN(T(t))] + [1 -PN(T(t))][l一九州
i=l 

+ PN(t)[PN(t) -PN(T(t))] 

二 LPi(の[PN(t)-PN(T(t))] + [1 -PN(T(t))][l -PN(の]，
i=l 

so that 

ωN(t) -p(t)ωN(ァ(t))

PN-l(T(t)) Lf:l Pi(t r__ (，¥ (N 
ih(t)-p(TN(t))]+I 

[1 -PN(t)][l -PN(T(t))] 



~ 

for alllarge t. Since p(t) is bounded and since either IPN(t)1三入<1 

or IPN(t)1三μ>1， there is a constant M > 0 such that 

|ωN(t) -p(t)ωN(T(t)) -11三Mlp(t)-p(TN(t))1 

for all large t. From (10.2) it follows that (10.4) holds 

By applying Lemma 3.2 with q(t) = 1 -ωN(t) + P(t)WN(T(t))， there 

is a continuous function 吋)satisfying 

υ(t) -p(t)υ(T(t)) = 1一ωN(t)+ p(t)ωN(ァ(t))

for all large t and 1imt→∞υ(t) = O. Set ω(t) =ωN(t) +υ(t). Then we 

easily see that ω(t) satisfies (2.6) for alllarge t and ω(t) =ωN(t) + 0(1) 

(t→∞). This completes the proof 

Lemma 10.2. Let k εN  u {O}. Suppose thαt h(t) is bounded on 

[to，∞) and thαt either (4.9) or (4.10) holds. Assume moγ陀eω01.υJeγt仇hαωt 

(10.2) Iω ds α η d lim叫lt→ ∞ T(収肋tの)/μt二 1. Then η tl附 eeαxists α Cωor伽
functiωtωO η ω (収ωtの)s α t“isfy仰卯tけTηLg

(10.5) ω(t)十九(t)ω(T(t))= tk 

forαII lαrge t αnd 

(10.6) ω(t) = [ωN ( t) + 0 ( 1 ) ] tk ( t→∞) 

Remark 10.1. For the case where h(t) is bounded， if either (4.9) 

or (4.10) holds and limt→∞T(t)/t = 1， then either (4.3) or (4.4) holds 

with to replaced by sufficiently large number T1・
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Proof of Lemma 10.2. Notice that 

叫仰刷川)イ[問乎判r¥一 h州川(
=Adh(t)-Mt))l[ヂl
+町内))[[乎r-[叩2n
= O. 

Applying Lemma 10.1 with h(t) replaced by h(t)[y(t)/t]k， we see that 

there exists a continuous function B( t) such that 
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二 ωN(t)+ 0(1) (t→∞) • 

Thus，ω(t)三 tkB(t)satisfies (10.5) for alllarge t and (10.6). 

From Theorem 4.1， Lemmas 10.1 and 10.2， we obtain the following 

results. 

Theorem 10.1. Suppose that h(t) is bounded on [to，∞) and thαt 

either (4.9) or (4.10) holds. Assume moreover thαt (10.2) holds. Then 

(10.1) hαsα sol山 oη x(t)sαtisfyiηg 

x(t) = cωN(t) + 0(1) (t→∞) for some c i-0， 
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provided 

(川 j''''tn-1 F(t， a)dt <∞ f…me a > 0 
Theorem 10.2. Let k ε{O， 1，2，川-1}. Suppose thαt h( t) is 

bounded on [to，∞) and thαt either (4.9) or (4.10) holds. Assume more-

over thαt (10.2) holds αnd 1imt→∞T(t)jt = 1. Then (10.1) hαsα solu-

tioηx(t) sαtisfyin 

x(t)二 c[ωN(t)+ o(l)]tk (t→∞) for so'me c ヂ0，

provided 

川 8) J∞tn-k-1川
In particular， for the cases N = 1 and N = 2， Theorems 10.1 and 

10.2 give the following results. 

Corollary 10.1. Suppose thαt 

(10.9) h(t) is bounded on [to，∞)， 1imt→∞[h(t) -h(T(t))] = 0， and 

either Ih(t)1 :s入く 1for some入>0 or Ih(t)1三μ>1 on 

[to，∞) for some μ> O. 

1f (10.7) holds， then (10.1) hαsα nonoscillatory solution x(t) sαtisfyi旬

z(t)=C +o(1)(t→∞) for sO'(Jr'/，e c i= 0 
1 + h(t) 

Corollary 10.2. Let k ε{O， 1，2，・ ，n -1}. Suppose that (10.9) 

holds αnd 1imt→∞ア(t)jt= 1. 1f (10.8) holds， then (10.1) possessesα 

nonoscillαtory solution x(t) sαtisfying 

x ( t) = c 11 I 1 L 1 J. ¥ + 0 ( 1) 1 tk ( t→∞) for some c i= 0 L1 + h(t) ， -'-j J 

Corollary 10.3. Suppose thαt 

(10.10) h(t) is bounded on [to，∞)， limt→∞[h(t) -h(T2(t))] = 0， and 

either Ih(t)h(T(t))1三入く 1on [γ-1 (to)，∞) for some入>0

or Ih(t)I-1 is bounded on [to，∞) and Ih(t)h(ァ(t))1三μ>1 

on [T-1(tO)，∞) for some μ> O. 
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lf (10.7) holds， then (10.1) 1ωα solution x(t) sαtisfying 

c[1 -h(t)] 
x(t)二 1 I パ l_V ~~:i\\ + 0(1) (t→∞) for some c =1 0 

Corollary 10.4. Let k ε{O， 1，2，・ ?η-1}. Suppose that 

(10.10) holds αnd limt→∞T(t)jt = 1. lf (10.8) holds， then (10.1) hαs 

αsol山 oη x(t)sαtisfying 

内)二ch-叫ん))+叫k (t→∞) for some c =1 O. 
Now assume that 

( 1 0 .11) limt→∞[h(t) + h(ァ(t ) )] = 0 an d I h ( t ) I三入く 1on [T-1(tO)，∞) 

for some入>O. 

Then we easily see that 
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and 

1 -h(t) 1-h(t) 
2: + 0(1) (t→∞) • 

+ [h(t)] 

Consequently， from Corollaries 10.3 and 10.4， we have the following 

results. 

Corollary 10.5. Suppose thαt (10.11) holds. lf (10.7) holds， then 

(10.1) hαsα nonoscillαtory sol山 onx(t) sαtisfyin 

c[1 -h(t)] 
z(t)=+o(1)(t→∞) for some c ヂO.
+ [h(t))2 

Corollary 10.6. Let k ε{O， 1，2，・，n-1}. Assume thαt 

( 10.11) h 0 l ds αnd 1imt→∞T(t)jt = 1. lf (10.8) holds， then (10.1) has 

αηonoscillαtory solution x(t) sαtisfyin 

(t) = c [ι羽2+ 0(1) 1 (t→∞) for some c ヂO.
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Remark 10.2. The solutions obtained in Corollaries 10.3 and 10.4 

are oscillatory or nonoscillatory. Indeed， this is confirmed by the fo1-

lowing example. 

Example 10.1. We consider the equation 

、、B，，ノつ臼
司

l
よ
ハ
U
1
tム
，，，E
E

‘、
zh(t)+入(1-si仰い)]+印刷)))= 0， 

where I入I< 1. Here， h(t) =入(1-sint) and T(t) = t-π It is 

easy to check that (10.10) holds and limt→∞T(t)/t = 1. Let k ε 

{O， 1，2，... ，η-1}. Applying Corollary 10.4 to equation (10.12)， we 

see that if (10.8) holds， then (10.12) has a solution .x(t) satisfying 

r 1+入(sint -1) I _ f 1 ¥ 1 .Lk 
z(t)=c|+o(1)|t(t→∞) for some c i-0 
II +入2(sin2t -1) I V¥-'"-J J 

This solution x(t) is oscillatory if 1/2く入く 1and is nonoscillatory if 

-1 <入く 1/2

11. POSITIVE SOLUTIONS FOR THE CASE h(:t) = h(ァ(t))

In this section we shall be concerned with the existence of positive 

solutions of the equation 

、、，s'''
1
1ム

1
1
i
 

-Eよ
〆
'
t
t

、、

..Jn 

;tn [x (t) + h (t) x ( T (t) )] +σf(い(g(t)))= 0， 

where σ=  +1 or -1， (1.2)-(1.6)， (5.22) and the following condition 

hold: 

(11.2) h(t) = h(ァ(t)) and h(t) > -1 for t三ァー1(to) 

We obtain the following theorem， in which the “if" part is an ana-

logue of Corollary 10.1. 

Theorem 11.1. Equ α tio η (11.1) h αωS α posituυJe δsoh仰 O η x(収例tの)s α tωtωS 一
fy仰y't7けTηZ

(11.3) z(t)=C +o(1)(t→∞) for some c > 0 
+ h(t) 
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ifαnd only if 

( 川 f ∞ヘ~tfη-lf(t，a刈刷αめMル)d
It should be emphasized that neither Ih(t) 1三入く 1nor 怖い)1ど入>

1 is necessary in Theorem 11.1. 

We give an example illustrating the above theorem. 

Example 11.1. We consider the neutral differential equation 

、、，
s'〆
Eh
リ

1
E
i
 

-
E
A
 

J''t、、
zM)+h(t)z(t-7)]+川町(t))]-~ [x (g (t))]γ= 0， 

where n三1，σ二十1or -1，γ>  0， T = log(4/3)， 9 εC[to，∞) ， 

1imt→∞g(t) =∞， g(t)三ofor t三to，h(t) = 1 + (3/2) sin(2wt/T)， and 

11 ~e-t 
P(t) = 

1 
，~~ 
/，¥ 
+σ(-1)n-1UU 

1十九(t)
， ~ ¥ ~ / 3 + 4h( t) 
22 可 3e-t

+σ( _1)n-l 一一 t2: O. 4 + 3 sin(2πt/ァ)
， ~ ¥ ~/ 7 + 6 sin(27rt/T) 

Clearly， h(t) > -1， h(t) = h(t -T) for t三toand P(t)三1/7for t三O.

Then it is easy to check that 

f tfrド門片刊
η
ト日叫咋~一→九サ-le-t[匂vいe♂一イt伊附附川川(ω似ω刷g引仰州州州(t肋附tの引州)リ川)川l一γVαdルγ"fd

By Theorem 11.1， we conclude that (11.5) has a positive solution x(t) 

satisfying 

z(t)=C  +o(1)(t→∞) 4 + 3 sin(2πt/ァ)

lndeed， x(t) = P(t) is such a positive solution 

for some c > O. 

Suppose that (11.2) holds. Then note that 

[to，∞) = U~O[T-P(tO) ， アー (p+1)(to):I 

and that the range of h(t) for t ε[to，ァ-l(tO)]is identical to the range 

of h ( t) (= h ( TP (t) )) for t ε [T-P(tO)， T一(p+1) ( to )]， p ニ 0，1，2， ・・ Let 

μ= min h(t) on [to， T-1(tO)] and入=max h(t) on [tO:1 T-1 (to)]. Then we 
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find that -1 <μ 三h(t)三入<∞ forall t三to，so that the asymptotic 

condition (11.3) for x(t) implies 

o < li!ll inf x(t)三lims叩 x(t)<∞ 
Eー+00 ー+αコ

Consequently， the “only if" part of Theorem 11.1 follows from Theorem 

5.4. 

Now we give the proof of “if" part of Theorem 11.1. 

It is possible to take sufficiently large numbers T三toand 九三 to

such that 

h(T) = max{ h(t) : t ε[to，∞) }， 

and 

to三Z三min{T(T)， inf {g( t) : t三T}} 

Let ηε C[T，∞) be fixed such thatη(t)三ofor t三'Tand lim 'T](t) = 0 

as t →∞. We consider the set Y of all functions y εC[T*，∞) which 

is nonincreasing on [T，∞) and削 isfies

ν(t) = y(T) for t ε[T*， T]， 0三y(t)三η(t) for t三T.

It is easy to see that Y is a closed convex subset of C[T*，∞) • 

To prove Theorem 11.1， the following proposi tion is used. 

Proposition 11.1. Let ηε C[T，∞)ωithη(t)どofor t三Tand 

limt→∞η(t) = O. For thisη， define Yαsαbove. Theηthere existsα 

mα.ppzngφ:Y-→C[T*，∞)ωhich possesses the foUoωing properties: 

(i) For each y εY，φ[y] sαtisβes 

φ[y](t) + h(t)φ[Y](T(t)) = y(t)， t三Tαηd limφ[y](t) = 0; 
t-→00 

(ii)φ is continωω on Y in the C[T*，∞) -topology. 

The proof of Proposition 11.1 is deferred to Section 13. 
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Proof of the ((if" pαrt of Theorem 11.1. Put 

η(t) = 100♂-lf(s， a)仇 t三T
We use Proposition 11.1 for this η. We can take constants c > 0， 6 > 0 

and ε> 0 such that 

C 
Oく 6+ε< <α-ε t 三1乙.-l+h(t)一?

Define the mapping F : Y→ C[T*，∞) as follows: 

f∞(sーか-1ー，-f(s，ω(g( s)) +σ(_1)n--1φ[y] (g ( s ) ) ) ds， 
(n -1)! 

(Fy)(t) = t > T 

(Fy)(T)， t ε[T判 T]，

where ω(t) = cj[l + h(t)] and 

f(t，α)， u三α?

7(t， u) = ~れい) ， 6::;u 三 α?
f(t，6)， u三6.

It is easy to see that F is well defined on Y， maps Y into itself and is 

continuous on Y， and that F(Y) is relatively compact. Consequently， 

we are able to apply the Schauder-Tychonoff fixed point theorem to 

the operator F and we conclude that there exists a y εY such that 
y = Fy. Set 

x(t) =ω(t) +σ( -1)η-1φ[到(t).

Proposition 11.1 implies that x(t) satisfies (11.3) and that there ex-

ists a number T三Tsuch that 6三x(g(t))三αfort三T.Then 
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f(t，x(g(t))) = f(tぅx(g(t)))for t三T.Observe that 

(11.6) 

x(t) + h(t)X(T(t)) 

二 C +fb(t)C +σ( -1)η-1[φ[到(t)+ h(t)φ[到(T(t))]
h(t) ， .-'-/1 + h(T(t)) 

二 C+σ(_l)n-ly(t) 

1 r∞(s -t)n-l 
=C+σ(_l)n-l I \~_ v/

1
¥I f(S，X(g(s)))ds， t三T.

人 (η-1)! 

By differentiation of (11.6)， we see that x(t) is a solution of (11.1) 

The proof is complete. 

12. POS1T1VE SOLUT10NS FOR THE CASE WHERE h(t) 1S PER10D1C 

In this section we consider the neutral differential equation 

、、21'
''

1
Eムつ411ム

〆
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E
E

、、

Jη 

お[x(t)+ h(t)x(t -T)] +σf(い(g(t)))= 0 

For equation (12.1)， we always assume that σ= +1 or -1， T > 0， and 

that (1.2)-(1.4)， (1.6)， (5.22) and the following condition (12.2) hold: 

(12.2) h(t) = h(t -T) and h(t) > -1， t三to

We define the functions ωk(t) (k二 0，1，2，• • • ) on the interval [to，∞) 

by 

ωk(t) = 

1J;(t)-lmt)計)(寸

k = 0， 

k = 1，2，・・・ . 

By induction， we easily see that 州 (t)satisfies 

ωk(t) + h(t)ωk (t -T) = tk， t三to十円

and 
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Thus， if k ε{O， 1，2，・?η - 1}， a positive constant multiple of ωk( t) 

is a positive solution of the unperturbed equation 

.. :m 

お[x(t)+ h(t)時 -T)]ニ O

In this section we have the following theorem， in which the “if" part is 

an analogue of Corollary 10.2. 

Theorem 12.1. Let k ε {O， 1，2， ・川-1}. Then (12.1) }ωα 

solution x(t) sαtisfyin 
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(12.5) J∞tn-k-1 f(t，α[g(t)]k)dtく∞ f山… >0
We note here that the conditions Ih(t) I三入く 1and Ih(t)1三入>1 

are not required in Theorem 12.1. 

Theorem 12.1 for the case k = 0 is already shown as Theorem 11.1. 

Therefore， in what follows， we assume that k ε{1，丸・.，n -1}. S u p-

pose that (12.2) and (12.5) hold. We can take a sufficiently large num-

ber T どto+ kT and positive constants Cl and C2 such that 

h(T) = max{ h(t) : t ε[to，∞) }， 

Z三 min{T-T， inf{g(t) : t三T-kT}}三to，

and 

(12.6) 
ωk (t) 

Oく C，<ー'v，I < Cつ‘ t> Tw. 
A ーが一 一

Because of (12.3)， it is possible to take ClJ C2 > 0 sat.isfying (12.6). Put 

η(t)=fy-IM  
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Then ηε C[T，∞) with η(t)どofor t三Tand 1irnt→∞η(t) = o. We 
consider the set 九ofall functions y εC[T*，∞) w hich is noni町 reas1ng

on [T，∞) and制 isfies

y(t) = y(T) for t ε[T*， T]， 0 ~ y(t)三η(t) for t三T

It is easy to check that九isa closed convex su bset of C [T，判∞).From 

Proposition 1l.1， there exists a mapping <To 九-→ C[T*，∞)which 

is continuous on九andsatisfies 

φ。[y](t)+ h(t)φo [y](t -T) = y(t)， tどT and Ji忠φo[y](t)= 0 

for each y ε九.

We use the notation: 

ム[u](t)= u(t) -u(tーァ); 

ムO[u]= u; ムj[u]=ムj-1[ム[u]]， j = 1，2， 

Define the sets yi (i = 1，2，・・ ， k) inductively as follows: 

yi = {νε C[T* -iT，∞) :ム[y]ε乙-1}?t==1?2? ・，k. 

We see that 

(12.7) yi = {yεC[T* -iT，∞) :ム2[y]ε九}， i = 1，2，・・.，k， 

and that yi (i = 1，2γ・ム)are closed convex subsets of C[T* -iT，∞) 

For each y ε九 wedefine the functions φdy] (i = 1，2，・ ，k)on 

[T*，∞) by 

( y(t) ， h(t) 
| +←dム[y]](t)，t三T-T，

φdy](t) = ~ 1 + h(t) ， 1 +附)

{φdy](T -T)ぅ tε[T*， T -T]， 

i = 1，2，・・・ ， k. 

The method of induction shows that， for every i ε {1，2， ・・ ， k}， φlS 

well-defined on yi and maps yi into C[T*，∞)ヲ andcontinuous on yi in 
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the C[T* -iアぅ∞)-topologyand satisfies 

φdy](t) + h(t)ふ[y](t -T) = Y ( t) ， t三T，y ε五

We need the following lemmas. 

Lemma 12.1. Let yε九 Assumethat 1imt→∞y(t)jtk = O. Then 

1imt 

Proof. We observe that 

ν(t) I h(t) 
φk [y]( t) = ~ ~ ¥ ~ /( ，¥ + φk-dム[y]](t)

+ h(t) ， 1 + h(t) 

y(t) h(t ^ r̂.lf.J.¥ I r h(t) 12 
2
ム[y](t)+ I一一一一I<Tk-2[ム2[y]](t) l+h(t) ， [l+h(t) ]2 -L~ J\ v / I ll+h(t:)J 

y(t) h(t) ^ r_.lf-L¥ I [h(t)]2 
2ムlul(t)+-3ム2[y]( t) 

1十h(t) I [1 + h(t)]2 -WJ¥V/ I [1 + h(t)] 

+ [1附)13I <Tk-3[ム3[y]](t) 
+ h(t) J 

U
U
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Since limt→∞y( t) jtk = 0， we have 

ハU一一
計一が
ム一ド

凶
吋

i = 0，1，2， .・・ ，k.-1. 

U sing the fact that 

ik忠φo[ムk[y]](t)= 0， 

we concl ude that 1imt→∞φk[y](t)jtk二 O.

Lemma 12.2. Suppose thαt u εCk[t1 - kT，∞) • Then， for every 

t ε[t1，∞)， tJ附 ezs αnurr仇Tαε (t-kT， t) such thαtムk[U](t)二

TkU(的(α). 
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Proof. Let t三t1be arbitrary. Note that (ムZ[u])'(t)= (ムi[U'])

i = 0，1，2，・・・ ， k -1. By the mean value theorem， there is a number 

α1ε (t -T， t) such that 

ムk[U](t)=ムk-1[U](t)ームk-1[U](t-T)ニア(ムk-1[U])'(α1)

=ァムト1[u'](αd 

In exactly the same way， we obtain 

ムk-1[u'](αd二 7ムk-2[u"](α2) 

for some α2ε (α1 -T，α1)， and there are numbers α3，α4，・・ ?αk such 

that αtε(αi-1 -T，αi-d and 

ムk一Ci一円u(i-勺(αi-1)= Tムk-i[UC叩

for i = 3，4γ ・・ ， k. Consequently， we have 

ムk[U](t)= Tムk-1[u'](αd = T2ムk-2[U"](α2)=・・・

・・・ =Tkムk-k[UCめ](αk)= TkUCk) (αk) 

Since 

(αk-1 -T，αk-1) c (αk-2 -2T，αk-2) c . . . 

.. c (α1-(k-1)ηα1) C (t -kT， t)， 

we see that αkε (t -kT， t). This completes the proof 

Lemma 12.3. Let T三T十 Supposethαt u εCk[T*ーか?∞)• 

(i) 1f uCk)(t)三ofor t三T-kT， thenムk[U](t)三ofor t三T

(ii) Assume thαtv εC[T，∞). 1f uCk)(t)三T-kV(t+kT)foけど T-kT

αηd v( t) isηoηzncreαsing on [T，∞)， thenムk[U](t)三 υ(t)for 

t > T. 

(iii) 1f uCk)(t) is noηtηcreαszη9 on [T -kT，∞)， thenムk[U](t)is noηー

zncreαszη9 on [T，∞) • 



-r-

(iv) 1f U(k)(t) = u(k)(T) for t ε[T* -kT， T]， thenムk[U](t)ニムk[u](T) 

for t ε[T判 T].

Proof. (i) The conclusion follows from Lemma 12.2 

(ii) Put 

k r川 T (t+kァ- S )k-l 
V(t) =ァ-kl/1-1¥-/ -v(s)ds for t三T-kT 

JT 

and ω(t) = V(t) -u(t) for t三T-kT. Then W(k)(t) = T-kυ(t + kT) -

U(k)(t)どofor t三T-kT. In view of (i)， we haveムk[W](t)三ofor 

t三T. We note thatムk[ω](t)=ムk[V](t)ームk[U](t). Lemma 12.2 

implies that 

ムk[U](t)三ムk[V](t)= TkV(k)(α)=υ(α+ kT)， t三T，

for some αε (tーか，t). Since v is nonincreasing on [T，∞)， we get 

ムk[U](t)三υ(t)，t三T.

(iii) Let ε> 0 be arbitrary. Set z(t)二 u(t)-u(t +ε). Since U(k)(t) 

is nonincreasing on [Tーか?∞)ぅ Z(k)(t)= u(k)(t) -u(k)(t +ε)三ofor 

t三T-kT. From (i)， we obtain 

ムk[U](t)ームペu](t+ε)ニムk[Z](t)ど0， t三T

Consequently，ムk[u] ( t) is nonincreasing on [T，∞) 

(iv) Let t ε[T*， T]. By virtue of Lemma 12.2， there is a number 

αε (t -kT， t) such thatムk[U](t)= TkU(川α).Sinc:e U(k)(S) = u(k)(T) 

for s ε[T* -kT， T] and αε [T * -kT， T]， we haveムk[U](t)= TkU(k)(T) 

In particular，ムk[u](T)= TkU(k)(T). Hence，ムk[U](t)ニムk[u](T)for 

t ε[T*，T] 

Lemma 12.4. Let u εCk[T* -kT，∞). Assume thαt u(刈(t)isηon-

tηcreαsz旬 on[T -kT，∞) and sαtisfies 

0三U(k)(t)三γ-kη(t+ kT)ぅ t三T--kT， 
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αnd 

U(k)(t) = u(k)(T)， t ε[T* -kT， T] 

Then u ε九.

Proof. Applying Lemma 12.3， we easily see thatムk[U]ε九 From

(12.7) it follows that u ε九.

Proof of Theorem 12.1. The "only if" part follows immediately 

from Theorem 5.4. Moreover， as stated before， the case k 0 is 

already shown in Theorem 11.1. We therefore prove the “if" part of 

Theorem 12.1 for kヂO.

Let k ε {1，2， ・・ ?η-1}. From (12.6)， there are constants c > 0， 

o > 0 and ε> 0 such that 

0< (0 +ε)tk :::; Cωk (t)三(α-ε)tk，t三T*.

Here，αis a number in the integral condition (12.5). For each y ε九

we denote the function 笹川ν](t)by 

(12.8) 宙[y](t)= cωk(t) + (_l)n-k-lσφk[y](t)， t三Z

We note here that並iscontinuous on 九 inthe C[T*ーか?∞)-topology

and that， for each y ε九?

(12.9) 引y](t)+ h(t)宙[y](t -T) = ctk + ( -1 )η-k-tσy(t)， tどT.

Define the mapping F :九一→ C[T*ーか?∞)as follows: 

(Fy)(t) 

rt (t -S )k-1 r∞(γ-s)η-k-
l l /一仁川f(r，w[y](g(γ)) )dγds， t三T，Jr (k-1)!人
(t -T)k r∞(γ_ T)n-k-1ー
I 111f(T?宙[y](g(γ)))dr，

tε [T* -kT， T]， 
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where 

f(t，α[g(t) ]k)， Uどα[g(t)]k， 

f(t， u) = ~山)，引g(t)]k山 α[g(t)]kぅ

f ( t， O [g ( t ) ] k ) ， U三O[g(t)]k.

We see that， for each y ε】7k，

(Fy)(k)(t) 

一

f∞(γ -t)η-k-
メ(η_-;~ _ 1 )! f(r， W[y](g(r)))dr， 

d∞ヤ-T)日一1ー
1¥，f(久世[y](g(γ)))dr， 

t三T，

tε [T* -kT， T]， 

so that (F y) (k) (t) is nonincreasing on [Tーか?∞)and satisfies 

、11
'〆
ハU
1
1ムつ山

1
1ム

f

，，。、
、

O三(Fy)(k)(t)三T-kη(t+ kT)， t三T-kT， 

and 

(Fy)(k)(t) = (Fy)(k)(T)， t ε[T* -kT， T]. 

From Lemma 12.4 it follows that Fyε九 forevery y ε九， and hence 

Fmaps九intoitself. It is easy to verify that F is continuous on九and

{(Fy)(t) : y モ九}is relatively compact. By the Scha吋 er-Tychonoff 

fixed point theorem， there exists an element fj ε九 suchthat fj = Ffj. 

Set x(t) =並[到(t).The inequality (12.10) and the fact limt→∞η(t) = 0 

lead us limt→∞fj(t)/tk = O. In view of Lemma 12.1， (12.3) and (12.8)， 

we find that x(t) satisfies (12.4) and O[g(t)]k :::; x(g(t))三α[g(t)]kfor 

all large t， say t三T.We have f(t， x(g(t))) = f(t， x(g(t))) for t三T

From (12.9) it follows that 

x(t) + h(t)x(t -γ) 

二 ctk

+(-rvfrvfLココ:7MW)))仙
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for t 三T.Di百'erentiationof the above equality yields 

An  

~tn [x(t) + h(t)x(t -T)] = -σf(い(g(t)))ニーσf(t，x(g(t)))， t> T. 

This means that x(t) is a solution of (12.1). The proof of is complete. 

13. PROOF OF PROPOSITION 11.1 

Throughout this section， we assume that (11.2) holds 

For each y εY， we define the function宙[y]by 

I ) ~(_1)i+l[H(t)]-iY(T-i(t)) ， t;三T(T)，
並[y](t)ニ< i=l 

l w[y](γ(T))ぅ tε[T*，ア(T)]，

where H(t) = max{1， h(t)}. We note that H(ァ(t)):= H(t) and H(t)三

1 for t 三to・

Lemma 13.1. (i) For each y εY， the series 

玄(_1)i+l[H(t)]-iY(T叩

cor附 rgesuniformly on [T(T)，∞)， hence W [y] is well defined and 

is continuous on [九∞); 

(ii) For eαch y εY，並[y]sαtisfies 

(13.1) 0三世[y](t)三η(ァーl(t))， t三T(T)，

αηd 

(13.2) 世[y](t)+ H(t)引Y](T(t))= y(t)， t三T;

(iii)宙 iscontinuoωon Y in the C[T判∞)-topology. 

Proof. (i) Let yεY. We set 

世m切](t)=玄(_1)i+l[H(t)]-iY(T-i(t))，t三ァ(T)，m=1，2， 



N ow we claim that 

(13.3) 0三世m[y](t)三η(ァーl(t))，t三T(T')，

for m = 1， 2， . • • . Since y is nonincreasing on [T，∞) and H(t)三1，we 

have 

(13.4)ν(ァ-l(t))-[H(t)]-lY(T-2(t))ど0，tどT(T)，

and 

(13.5) [H(t)]-ly(ァ-l(t))三η(ァーl(t))，t三ァ(T)

Hence， we easily see that (13.3) holds for the cases m = 1 and 2. If 

m三3is odd， we can rewrite wm[y](t) as 

(m-1)/2 

Wm[y](t) = 乞 [H(t)]一件 1)[y( T一(2j-1)(t))-[H(t)]九(ァ-2j(t))]

+ [H(t)]-my(ァ-m(t)) 

and 

世間[y](t)= [H(t)]-lY(T-1(t)) 

-乞 [H(t)] -2j [y(ァ-2j (t)) -[H (t) t-1 y (ァー伽削)]
j=l 

Ifm三4is even， we can rewri te W m [y] ( t) as 

世m[y](t)=乞[H(t)]-(2j-1)[y(T-(2j-1)(t))-[H(t)]-ly(ァ-2j(t))]， 
j=l 

and 

宙m[y](t)= [H(t)]-ly(ァ-l(t))

-2二[H (t) ]-2j [y(ァー勾(t))-[H(t)]な(ァー伸明)]

-[H(t)]-my(ァ-m(t)). 

From (13.4) and (13.5) we conclude that (13.3) holds for m = 3，4，・・・ . 
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Using (13.3)， we find that if m 三p三1，then 

(13.6) 乞(_l)i叶H(t)]-'Ly(ァ-'L(t)) 
'L=p 

乞(-1)同一円H(t)] -(i+P-l)y( T-i (T一針l(t)))
i=l 

= I (-l)(p一円H(t)] -(p-l)世間-p+l[y](ァ-p+l(t)) I 

三η(T-P(t))， tどT(T)

Here， we have used the equality H(t) = H(T-P+1(t))， p三1. Since 

η(ァ-P(t))→o as p→∞， the series L~l (_l)i+l [H(t)]-iy(ァ-'L(t))con-

verges for each fixed t ε[T(T)，∞). From (13.6) it fullows that 

00 

sup 1) J -1)川 [H(t)]-'Ly(T-'L(t)) 
tε[T(T)，∞)1亡;

< supη(ァ-P(t))= supη(t)→o as p→∞? 
tE[T(T)，∞)花[T-p+l(T)，∞) 

which shows that the series L~l(-l)i+l[H(t)]-iy(ァ-i(t)) converges 

uniformly on [T(T)ぅ∞)

(ii) Letting m →∞ in (13.3)， we have (13.1). It is easy to check 

that (13.2) holds 

(iii) Let ε> O. There is an integer p三1such that 

sup η(T一仰
t花ε叫[什何7ベ(Tη)， ∞ 促ε引[ドT一寸p(Tη)，∞ ) ο 

Let {め}~l be a sequence in Y converging to y εY uniformly on every 

compact subinterval of [T*，∞). Take an arbitrary compact subinterval 

1 of [T(T)，∞). There exists an integer jo三1such that 

さ|め(T-i (t)) -Y (T -i (t)) Iく;?tε1，)三)0



-....-

It follows from (13.6) that 

|宙[Yj](t)-古川(t)1

三玄[H(t)]-tlyj(ァ-t(t)) -Y (T -t (t)) I 
i=l 

+1芝(-1)叩
t=ρ+1 i=p+1 

<乞IYj(T-i(t
i=l 

which implies that 則的]converges並[y]uniformly on 1. 1 t is easy to see 

that雷同l→古川 uniformly on [T，判 T(T)].Consequently， we conclude 

that 'l! is continuous on Y. This completes the proof. 

For each YεY， we assign the function ψ[y] as follows: 

( y(T) 
lif  h(T)く 1，

ゆ](t)= ~ 1 + h(T) t ε[T，判 T].

{並[y](t) if h(T)三1，

Lemma 13.2. (i) For each y εY， <p[y] sαtisfies 

ψ[y](T) + h(T)<p[y](ァ(T))= y(T); 

(ii) Suppose that {め}t1isαsequeηce in Y conveηing to y εY  

uniformly on every compαct subinterval of [T*，∞). Then <p[Yj] 

converges toψ[y] uniforrr均 on[T，川 T]

Proof. It is obvious that (i) and (ii) hold for the case h(T)く1.For 

the case h(T)三1，(i) and (ii) follow from (ii) and (iii) of Lemma 13.1. 

For each y εY， we define the function φ[y] as follows: 

乞(-l)i[h(t)]iY(Ti(t))+ (_1)m+1[h(t)]lm+1<p[Y](Tm+1(t))， 
i=u 

φ[ν](t) = t ε[ァ-m(T)， T-(m+円T)]， m 二 0，1，

<p[y](t)， t ε[T*，T]. 

Lemma 13.3. Let y εY. 



~ 

(i)φ[y] is cor山間ous0η[T*，∞) ; 

(ii)φ[y] sαtisfies 

φ[y](t) + h(t)φ[Y](T(t)) = y(t)， 

(iii) Fort ε[ァ(T)，∞)ωthh(t)三1，

φ[y](t) =並[y](t); 

t 三T;

(iv)φ is continuous 。η Yin the C[T*，∞) -topology. 

Proof. From Lemmas 2.1 and (i) of 13.2 it follows that (i) and (ii) 

hold. We prove (iii) and (iv). 

(iii) If h(T)く 1，then there is no number t ε[T(T)，∞) such that 

h(t)三1(recall the choice of T). Assume that h(T)三1.Then 

φ[y](t) = cp[y](t) =世[y](t) for t ε[ァ(T)，T] 

We suppose that there is an integer m三osuch thatφ[y]( t)二世[y](t) 

for all t ε[T一(m一円T)，ァ-m(T)]with h(t)三1.In view of (ii) of Lemma 

13.3 and (13.2)， we五ndthat if tε[ァ-m(T)，アー(m+円T)]and if h(t)三1，

then 

φ[ν](t) =ν(t) -h(t)φ[y](ァ(t))=ν(t) -H(t)古川(ァ(t))二世[y](t) 

By induction， we conclude thatφ[y]( t)二世[y](t)for t ε[T(T)，∞) 

with h(t)三1.

(iv) Let {め}三1be a sequence in Y converging to y εY uniformly 

on every compact subinterval of [T*，∞). Lemma 13.2 implies that 

φ[Yj] converges toφ[y] uniformly on [T*， T]. It suJffices to prove that 

φ[めl→φ[y]uniformly on 1m三[ァ-m(T)， T-(m+l) (T)]， m = 0ぅ1，2，・・・ . 
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Since Ih(t)1 ~入 on [to，∞) for some入三 1，we observe that 

sup Iφ[Yj](t) -φ[y](t) I 

千
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+入m+lsup Icp[Yj](Tm+1(t)) -cp[Y](Tm+1(t))I 

三入m): sup IYj(t) -y(t)1 +入m+lsup Icp[凶作)-cp[y](t)I 
士OtE1m-i ε[T.，T] 

Then， s叩 tE1mIφ[Yj](t) -φ[y](t) I→o as J→∞， so thatφ[め]converges 
toφ[y] uniformly on 1m for m = 0，1，2， 

Lemma 13.4. Let {tj}立。 beαsequence sαtisfy'i旬 limj→∞tj二∞

αnd Ih(tj)1三νく 1，j = 1，2，... for some ν> O. Then 

limφ[ν](ち)= 0 for each Y εy'. 
3一+αコ

Proof. Let YεY. Since limt→∞y(t) = 0， for eachε> 0， there is an 

integer p三1such that 

u( T-P(T)) ~ε 
1-v 3 

There exists an integer qど1such that 

ε
一q
J

く
+一
ザ

一

ν

〆
二
T
一1
i

wJ
一

and 
ε 

ν川 sup Iψ[y](t) I < ~ for all r三p+q.
tε[T.，T] U 

Let m三p+ q. Then Tm-p(t)三T-P(T)for t ε[ァ--m(T)，T一(m+川T)].

In view of the monotonicity of y， we see that if tε[ァ-m(T)， T-(m+円T)]
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and Ih(t) 1三ν，then 

|的](t)1:S;玄内(戸(t))+戸 +11ψ[Y](Tm叶t))1
Z二 O

三乞内(戸(t))+ 2二〆y(ザ(t))+;
ー=0 二m-p+l

三仲間一勺))2ン+y(T)vm-p+1 2ン+:
ν(T-P(T)L+Ji(T)νm-p+l， E<ε 
1-v 1-v 3 

This implies that 1φ[y](t) 1く εfort ε[ァ一(p+引T)，∞)with Ih(t)1三ν

and hence the conclusion follows. 

Lemma 13.5. Let m = 0，1，2，・・・・ 11t satisfies tどァ-m(T)αηd

O三h(t)三1)then 

(13.7) 乞(- 1)引い)]~y(T~(t))1 :S; 2Y(Tm(t))， νεγ 

Proof. Let tどT-m(T) satisfying 0三h(t)三1and let y εY. Put 

A(t)三玄(-1)明(t)]~y(T~(t))
i=O 

It is easy to see that (13.7) holds for m = 0 and 1. lf m三3is odd， we 

can rewrite A(t) as 

A(t) =ν(t) - 乞 [h(t)]2j-1[Y(T2j-1(t))-h(t)仲勾(t))] 

-怖い)]mY(Tm(t))，

and 

A(t) = 玄 [h(仰
j=O 

lfm三2is even， we can rewrite A(t) as 

A(t) = y(t) -玄[h(t) ]2j-1 [y( T2jーl(t))-h(t)以内(t))]，



司司司『

and 

A却(い肋tの)ド= 乞 [仰h仰刷(い例tの仰)

Since y is nonincreasing on [T，∞)， we see that 

y(t) -h(t)ν(T(t))三[1-h(t)]y(t)， t三T-1(T) 

Hence， for the case where m三3is odd， we have 

A(t)三一 L[h(t)]2j-l[1 -h(t)]Y(T2j・-l(t))-[h(t)]m仲間(t))
j=l 

三-2二[h(仰
j=l 

=仲間(t))玄(-l)t[h(t)]t 
i=l 

1-[-h(t)]m 
二 - Y(Tm(t))h(t) 三-2y(Tm(t;))

1 + h(t) 

In the same wa)らwecan show that A(t)三2Y(TT叩))for the case where 

m 三3is odd， and that -2Y(Tm(t))三A(t)三2Y(Tm(t))for the case 

where m > 2 is even. 

Lemma 13.6. Let yεY. Then 1imt→∞φ[y](t) := 0 

Proof. Assume that limt→∞φ[y](t) = 0 does not hold. Then we first 

claim that there is a sequence {tj }t1 such that 

(13.8) 

け∞ Mlul(ち)ほists山∞-∞}¥{O}

By assumption there is a sequence {Sj }t1 for which Sj→∞ and 

φ[y]( Sj)→ C モIRU{∞∞}¥{O}as j →∞ Since -1 <μ 三

h(t)三入 fort三to，there is a subsequence {tj}j三1of {Sj}三1such 

that limj→∞h(ち)=dε[μ?入].Lemma 13.4 implies: that d三1.It can 

be shown that h(tj) < 1， j三jofor some jo・Otherwise，there exists a 
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subsequence {tj}T1 of {tj}T1 such that h(tj)三1for all }. From (iii) 

of Lemma 13.3 and (ii) of Lemma 13.1， it follows that 

ic|=lMlul(む)|=lvlul(む)1三民 η川

which is a contradiction. Since d > 1， we see that d 1， so that 

o < h(tj) < 1， }三 }1for some }1ど)0・Thisproves the existence of 

{tj}立1satisfying (13.8) 

Suppose that {tj}T1 is a sequence satisfying (1.3.8). Let ε> 0 be 

arbitrary. There is an integer p三1such that 

η(t) <ム tどT-p-1(T) 

There is a number 5 > 0 such that if S1ぅS2ε[ァ-P(T)，アー(p+川T)]with 

IS1-s21く 5，then 

(13.9) |φ[y](sd -φ[Y](S2)1 <ε. 

Consider the mapping N : [T-P (T)ぅ∞)→ Nu{O} such that 

TN(の(t)ε[T-P(T)，T一(p+川T)) for t三ァ-P(T).

We note that 1imt→∞N(t) =∞It is easily verified that {tj}完1has a 

subsequence {Uj }T1 such that 

JEE7州
Put 71二 limj→∞TN(町)( Uj ). Then we find that 

九(E)=J込h(川

There exists an integer }O such that Ujどγ-P(T)and ITN(町)(Uj)-711く 6

for)三}o.From (ii) of Lemma 13.3， we observe that 

(13.10)φ[y](t) = y(t) -h(t)φ[y](ァ(t))

= y(t) -h(t)ν(T(t)) +怖い)?φ[y](T2 (t)) 

=乞(-l)i[h(t)]iY(Ti(t))+ (-l)m[h(t)]河川(Tm(t))，
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for t三ァ-m+1(T).Since h(u) = 1， we have 
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Lemma 13.5 implies that if ] 三]0，then 

N(町)-1

(13.12) 乞(-1)引い川
i=O 

三2η(TN(町)-l(Uj))く 2ε

and 

(13.13) I玄 (_l)iy(戸(T-N(町)(u))) I三2y(TN(Uj )-1 (T-N(町)(u))) 
i=O 

三 2η (T-1 (1~)) < 2ε. 

From (iii) of Lemma 13.3， (ii) of Lemma 13.1 and the fact that h(u) = 1う

i t follows that 

|φ[y](u) 1 = 1宙[y](u)1三η(T-1(u))く ε.

Then we observe that 

(13.14) I[h(町)]N(町)φ[y](TN(Uj) (町))-φ[y]( TN(Uj) (T-N(町)(u))) 1 

三|倒的)]N(町)11φ[Y](TN(町)(町))-φ[y](u) 1 

+1洲町)]N(町)-111φ[y](u) 1 

三|φ[Y](TN(町)(匂))-φ[y](u) 1 + 21φ[y](u) 1く 3ム j三)0，

because of (13.9). Combining (13.11)-(13.14)， we obtain 

|φ[y](町)-φ[y](T-N(町)(u)) 1 < 7ム j三)0・
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This means that 

JEE|φ[山

On the other hand， in view of (iii) of Lemma 13.3 and (ii) of Lemma 

13.1， we see that 

JEE|φ[Y](ァ-N(町)(石))1三九tη(ァ-N(町)-l(U))= 0 

From (13.8) it follows that 

九t|φ[Y](Uj)- φ [y](ァ -N(~刈

This is a contradiction. The proof is complete. 

Proposition 11.1 follows from Lemmas 13.3 and 13.6. 

14. BIBLIOGRAPHIC NOTES 

Sections 2-5 and 10 are based on [57]. Lemmas 2.1， 2.2 and 2.10 

were obtained by Y. Naito [45]. The proofs ofTheorems 4.1 and 4.2 are 

extended adaptations of the method introduced by R~凶n [50]. Theorem 

5.1 is a generalization of the results of Jaros and Kusano [28]， [29]， [30] 

and [32]， and Y. Naito [45]. Theorem 5.2 is an extension ofthe results of 

Chen， Yu and Wang [3]， Chen [4] and Y. Naito [45]. Section 6 is taken 

from Y. Naito [47]， and a related work can be found in [48]. Sections 

7-9 are based on [58]. The existence of oscillatory solutions of neutral 

differential equations was fi凶 investigatedby Jaros and Kusano [33]. 

Corollary 7.1 is an improvement of the result in [33]. Corollary 7.3 was 

obtained by M. Naito [44]. Corollaries 8.1 and 8.2 were established 

by Kitamura and Kusano [35]. The proof of Theorem 8.3 is due to 

Zhang and Yang [66]， see also Yang and Zha時 [63]and Zhang and 

Yu [67]. Theorem 9.1 (i) extends the result in [33]. Theorem 9.1 (ii) 

was obtained by Kitamura and Kusano [35]， see alsωo Ja紅roω益札， Ki比tamura

and Kusar 

Section 11 is due to [54] and [55]. Section 12 is bas吋 on[56] 
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