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Chapter 1

Preliminaries

We assume that every topological space is Hausdorff. If X is any topological space, given A C X
we denote by clx(A) the closure of A in X. N denotes the set of natural numbers, and P its subset

of prime numbers. We use NT to denote the set of strictly positive natural numbers.

1.1 Standard notations for groups

Symbols Z and C denote the groups of integer and complex numbers, respectively.

If (G,-) is a group and X,Y C G, then we let
X Y={zr-y:zeXyelY} (1.1)

Given a group G and its subset X € G we denote by (X) the smallest subgroup of G containing
X. In the event X is a singleton, i.e X = {z} for some z € G, we identify ({z}) = (x) to simplify

our notation.

Following [16], we define
Cyc(A) ={z € G: (x) C A} forevery ACG. (1.2)

Thus, we shall say that an element z € G is a cyclic element of a subset X C G if and only if

x € Cyc(X). This notation shall be used in standard fashion throughout this text.
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1. PRELIMINARIES

1.2 A small summary of algebraic ranks

Let p € N. For m,n € Z, we write that m = n (mod p) provided that m —n = pk for some integer
k.

Definition 1.2.1. Let G be an Abelian group and p € P U {0}.

(i) A subset X of G is said to be p-independent provided that for every n € N, each pair-
wise distinct elements z1,...,z, € X and arbitrary integers my,...,m, € Z, the equation

Yo mix; = 0 implies that m; =0 (mod p) for all i = 1,...,n.

(ii) The symbol 7,(G) denotes the maximal cardinality of a p-independent subset of G' (which

exists by Zorn’s lemma).
(iii) The cardinal r,(G) is called the p-rank of G.
(iv) The cardinal r(G) = ro(G) + 3_ cp rp(G) is called the rank of G.
The following fact is clear from these definitions.

Fact 1.2.2. If H is a subgroup of an Abelian group G, then r,(H) < r,(G) for every p € P U {0},
and thus, r(H) < r(G).

The following property of the 0-rank is well-known (see [17, Section 16] and [10, Corollary 2.5]):

Remark 1.2.3. The following inequality holds for every subgroup H of an Abelian group G:

ro(G) = ro(G/H). (1.3)

Definition 1.2.4. [15, Definition 7.2] For an abelian group G, the cardinal

rq(G) = min{r(nG) : n € N*} (1.4)

is called the divisible rank of G.

The notion of the divisible rank was defined, under the name of final rank, by Szele [46] for

p-groups. The following is easily seen:




1.3. TOPOLOGICAL GROUPS

Fact 1.2.5. The inequality 79(G) < r4(G) holds for any group G.
The following is also straightforward:

Remark 1.2.6. An abelian group G satisfies 74(G) = 0 if and only if G is a bounded torsion group;

that is, if nG = {0} for some n € N*.

1.3 Topological groups

For a group G with an operation -, there is a natural product mapping mg : G X G — G such
that mg(x,y) = z-g y for all x,y € G. Similarly, there is an inversion mapping ing : G — G such
that ing(z) = 27! for all z € G. In cases where we consider no confusion possible, we shall simply
denote the product of x,y € G as x - y. If this operation is commutative, the group G is said to be
Abelian.

A topology 7 defined on a group G is a group topology on G if the product mapping mg and the
inversion mapping i¢ are continuous in the topological product (G, 7) x (G, 7) and in the topology
7 for G respectively. The pair (G, 7) of a group with such a topology is called a topological group.
In what follows, when we refer to a group G as being a topological group (without specifying 7),
we assume the group G to be equipped with some Hausdorff group topology. A good overview of
fundamentals and history of topological groups can be found in [8]. For even more detailed texts

see [1, 9].

1.4 Minimally and maximally almost periodic groups

1.4.1 Historical background on minimal and maximal almost periodicity

For a topological space X, the set B(X) denotes the family of all bounded complex-valued con-
tinuous functions on X equipped with the topology of uniform convergence. Given a topological
group G, an element g € G and a complex-valued function f on G, we define the translation of f

by g as the function f, : G — C satisfying f,(x) = f(xg) for all x € G.

Definition 1.4.1. Let G be a topological group. A function f € B(G) is almost periodic if every
sequence {fg, : n € N} of translations of f by elements g, € G (n € N) has a subsequence which is

uniformly convergent in B(G).




1. PRELIMINARIES

Real-valued almost periodic functions play a central role in the works of Bohr pertaining to
harmonic analysis, and years later the same concept was considered by von Neumann in the context

of complex-valued functions. The following concepts were introduced by von Neumann in [32]:
Definition 1.4.2. A topological group G is called:

(a) mazimally almost periodic (MAP) if and only if the family of continuous homomorphisms to

compact groups separate its points.

(b) minimally almost periodic (MinAP) if and only if it admits no non-trivial continuous homo-

morphism to a compact group.
These two properties are “orthogonal” in the following sense:
Remark 1.4.3. A maximally almost periodic group which is minimally almost periodic is trivial.

These concepts were motivated by [32, Theorem 36(i)], where von Neumann proves that the
family of all almost periodic functions of a topological group G separate its points when G is either
compact or locally compact Abelian (and separable). von Neumann notes in his monograph that
verifying the existence of such almost periodic functions may be quite problematic, and from the

desire of reducing this complexity he achieved the following result:
Theorem 1.4.4 ([32, Theorem 3](i)). Let G be a topological group.

(i) The family of almost periodic functions of G separates its points if and only if the family of

continuous homomorphisms to unitary groups separates its points.

(i) The family of almost periodic functions of G is comprised of only the constant functions if

and only if it admits no non-trivial continuous homomorphism to a unitary group.

By the classical Peter-Weyl-van Kampen theorem, every compact group is isomorphic to a closed
subgroup of a product of unitary groups. Therefore, one may replace the words “unitary group”
by “compact group” in Theorem 1.4.4. This substitution (now presented in Definition 1.4.2) is the
most commonly used definition for both MinAP and MAP groups in the modern literature. von
Neumann’s original results [32, Theorem 36(i)] show that compact groups and (separable) locally

compact Abelian groups are contained in the class of MAP groups.
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1.4. MINIMALLY AND MAXIMALLY ALMOST PERIODIC GROUPS

von Neumann and Wigner focused on minimally almost periodic groups in [33]. Here they
construct a handful of examples of minimally almost periodic groups [33, Section 5] via linear
transformations. And they note that constructing groups in this class is not a trivial effort. The
class of minimally almost periodic groups gained a great deal of attention from experts in topological
group theory thanks to two high-profile open problems which we shall describe in the next two

subsections.

1.4.2 The connection of MinAP groups to extreme amenability
The first problem is related to the concept of extremely amenable groups.

Definition 1.4.5. A topological group is extremely amenable (or satisfies the fixed point in compacta

property) if every continuous action of it on a compact space admits a fixed point.

Extremely amenable groups appeared in the context of Harmonic Analysis and Dynamical
Systems (see [23, 35]). These groups are intimately connected to the class of MinAP groups by the

following fact:
Fact 1.4.6. Every extremely amenable group is minimally almost periodic.

It is known that the converse implication does not hold in general. However, whether the
converse implication holds or not in the realm of Abelian groups remains as a major open problem

to this day:
Problem 1.4.7 (Pestov [35], 1998). Is every Abelian MinAP topological group extremely amenable?

A topological group is monothetic if it contains a dense subgroup which is isomorphic to the
group of integers. Every monothetic group is Abelian. The following particular version of Problem

1.4.7 was posed by Glasner as far back as 1988:

Problem 1.4.8 (Glasner [23], 1998). Must every monothetic MinAP topological group be ex-

tremely amenable?

This particular version of Glasner has important implications in number theory. A negative
answer to Problem 1.4.8 of Glasner would provide an answer to the following ancient problem (see

[47]) of combinatoric number theory:




1. PRELIMINARIES

Problem 1.4.9. If S is a big set of the integers, is it true that the difference S — S is a Bohr

neighbourhood of 07

Problems 1.4.7, 1.4.8 and 1.4.9 are still open.

1.4.3 Algebraic structure of MinAP groups

The difficulty in the construction of MinAP groups sparked a great deal of interest in regards to their
algebraic structure. First examples of MinAP groups were the additive groups of some topological
vector spaces [6], as explained in [28]. Nienhuys [34] constructed a connected monothetic group of
cardinality at most continuum which is minimally almost periodic. This implies the existence of a
MinAP group topology on the group Z of integers.

In 1984 Protasov posed the question of whether every Abelian group admits a minimally almost
periodic group topology. In 1989 Remus provided an example of a bounded Abelian group which
does not admit a MinAP group topology, so Comfort proposed the following modification of the

original question of Protasov:

Problem 1.4.10 (Comfort, 1990 [3, Question 521]). Does every Abelian group which is not of

bounded order admit a minimally almost periodic group topology?

The case of bounded torsion Abelian groups was resolved by Gabriyelyan by making use of their

Ulm-Kaplansky invariants (see Fact 3.9.1):

Theorem 1.4.11 (20, Corollary 3]). A torsion bounded Abelian group admits a minimally almost

periodic group topology if and only if all of its leading Ulm-Kaplansky invariants are infinite.
The general case was resolved by Dikranjan and Shakhmatov [11] in 2014.

Theorem 1.4.12 (Dikranjan-Shakhmatov [11, Theorem 3.3]). For an Abelian group G, the follow-
ing conditions are equivalent:

(i) G admits a minimally almost periodic group topology;

(i) G is connected with respect to its Markov-Zariski group topology [13];

(iii) for every n € N, the subgroup nG = {ng: g € G} of G is either trivial or infinite.
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1.5. PROPERTIES RELATED TO SMALL SUBGROUPS

1.5 Properties related to small subgroups

1.5.1 The Hartman-Micyelski construction

In this section we describe the so-called Hartman-Mycielski construction [27].
Let G be an Abelian group and denote the unit interval [0,1] by I. We denote by G the set
of all functions from I to G, which is a group under the coordinate-wise operations. Given g € G

and t € (0,1] we define the function g* € G! such that

gifz <t and
ge(w) =
Oifx >t

where 0 is the zero element of G.
It is known that Gy = {g; : ¢ € G} is a subgroup of G that is isomorphic to G for every

€ (0,1]. And furthermore the sum

is direct. If p is the standard probability measure on I the Hartman—Muycielski topology on the

group HM(G) is the topology generated by the family of all sets of the form

OWU,e)={ge G :pn{tel:gt)¢U}) <€} (1.5)

where U is an open neighbourhood of 0 in G and € > 0 forms the base of the identity function of

HM(G). This topology is known to be pathwise connected and locally pathwise connected [27].

1.5.2 The property DW of Dierolf and Warken

In 1978, Dierolf and Warken [7] proved that every topological group G can be embedded in a
minimally almost periodic group. The group in question being the Hartman-Mycielski contruction

HM(G) of G. To prove this, they showed that HM(G) has the following property:

Fact 1.5.1 (Dierolf and Warken [7, Theorem 1.1]). Let G be a topological group. For every

neighbourhood U of the identity of HM(G) and every g € HM(G) there exists a finite sequence of

7



1. PRELIMINARIES

elements g1, ..., gy € U such that for every ¢ = 1,...,n we have that g; € Cyc(U) and g =[]}, ¢i-
We can isolate the property above to obtain the following definition:

Definition 1.5.2 (Implicitly used in [7]). Let G be a topological group. We say that G satisfies
property DW if for every open neighbourhood U of the identity of G, the equality (Cyc(U)) = G
holds.

In [7, Proof of Theorem 1.1], Dierolf and Warken essentially prove the following
Proposition 1.5.3. A topological group with property DW is MinAP.
The original theorem of Dierolf and Warken [7] can thus be stated as follows:

Theorem 1.5.4 ([7, Theorem 1.1)). Every topological group G is topologically isomorphic to a
closed subgroup of some topological group Hg (depending on G) which satisfies property DW. As a

consequence, the group Hg is MinAP.

1.5.3 The small subgroup generating properties of Gould

Gould [25] isolated Proposition 1.5.3 from the result of Dierolf and Warken and considered the

following class of topological groups:

Definition 1.5.5 (Originally by Gould [25]). A topological group G has the small subgroup gen-
erating property (SSGP) if and only if for every open neighbourhood U of the identity of G, the
set (Cyc(U)) is dense in G.

The difference between the SSGP property of Gould and property DW used by Dierolf and
Warken is subtle, but none the less non-trivial. Property DW is an algebraic expression for all
elements of the group depending on the neighbourhoods of the identity. Meanwhile, in Definition
1.5.5, the requirement is that the set of elements which can be represented in the way proposed in
property DW is topologically dense.

While it is easy to show that

DW — SSGP — MinAP, (1.6)

8



1.5. PROPERTIES RELATED TO SMALL SUBGROUPS

constructing group topologies with properties DW and SSGP is by no means simple. Particular
evidence of this can be seen in the SSGP examples of Gould [4, 25, 26], which often require very
careful manipulation of group metrics to be obtained. In the final paper [4] from this series,
Comfort and Gould introduced a series of SSGP(n) properties, for every natural number n, defined

by induction as follows:
Definition 1.5.6. Let G be a topological group. We say that G is:
(i) SSGP(0) when G is the trivial group, and

(ii) SSGP(n+1) if the subgroup Ky = clg({Cycg(U))) is normal in G, and the algebraic quotient
Hy = G/Ky has SSGP(n) for every neighbourhood U of the identity of G.

Notice that SSGP(1) coincides precisely with the original definition of SSGP. The following

chain of implications is straightforward:
SSGP(0) — SSGP(1) — ... = SSGP(n) — ... = MinAP. (1.7)

Examples distinguishing all properties in (1.7) can be found in [4, Corollary 3.14, Theorem 4.6).

However, all properties in (1.7) coincide for bounded torsion abelian topological groups.

Theorem 1.5.7. [/, Corollary 2.23] A bounded torsion abelian topological group has the SSGP if

and only if it is MinAP.

1.5.4 A family of SSGP(a) properties of Dikranjan and Shakhmatov

In 2016, Dikranjan and Shakhmatov [16] initiated the study of the SSGP-type properties of Gould

by means of an operator-based approach with the goal of avoiding consecutive topological quotients

as in Definition 1.5.6. They introduced an operator denoted by S, which when used with care-
(o)

fully defined transfinite iterations (denoted by S;;’ for every ordinal «) gives rise to the following

definition:

Definition 1.5.8. For an ordinal «, a topological group G is said to be SSGP(«) if S(C?)(U) =G

for every neighbourhood U of the identity of G.




1. PRELIMINARIES

For a proper definition and more details regarding the S operator, see Section 2.6 of Chapter

We highlight the difference in fonts between the properties SSGP(n) and SSGP(n) for n € N, as
their underlying definition is different. The connection between these properties is given in items

(i), (iv) and (v) of the following theorem.

Theorem 1.5.9. (i) SSGP(1) coincides with SSGP (which is equivalent to SSGP(1));
(7i) SSGP(«) — SSGP(/3) whenever «, 3 are ordinals satisfying o < f3;

(iii) for each ordinal o, SSGP(a) — MinAP;

(iv) SSGP(n) — SSGP(n) for every n € N*;

(v) for everyn € N, an Abelian topological group has the property SSGP(n) if and only if it has

the property SSGP(n).

Proof. Ttem (i) is [16, Lemma 2.2 and (7)], item (ii) is [16, Proposition 5.1], item (iii) is [16,

Proposition 5.3 (iii)], item (iv) is [16, Corollary 6.3] and item (v) is [16, Theorem 6.4]. O

It is unknown if SSGP(n) and SSGP(n) coincide for arbitrary topological groups [16, Question
13.4].

As a result of Theorem 1.5.9(v), there is absolutely no confusion between denoting SSGP(n)
or SSGP(n) while working with Abelian groups. From here, it follows that the properties SSGP(«)

(where a is an ordinal) create a very natural extension of the implications detailed in (1.7):

SSGP(0) — - -+ — SSGP(n) — -+ — SSGP(a) — SSGP(a + 1) — - -+ — MinAP.

1.5.5 The algebraic structure of SSGP groups

Comfort and Gould [4, Questions 5.2 and 5.3] asked the following:
Question 1.5.10. (a) What are the (Abelian) groups which admit an SSGP topology?

(b) Does every Abelian group which for some n > 1 admits an SSGP(n) topology also admit an

SSGP topology?

10



1.6. SUMMARY OF RESULTS AND CONTENT OF EACH CHAPTER

As for Question 1.5.10, Dikranjan and Shakhmatov essentially split this problem into two parts:
the case of groups of infinite divisible rank (see [15, Definition 7.2] for the definition of the divisible
rank) and the case of groups of finite divisible rank.

In view of Remark 1.2.6, the next theorem coincides with [16, Corollary 1.7].

Theorem 1.5.11. A non-trivial abelian group G satisfying rq(G) = 0 admits an SSGP topology if

and only if all leading Ulm-Kaplanski invariants of G are infinite.

Theorem 1.5.11 resolves Question 1.5.10 (a) for Abelian groups of divisible rank zero, while the

next theorem resolves it for Abelian groups of infinite divisible rank.

Theorem 1.5.12. [16, Theorem 3.2] Every abelian group G satisfying rq4(G) > w admits an SSGP

topology.

In [16], Dikranjan and Shakhmatov reduced the remaining case 0 < r4(G) < w to a question

regarding the existence of SSGP topologies on Abelian groups of a very particular type:

Question 1.5.13. Let n € Nt and

k
G =Gox (Pz)) x F,

=1

where F' is a finite group, k € N, p1,pa,...,pr are (not necessarily distinct) prime numbers, and
Gy is a subgroup of Q" containing Z" such that Gy € Q7 for every finite set 7 of prime numbers.

Is it true that G admits an SSGP topology?

For the precise definition of Q; subgroups, see Definition 4.3.1. Assuming a positive answer to
Question 1.5.13, they established in [16, Theorem 13.2] what is stated now as Theorem 4.1.1 in
Chapter 4, thus giving a (provisional, at that moment) complete characterization of Abelian groups

G admitting an SSGP topology in the remaining open case 0 < 74(G) < w.

1.6 Summary of results and content of each chapter

Chapters 1-3 are single-authored, while the contents of Chapters 4—6 constitute a joint work with

Dmitri Shakhmatov.

11



1. PRELIMINARIES

We say that a topological group G is SSGP(co) (or that it has the SSGP(oco) property) if G is
SSGP(«) for some ordinal « (see Definition 2.3.1).

In Chapter 2 we introduce the following concept: Let C denote a class of topological groups.
We say that a topological group is MinAP(C) (or satisfies the MinAP(C) property) if all its non-
trivial homomorphisms to any group contained in the class C are discontinuous. Here the property
MinAP(Compact) coincides with the classic MinAP property.

We investigate MinAP(C) for three standard classes C: locally compact groups (LC), Lie groups,
and groups with no small subgroups (NSS). This triad of properties is well-known for being part of
the solution to Hilbert’s 5th Problem by Gleason, Montgomery-Zippin and Yamabe: a topological
group is Lie if and only if it is both locally compact and NSS.

The following diagram shows the relationships between the newly introduced properties (see
Figure 2.1 and Chapter 2 for full details).

SSGP(c0)

!
MinAP(LC) + MinAP(NSS)

— 1

MinAP(LC) MinAP(Lie) MinAP(NSS)

\ | /
MinAP
|
MinAP(Compact)

Figure 1.1: Diagram of implications. LC denotes Locally compact

We prove that all of the above implications are not reversible in general (see Theorem 2.3.5),

yet some of them become reversible for Abelian topological groups:

Theorem 1.6.1 (Corollary 2.3.6). Properties MinAP(LC'), MinAP(Lie) and MinAP coincide for

Abelian topological groups.

Our main result of Chapter 2 connects the new MinAP(NSS) property with the hierarchy

SSGP(00) of Dikranjan and Shakhmatov (see Definition 2.3.1).

Theorem 1.6.2 (Corollary 2.3.8). The SSGP(oco) and MinAP(NSS) properties are equivalent for

Abelian topological groups.

12



1.6. SUMMARY OF RESULTS AND CONTENT OF EACH CHAPTER

As a consequence, we significantly simplify Figure 1.1 to the following in Abelian topological

groups (see Figure 2.2):

MinAP(NSS) +— SSGP(c0)

| |

MinAP <—— MinAP(Lie) «+—— MinAP(Locally compact)

Figure 1.2: Simplified diagram of implications in Abelian topological groups

The group of integers Z is a well-known example of a group which can be equipped with a MinAP
group topology, but never with an SSGP(co) group topology (see [16, Corollary 3.9]). Therefore,
the equivalent properties in the “upper-level” of the diagram do not imply any of the properties in
the “lower-level” of the diagram.

In Chapter 3 we introduce the following concept inspired by the MinAP property. Let P be a
property of topological groups. We say that a topological group G is MinAP modulo P (MinAP
mod P) if for each continuous homomorphism f : G — K from G to a compact group K, the image
f[G] of G considered as a subgroup of K has property P.

When P is the property of being the trivial group then MinAP mod P coincides with classical
minimal almost periodicity. Our interest in this modification of the MinAP property is to analyze
potential changes to algebraic structure by weakening the restrictions on continuous homomorphic
images to compact groups.

Naturally, when P and Q are properties of topological groups such that P implies Q, then
MinAP mod P — MinAP mod Q.

We study five modifications of the MinAP property by considering a handful of properties P:
one set-theoretic (finite), two algebraic (torsion and bounded torsion) and two topological (compact

and connected). The properties relate as follows (see Figure 3.1):

MinAP MinAP mod finite —— MinAP mod compact
MinAP mod connected MinAP mod bounded —— MinAP mod torsion.

Figure 1.3: Diagram of implications

13



1. PRELIMINARIES

We prove that none of the above implications are reversible (see Examples 3.3.2 and 3.6.8).
First, if P is an invariant of continuous homomorphisms, then we have a description of MinAP

mod P groups in the following theorem:

Theorem 1.6.3 (Theorem 3.6.1 Corollary & 3.6.3). The following are equivalent for an Abelian

group G and a property P invariant under continuous homomorphisms:

(i) G is MinAP modulo P,
(ii) The image bg(G) of G to its Bohr compactification has property P; and

(iii) The quotent G/n(G) of G with respect to its von Neumann kernel has property P when

equipped with its Bohr topology.

Next, we apply our Theorem 1.6.3 along with Dikranjan-Shakhmatov’s description of algebraic
structure of Abelian MinAP topological groups (Theorem 1.4.12). This allows us to describe alge-

braic structure of Abelian groups corresponding to all properties in Figure 1.3:

Theorem 1.6.4 (Theorem 3.8.1 & Corollary 3.8.2). An Abelian group G admits a MinAP mod

connected group topology if and only if it admits a minimally almost periodic group topology.

Theorem 1.6.5 (Theorem 3.9.5 & Corollary 3.9.6). Every Abelian group G admits a group topology

which is MinAP mod P for P = {finite, bounded, compact, and torsion}.

The former result shows that MinAP modulo connected imposes the same algebraic restrictions
as the classical minimal almost periodicity. Meanwhile, the latter shows that MinAP mod P for
P = {finite, bounded, compact, and torsion} is too lenient algebraically, as any Abelian group may
be equipped with such a topology “easily”.

Comfort and Gould previously asked for a characterization of Abelian groups which admit
an SSGP group topology (see Question 1.5.10). Dikranjan and Shakhmatov essentially split this
problem into two parts: the case of groups of infinite divisible rank and the case of groups of finite
divisible rank. They obtained an almost complete description of the algebraic structure of SSGP
and SSGP(«) groups for any ordinal «, and they additionally reduced the sufficiency to a single
remaining case (Question 1.5.13), which we resolve in Chapter 4.

The main result in Chapter 4 is the following theorem, which provides a solution to a more

general statement than that of Question 1.5.13:

14



1.6. SUMMARY OF RESULTS AND CONTENT OF EACH CHAPTER

Theorem 1.6.6 (Theorem 4.7.4). Suppose that m € Nt and G is a wide subgroup of Q™. Then

for each at most countable abelian group H, the direct sum K = G & H admits a metric SSGP

topology.

The notion of a wide subgroup of Q" is defined in Definition 4.3.1. We highlight the following:

Remark 1.6.7. By Corollary 6.5.5, the groups K considered in Theorem 1.6.6 cannot be equipped

with DW group topologies.

To construct the topologies in Theorem 4.7.4 of Chapter 4 (as well as the one in Theorem 5.1.1
of Chapter 5) we devise a technique for extending a “finite neighbourhood system” on a group to
some other “finite neighbourhood system” of a bigger group. With these extensions we define some
canonical representations of elements of “extended neighbourhoods” by elements from “smaller
neighbourhoods” and a fixed set which can be viewed as a base for such an extension. In this
technique we introduce a partially ordered set (P, <) comprised of “finite neighbourhood systems”
on our groups. Then, we construct a countable family 2 of dense subsets of the poset (P, <). We
then select some linearly ordered subset F of (P, <) which intersects all members of the family &
of dense subsets of (P, <); this can be done due to a folklore Lemma 4.7.3 (historically attributed
to Rasiowa-Sikorski). Finally, we obtain a countable base of neighbourhoods of zero for a group
topology 7, which is defined by means of elements of the linearly ordered set F.

A reader who is familiar with Martin’s Axiom undoubtedly notices that our technique makes
use of a “ZFC version” of this axiom when the family of dense sets is at most countable. The choice
of such an exposition was determined by the authors’ desire to replace a direct construction of the
topology 7 via an induction (which would be totally incomprehensible) by a “much smoother”
forcing-type argument using a poset (P, <) and some dense subsets of it (which is much easier
to follow than the direct inductive construction). We hope that, after discovering the technical
complexity even of this “smooth” approach, the reader would fully agree with our judgment. We
note that (other than the construction of SSGP-type group topologies) Shakhmatov and the author
have succesfully applied this same technique for the construction of “coherent splitting-maps” in
[39, Section 9.

Theorem 1.6.6 above resolves Question 1.5.13 of Dikranjan and Shakhmatov. And as a conse-

quence we fully complete the following description for the algebraic structure of SSGP and SSGP(«)
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topological groups.

Theorem 1.6.8 (Theorem 4.1.1). The following are equivalent for an Abelian group G:
(a) G admits an SSGP group topology,
(b) G admits an SSGP(«) group topology for some ordinal o, and
(c) one of the two conditions is satisfied:

(i) G is of infinite divisible rank, or
(ii) the quotient H = G/t(G) of G by its torsion part t(G) has finite free rank ro(H) and
r(H/A) = w for some (equivalently, every) free subgroup A of H such that H/A is

torsion.

In Chapter 5 we construct group topologies with the stronger DW property in free groups of
infinite rank. This is our only non-Abelian case in this thesis. Our main results in this chapter are
the following.

First, for free groups with countably many generators:

Theorem 1.6.9 (Theorem 5.1.1). The free group F(X) over a countably infinite set X admits a

metric DW group topology.

In this case, we are able to make this topology metric. The construction of this topology is
done by adapting our technique from Chapter 4 (explained above) to a substantially more complex
non-Abelian version.

In case the set of generators is uncountable, we have an answer as well:

Theorem 1.6.10 (Theorem 5.1.2). Every free group with infinitely many generators admits an

DW group topology.

This result is achieved by finding an algebraically isomorphic copy of the desired free group
(with uncountably many generators), which inherits a DW subgroup topology in some uncountable
power of a free group obtained in Theorem 1.6.9. Whether the DW group topologies can be made

metric in these cases remains open.
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In Chapter 6 we provide some initial results on algebraic structure of Abelian groups which
admit a group topology with property DW. The main result of this chapter consists of the following

necessary conditions for Abelian groups of finite free rank:

Theorem 1.6.11 (Theorem 6.5.1). Let G be an Abelian group of finite free rank. If G admits a

DW group topology, then either one of the following holds:

(i) If ro(G) =0 (i.e. G is torsion) then every non-trivial p-component of G admits an DW group

topology.

(ii) If 0 < ro(G) then there exists p € P such that the p-component of G has infinite divisible

rank.

As a consequence this poses restrictions on certain common groups, such as finite powers of the

group of rationals Q:

Corollary 1.6.12 (Corollary 6.5.5). For every n € NT the following hold:
(i) The only subgroup of Q™ which admits an DW group topology is the trivial group.
(ii) Every wide subgroup of Q™ admits an SSGP group topology but not an DW one.

As a consequence of Corollary 1.6.12(ii) the finite powers of Q are now shown to never admit
DW group topologies even though they admit SSGP group topologies by our Theorem 1.6.6 above.
This shows that the implication DW = SSGP(o00) from (1.6) cannot be reversed even by asking

for “existence” of topologies.
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Chapter 2

Strengthening minimal almost
periodicity via the classical triad

resolving Hilbert’s Fifth Problem

2.1 Introduction

Inspired by Definition 1.4.2(b), for every class C of topological groups we propose corresponding

MinAP-like and MAP-like classes of topological groups.

Definition 2.1.1. Let C be a non-empty class of topological groups and G be a topological group.

We say that:

(i) G is MinAP(C) (or has the MinAP(C) property) if G admits no non-trivial continuous homo-

morphisms to groups contained in the class C, and

(ii) G is MAP(C) (or has the MAP(C) property) if there exists a family of continuous homomor-

phisms of G to groups contained in the class C separating the points of G.

With a slight abuse of notation, we shall also denote by MinAP(C) and MinAP(C) the class of

topological groups having the corresponding property.

Remark 2.1.2. In the terminology of Definition 2.1.1, the class of minimally almost periodic groups

(MinAP) from Definition 1.4.2(b), is precisely the class of MinAP(Compact) groups. Analogously,
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the class of maximally almost periodic groups (MAP) from Definition 1.4.2(a), is precisely the class

of MAP(Compact) groups.

In this chapter, our interest is in considering natural classes C of topological groups for which the
class of MinAP(C) groups forms a proper subclass of MinAP groups. In particular, we investigate
the classes of MinAP(Locally compact), MinAP(Lie) and MinAP(NSS) groups. Here NSS denotes

the class of topological groups having No Small Subgroups.

Definition 2.1.3. A topological group G is said to have no small subgroups (commonly abbrevi-
ated to NSS) if there exists an open neighbourhood of the identity of G containing no non-trivial

subgroups of G.

Locally compact groups and NSS groups play a fundamental role in the historical Hilbert Fifth
Problem from the 1900s, concerning the characterization of Lie groups. The results which comprise

the solution of this problem are due to Gleason [24] and Montgomery-Zippin [31]:

Theorem 2.1.4 (Gleason, Montgomery and Zippin). For a topological group G, the following are

equivalent:
(i) G is Locally compact NSS, and
(ii) G is a Lie group.
The following is an immediate consequence of this theorem.
Corollary 2.1.5. The following are equivalent for a topological group G:
(i) G is MinAP(Locally compact NSS), and
(i) G is MinAP(Lie).

We prove that the Abelian groups in the classes MinAP(Locally compact) and MinAP(Lie) are
precisely the minimally almost periodic groups (Corollary 2.3.6), while the Abelian MinAP(NSS)
groups turn out to coincide with a certain class of Abelian groups considered by Dikranjan and
Shakhmatov in [16]; see Corollary 2.3.8. The (more complex) relationships between these three
classes of topological groups without the assumption of commutativity are summarized in Figure

2.1 found in Theorem 2.3.5.
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2.2 Basic results about MinAP(C) and MAP(C) properties

The following three properties can be verified easily from Definition 2.1.1.

Proposition 2.2.1. Let G be a topological group. If C is a subclass of D, then the following holds:
(a) If G is MinAP(D), then it is MinAP(C);
(b) If G is MAP(C), then it is MAP(D);
(¢) If G is MinAP (D) and MAP(C), then it is the trivial group.

Proposition 2.2.2. Properties MinAP(MAP(C)) and MinAP(C) coincide for every class C of

topological groups.

Proof. First, observe that any group in the class C is MAP(C) by Definition 2.1.1(ii) (it suffices
to take the identity homomorphism). This implies that C is a subclass of MAP(C). Proposition
2.2.1 (a) then shows that every MinAP(MAP(C)) group is MinAP(C).

Let us now show the converse. Assume G is MinAP(C) and let f : G — H be a continuous
homomorphism from G to a MAP(C) group H. By contradiction, assume that f is non-trivial,
so there exists some x € G such that f(z) # e. Since H is MAP(C), Definition 2.1.1(i) implies
the existence of a continuous homomorphism g : H — K from H to a group K € C which
satisfies g(f(z)) # e. This implies that the composition go f : G — K is a non-trivial continuous
homomorphism from G to a group K in the class C. By Definition 2.1.1(ii), this means that G is
not MinAP(C), giving a contradiction with our assumption. Since the group H € MAP(C) and the
continuous homomorphism f : G — H were arbitrary, we conclude that G is MinAP(MAP(C)) by
Definition 2.1.1(i). O

As was mentioned in the introduction, our interest is in finding natural classes C of topological
groups for which MinAP(C) groups form a proper subclass of MinAP groups. The next corollary

shows that, in order for this to happen, C must contain at least one group which is not MAP.
Corollary 2.2.3. If C is a subclass of MAP groups, then every MinAP group is MinAP(C).

Proof. Assume that G is a MinAP group. Then G is MinAP(Compact) by Remark 2.1.2, and so
G is MinAP(MAP(Compact)) by Proposition 2.2.2. Note that the class MAP(Compact) coincides
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with the class of MAP groups by Remark 2.1.2, so G is MinAP(MAP). Since C is assumed to be the

subclass of the class of MAP groups, we conclude that G is MinAP(C) by Proposition 2.2.1(a). O

Corollary 2.2.4. If C and D are classes of topological groups such that properties MAP(C) and
MAP(D) coincide, then properties MinAP(C) and MinAP(D) coincide as well.

Proof. 1t easily follows from the assumption of our corollary and Definition 2.1.1(i) that proper-
ties MinAP(MAP(C)) and MinAP(MAP(D)) coincide. By Proposition 2.2.2, the former property
coincides with MinAP(C) while the latter one coincides with MinAP (D). O

Corollary 2.2.5. Let C and D be classes of topological groups satisfying C C D C MAP(C). Then

properties MinAP(C) and MinAP (D) coincide.

Proof. Tt follows from C C D C MAP(C) and Proposition 2.2.1(b). that

MAP(C) € MAP(D) C MAP(MAP(C)) = MAP(C).

Therefore, MAP(C) = MAP(D), and the conclusion follows from Corollary 2.2.4. O
Recall that a topological group is precompact if it is a subgroup of some compact group.
Corollary 2.2.6. Properties MinAP, MinAP(Precompact) and MinAP(MAP) coincide.

Proof. Indeed, let C be the class of compact groups. Since MinAP(C) = MinAP and MAP(C) =
MAP by Remark 2.1.2, we have C C {Precompact} C {MAP} = MAP(C). The conclusion now

follows from Corollary 2.2.5. O
The following proposition is useful when dealing with Abelian topological groups.

Proposition 2.2.7. Assume that C is a class of topological groups invariant under taking closed
subgroups. If G is an Abelian topological group, then G is MinAP(C) if and only if G is MinAP(C N
Abelian).

Proof. Since CNAbelian is a subclass of C, it follows from Proposition 2.2.1(a) that every MinAP(C)
group is MinAP(C N Abelian). Therefore, it suffices to show that if G is MinAP(C N Abelian), then
it is MinAP(C). Let G be a MinAP(C N Abelian) group, and let f : G — H be a continuous
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homomorphism where H is a group contained in the class C. Since G is Abelian, the image f[G] is
an Abelian subgroup of H. If we take K = cly(f[G]) to be the closure of f[G] in H, then K is also
an Abelian group. Since K is closed in H, this implies that K is contained in C by our hypothesis.
Since f[G] is a subgroup of the Abelian group K from the class C, the homomorphism f is trivial
by the MinAP(C N Abelian) property of G. To conclude, we note that the group H from C and the

homomorphism f : G — H were arbitrary, so G is MinAP(C) by Definition 2.1.1(i). O

To close this section, let us recall the following classical facts in the theory of compact topological

groups.

Remark 2.2.8. (i) It follows from the Peter-Weyl theorem that every locally compact Abelian
group is MAP (see [8, Corollary 11.2.1}).

(ii) The Peter-Weyl-van Kampen theorem shows that every compact group is MAP(U), where U

is the class of all unitary matriz groups (see [8, Theorem 9.3.2]).

2.3 Results in this chapter

In [16, Proposition 5.3 (ii)], Dikranjan and Shakhmatov prove that, for every ordinal «, each
SSGP(«) group is MinAP(NSS). To simplify this and upcoming statements regarding SSGP(«)

groups, let us introduce the following notation.

Definition 2.3.1. We say that a topological group G is SSGP(cc) (or that it has the SSGP(co)

property) if G is SSGP(«) for some ordinal a.
We can now restate the result of Dikranjan and Shakhmatov as follows:
Proposition 2.3.2 ([16, Proposition 5.3 (ii)]). Every SSGP(co) group is MinAP(NSS).
Our next result establishes a “sister implication”:
Theorem 2.3.3. Fvery SSGP(oo) group is MinAP(Locally compact).
The proof of this theorem is postponed until Section 2.9.

Corollary 2.3.4. Every SSGP(co) group is both MinAP(Locally compact) and MinAP(NSS).
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Proof. This follows from Proposition 2.3.2 and Theorem 2.3.3. O

Our next theorem establishes connections between MinAP(C) properties for the triad of prop-

erties C appearing in Theorem 2.1.4, as well as the newly introduced SSGP(c0) property.

Theorem 2.3.5. In the following diagram of implications, solid arrows hold for all topological
groups, while dashed arrows hold (only) for Abelian topological groups.
SSGP(00)

9

MinAP(Locally compact) + MinAP(NSS)

te
/ 2 7

MinAP(Locally compact) ! MinAP(Lie) 3 d MinAP(NSS)
5
6 /
-~ MinAP
MinAP(Compact)

Figure 2.1: Diagram of implications

Proof. Since every unitary matrix group is a Lie group, Remark 2.2.8(ii) implies that the class of
compact groups is a subclass of the broader class MAP(Lie). At the same time, the class of Lie
groups is a very well-known subclass of NSS topological groups. From this, Propositions 2.2.1, 2.2.2

and Remark 2.1.2, we get

MinAP(NSS) — MinAP(Lie) = MinAP(MAP(Lie)) — MinAP(Compact) = MinAP.

This proves the implications denoted by arrows 3 and 5 (and thus, also by arrow 4).

Each Lie group is locally compact, so arrow 1 follows from Proposition 2.2.1 (a). Arrows 2 and
8 are trivial. Arrow 9 is proved in Corollary 2.3.4. The remaining solid arrows in Figure 1 are
either trivial or follow from the (solid) arrows whose validity is established above.

Now we turn our attention to dashed arrows. Observe that arrow 7 will follow as long as we
show that arrow 6 does, so we focus on showing that arrow 6 holds for Abelian topological groups.

Let G be an Abelian MinAP group. Then G is MinAP(MAP) by Corollary 2.2.6. Let f : G — H

be a continuous homomorphism from G to a locally compact Abelian group H. Since H is MAP
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by Remark 2.2.8(i), and G is MinAP(MAP), it follows that the homomorphism f is trivial. We
have checked that every continuous homomorphism from G to a locally compact Abelian group is
trivial. By Definition 2.1.1(i), this means that G is MinAP(Locally compact Abelian). Since G is
Abelian and the class of locally compact groups is invariant under taking closed subgroups, G is

MinAP (Locally compact) by Proposition 2.2.7. O
The triangle of arrows 1, 5 and 6 in Figure 1 establishes the following
Corollary 2.3.6. For an Abelian topological group G the following are equivalent:
(i) G is MinAP,
(i) G is MinAP(Locally compact), and
(iii) G is MinAP(Lie).

The equivalence of items (ii) and (iii) of Corollary 2.3.6 shows that, in the realm of Abelian
groups, Corollary 2.1.5 remains valid even without the word NSS in its item (i).

It is not immediately clear if the MinAP(NSS) property can be included in the list of equivalent
conditions of Corollary 2.3.6, to fully encompass the solution triad of the fifth problem of Hilbert.
Our nearest goal is to show that this cannot be done.

In the realm of Abelian groups, MinAP(NSS) topological groups are SSGP(«) if one chooses a

suitable ordinal a:
Theorem 2.3.7. An Abelian MinAP(NSS) group G is SSGP(|G|T).

We leave the proof of this theorem for Section 2.8.
Our next result provides a complete characterization of Abelian MinAP(NSS) groups. Quite

surprisingly, these are precisely SSGP(c0) groups:

Corollary 2.3.8. The following are equivalent for every Abelian topological group G:
(i) G is SSGP(o0),
(i) G is MinAP(Locally compact) and MinAP(NSS).

(iii) G is MinAP(NSS).
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Proof. (i) = (ii) follows from Proposition 2.3.2 and Theorem 2.3.3.
(ii) == (iii) clearly follows.
(i) = (i). By Theorem 2.3.7, G is SSGP(«) for o = |G|T, so G is SSGP(c0) by Definition

2.3.1. O

This corollary shows that the implication of Proposition 2.3.2 becomes reversible for Abelian
topological groups. Combining this with Corollaries 2.3.6 and 2.3.8, we obtain the “substantially

collapsed” Figure 2.1 in the Abelian case:

MinAP(NSS) +—— SSGP(c0) +—— MinAP(Locally compact) + MinAP(NSS)

| Js

MinAP(Lie) +—— MinAP +———— MinAP(Locally compact)

Figure 2.2: Simplified diagram of implications in Abelian groups

In the above diagram, none of the equivalent “high-tier” properties imply any of the equivalent
“lower-tier” properties. This shows that, in Abelian groups, the fine structure presented in Figure

2.1 essentially reduces to only two distinct properties, MinAP(NSS) and MinAP.

2.4 Reversibility of implications in Figure 2.1

In this section we turn our attention to the question of the reversibility of all arrows in Figure 2.1.

Below is a summary of our examples:
(i) Arrow 1 is not reversible (Example 2.4.6),
(ii) arrows 2, 3, 4 and 8 are not reversible, even in Abelian groups (Example 2.4.3),
(iii) arrow 5 is not reversible (Example 2.4.1),
(iv) arrow 6 does not hold outside the class of Abelian groups (Example 2.4.1),
(v) arrow 7 does not hold outside the class of Abelian groups (Example 2.4.6),
(vi) arrow 9 is not reversible for all topological groups (Example 2.4.8).

Example 2.4.1. Each of the following three examples is a non-trivial MinAP Lie group G.
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(i) Shakhmatov and Dikranjan point out in [16, Example 5.4 (f)] that the special linear group

SL(2,R) is known to be minimally almost periodic as seen in [32].

(ii) It is shown in [2, Example 9.11] that the special linear group SL(2,C) is minimally almost

periodic.

(iii) It is shown in [2, Example 9.11] that the special linear group SL(2, C)4 taken with the discrete

topology is minimally almost periodic.

Since the identity map from G to itself is a non-trivial homomorphism, it follows that G is not
MinAP (Lie) by Definition 2.1.1(i). Therefore, arrow 5, and consequently, also arrows 4 and 6, are
not reversible for general (non-Abelian) topological groups. Since G is locally compact, a theorem

of Veech [47, Theorem 2.2.1] implies that G is not extremely amenable as well.
For our next example, we shall need the following
Lemma 2.4.2. Each MinAP group topology on the integers Z. is NSS.

Proof. Let 7 be a MinAP group topology on Z. Suppose that (Z,7) is not NSS. By Definition
2.1.3, every T-open neighbourhood of 0 contains a non-trivial subgroup. Since 7 is Hausdorff, we
can choose U € 7 such that 0 € U and ¢l )(U) # Z. Let N be a non-trivial subgroup of U. Then
K =z (N) is a 7-closed subgroup of Z contained in cl(Z,T)(U), so K is a proper subgroup of Z
by our choice of U. Therefore, the quotient group Z/K is non-trivial. Since K is 7-closed, Z/K
is Hausdorff. Let ¢ : (Z,7) — Z/K be the quotient homomorphism. Since N is non-trivial, so is
K. Being a non-trivial subgroup of Z, K has a finite index in Z; that is, the quotient group Z/K
is finite. In particular, Z/K is compact. We conclude that ¢ is a continuous homomorphism of
(Z,7) onto a non-trivial compact group Z/K. By Definition 1.4.2(b), this means that (Z, ) is not

MinAP, contradicting our assumption. This contradiction shows that (Z,7) is NSS. O

Example 2.4.3. There exists a MinAP group topology T on the group of integers Z which is
not MinAP(NSS). Note that 7 is both MinAP(Lie) and MinAP(Locally compact) by Corollary
2.3.6. Therefore, arrows 2, 3, 4 and 8 of Figure 2.1 are not reversible, even for Abelian groups.
Indeed, by the result Nienhuys [34], Z is known to admit a minimally almost periodic group

topology 7. The topology 7 is NSS by Lemma 2.4.2. By Definition 2.1.1 (i), this implies that
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(Z, ) is not MinAP(NSS), because the identity homomorphism of (Z, 7) is a non-trivial continuous

homomorphism onto itself, an NSS group.

Recall that a topological group G is said to be topologically simple if G does not contain non-
trivial proper closed normal subgroups.

The following fact is part of folklore.

Lemma 2.4.4. If f : G — H is a non-trivial continuous homomorphism from a topologically simple
group G to a topological group H, then the kernel ker(f) ={xz € G : f(x) = e} of f is trivial; that

is, f is a monomorphism.

Proof. Since f is non-trivial, the kernel ker(f) = {z € G : f(x) = e} of f is a proper subgroup of
G. Since f is continuous, ker(f) is a closed normal subgroup of G. Since G is topologically simple,

we conclude that ker(f) = {e}. O
Lemma 2.4.5. Let G be a topologically simple group which is not NSS. Then G is MinAP(NSS).

Proof. Assume that G is not MinAP(NSS). By Definition 2.1.1(i), there exists a non-trivial con-
tinuous homomorphism f : G — H from G to some NSS topological group H. Then ker(f) = {e}
by Lemma 2.4.4. Since H is NSS, there exists an open neighbourhood U of the identity of H
containing no non-trivial subgroups of H. Since ker(f) = {e} and f is continuous, the preimage
f~1[U] of U is an open neighbourhood of G' containing no non-trivial subgroups of G. By Definition

2.1.3, this means that G is NSS, in contradiction with our assumption. O
The following is example makes use of a construction of Willis [48]:

Example 2.4.6. There exists a locally compact group G which is MinAP(NSS). As a consequence,
the MinAP(NSS) property does not imply MinAP (Locally compact). In particular, arrow 1 of Figure
2.1 is not reversible.

Consider the topological group G constructed by Willis in [48, Section 3]. This group is non-
discrete, locally compact, topologically simple and totally disconnected. Since G is locally com-
pact and totally disconnected, a classical result of van Dantzig shows that its open subgroups
form a neighbourhood basis of the identity. Since G is non-discrete, this implies that it is not

NSS. Therefore, G satisfies the hypotheses of Lemma 2.4.5 from which we deduce that G is
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MinAP(NSS). Since G is locally compact, the identity homomorphism is a non-trivial continuous
homomorphism to itself, a locally compact group. By Definition 2.1.1(i), this shows that G is not

MinAP (Locally compact).

Let X be the set. We denote by S(X) the group of all bijections from X onto X with the
composition of maps as the group operation. Recall that S(X) is called the symmetric group of X.
We endow S(X) with the pointwise convergence topology, i.e. the topology S(X) inherits from the

Tychonoff product X* when X is equipped with the discrete topology.
Corollary 2.4.7. For every infinite set X, the symmetric group S(X) is MinAP(NSS).

Proof. Indeed, S(X) is known to be topologically simple [9, Proposition 7.2.1(b)]. Since X is
infinite, every open neighbourhood of the identity of S(X) contains a non-trivial subgroup. In

particular, S(X) is not NSS. Now the conclusion follows from Lemma 2.4.5. O
The following example is due to Shakhmatov.

Example 2.4.8 (Shakhmatov). Let G be the symmetric group S(N) of the natural numbers N
equipped with the topology of pointwise convergence. Then G is a Polish group which is both
MinAP(Locally compact) and MinAP(NSS), but G does not admit an SSGP(co) group topology.
Therefore, arrow 9 of Figure 2.1 is not reversible. Indeed, according to [16, Example 5.4 (ii)], G
does not admit an SSGP(oo) group topology. Furthermore, G is MinAP(NSS) by Corollary 2.4.7.
So it remains only to show that G is MinAP(Locally compact). By contradiction, assume that G is
not MinAP(Locally compact). By Definition 2.1.1(i), there exists a non-trivial continuous homo-
morphism f : G — H from G to some locally compact group H. Note that f is a monomorphism by
Lemma 2.4.4. Since H is Hausdorff and the topology of pointwise convergence on G is the weakest
Hausdorff group topology on G by [22, Theorem 2], it follows that f is a topological isomorphism
between G and f[G]. Since G is complete, so is the subgroup f[G] of H. Since a complete group
is closed in every bigger (Hausdorff) group, f[G]| must be closed in H. Since H is locally compact,
so is f[G]. Since f is a topological isomorphism between G and f[G], we conclude that G must
be locally compact as well. By a theorem of Gaughan [22, Theorem 3], a locally compact group
topology on the symmetric group S(N) must be discrete. Since G is non-discrete, this contradiction

finishes the proof that G is MinAP(Locally compact).
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2.5 The algebraic structure of Abelian MinAP(NSS) groups

In the next result we give a full description of the algebraic structure of Abelian MinAP(NSS)

groups.

Corollary 2.5.1. An Abelian group G admits a MinAP(NSS) group topology if and only if one of

the following two conditions holds:
(i) G is of infinite divisible rank, or

(ii) the quotient H = G/t(G) of G by its torsion part t(G) has finite free rank ro(H) and

r(H/A) = w for some (equivalently, every) free subgroup A of H such that H/A is torsion.
(H/ q Y, Y group

Proof. To prove the “if” part, assume that G satisfies either (i) or (ii). From the implication
(c)—(b) of Theorem 4.1.1, G admits an SSGP(«) group topology for some ordinal . This topology
is SSGP(00) by Definition 2.3.1, and so MinAP(NSS) by Corollary 2.3.8.

To prove the “only if” part, assume that G admits a MinAP(NSS) group topology. By Corollary
2.3.8 and Definition 2.3.1, this topology is SSGP(«) for some ordinal . Applying the implication

(b)—(c) of Theorem 4.1.1, we conclude that G satisfies either (i) or (ii). O

From the equivalence of items (a) and (c) of Theorem 4.1.1 and Corollary 2.5.1 we get the

following

Corollary 2.5.2. An Abelian group admits a MinAP(NSS) group topology if and only if it admits

an SSGP group topology.

This corollary can be used to find numerous examples of Abelian minimally almost periodic
groups which cannot admit MinAP(NSS) group topologies. Indeed, by this result it is now enough
to focus on MinAP groups which cannot admit SSGP group topologies. The author recommends
the reader to check [4, 16, 25] for numerous examples. We highlight the following example, as it
shows the existence of extremely amenable groups which do not admit a group topology with the

MinAP(NSS) property:

Example 2.5.3. No finite power of the integers Z admits a MinAP(NSS) group topology. Indeed,

by [4, Corollary 3.14] no finite power of the integers admits an SSGP group topology, so they may
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not admit a MinAP(NSS) group topology by Corollary 2.5.2. On the other hand, it is well-known

that Z can be equipped with an extremely amenable group topology [23, Theorem 1.1].
We note that this example strengthens Example 2.4.3.

Remark 2.5.4. It follows from Corollary 2.3.6 that the algebraic structures of Abelian MinAP (Lie)
groups and Abelian MinAP(Locally compact) groups are the same and coincide with the algebraic

structure of Abelian MinAP groups. The latter is fully described in [11].

Remark 2.5.5. In 2019, Shakhmatov and the author [43] proved that a non-Abelian free group of
infinite rank admits a group topology with the property of DW (see Chapter 5). To the knowledge
of the author, this provides first examples of non-Abelian DW groups which are not obtained by

means of Dierolf~-Warken’s construction.

2.6 NSS groups and the S, operator

In this section we recall the concept of the S operator introduced in [16]. For a subgroup H of
a group G we denote by Ng(H) the largest normal subgroup of G which is contained in H (this
is often referred to as the heart of H in ). Observe that Ng(H) is closed whenever H is closed,
as the closure of a normal subgroup of G is also normal in G. Finally, if X C G is now a subset
of a topological group G, then we denote by Csq(X) the smallest closed subgroup of G containing
X. Since the closure of a subgroup of a given topological group is also a subgroup of it, we can
describe Csg as

Csa(X) = cg((X)) (2.1)
for every subset X C G. We begin with the definition of the operator Sg.

Definition 2.6.1 ([16, Section 2]). Let G be a topological group. We define the operator S :
P(G) — P(G) as the composition S¢ = Ng o Csg o Cyc. That is, for every subset X C G the

operator Sg assigns the subset

Sc(X) = Ng o Csg o Cycg(X). (2.2)

Observe that for every X C G the result of the operator Sg(X) is always a closed normal
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subgroup of G. In the case of an Abelian group, however, every subgroup is normal. This implies
that the operator N¢ is simply the identity function when it is restricted to the set of all subgroups

of G.

Remark 2.6.2. If G is an Abelian topological group, then the equality S¢ = Csg o Cyc holds, so

Sc(X) = clg({(Cyc(X))) for every X C G. (2.3)

The relationship between NSS groups the Sg operator becomes clear from the following:
Proposition 2.6.3. Let G be a topological group. Consider the following properties:
(i) G is an NSS group,
(i) Cycq(U) = {eq} for some open neighbourhood of the identity U of G, and
(iii) Sq(U) = {eg} for some open neighbourhood of the identity U of G.
Then (i) = (ii) = (iii). If we assume G to be Abelian, then all three properties are equivalent.

Proof. Tmplications (i) through (iii) were proven implicitly in [16, Proposition 5.3 (i)].
We now focus on proving the implication (iii) = (i) for an Abelian group G. Let U be an

open neighbourhood of 0 of an Abelian group G satisfying S¢(U) = {0}.

Claim 1. If h € G and (h) C U, then h = 0.

Proof. Note that h € Cycs(U) by our assumption and (1.2). Since the group G is Abelian, we can

use (2.3) to conclude that

h € Cycg(U) C clg((Cycq(U))) = Sa(U). (2.4)

Since S¢(U) = {0} holds by hypothesis, we deduce that h = 0. O

It easily follows from Claim 1 that U does not contain non-trivial subgroups of G, so GG is NSS

by Definition 2.1.3. O

32



2.7. TRANSFINITE ITERATIONS OF THE Sz OPERATOR

Remark 2.6.4. As an observation, we point out that the hypothesis of G being Abelian is only
used to perform the step outlined in (2.4). Indeed, if the group G is not Abelian, then the cyclic
subgroup (h) may fail to be normal. If (h) is not normal, then it may not necessarily be a subset

of S¢(U) as per (2.2) (the additional operation Ng(U) now plays a non-trivial role).

We shall need the following result about the relation of the Sg operator and topological quo-

tients.
Lemma 2.6.5 ([16, Lemma 4.9|(ii)). Let H be a quotient of a topological group G. Let q : G — H

be the corresponding quotient mapping. The equality

Sa(a ' (Y)) =q " (Su(Y)) (2.5)

holds for every subset Y of H satisfying eg € Y.

2.7 Transfinite iterations of the S; operator

One important detail to observe is that the operator Sg is idempotent; that is, the equality
Sc(Sa(X)) = X holds for every X C G [16, Lemma 4.1]. Therefore, if one wishes to iterate

the operator S¢, one needs to take an alternative approach described in [16, Section 2].

For every ordinal «, the a-th iteration S(C?) of S¢ is defined as follows. Let

Sg)) (X) = {eg} for every X C G. (2.6)

)

If o > 0 is an ordinal and Sg} has already been defined for all 5 < «, then we let

SW(X) = Sa(X - | s¥(X)) for every X C G. (2.7)
B<a

From (2.6) and (2.7) one can see that

S(Gl)(X) = Sg(X) for every X C G. (2.8)

Here we make great emphasis on the use of the brackets («) to indicate the a-th iteration of
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Sa. This is done deliberately to differentiate these operations from the usual function composition.

As a helpful term we shall use the following.

Definition 2.7.1. Let G be a topological group. If X C G is a subset of G and « is an ordinal,
then we shall say that the operator S stabilizes X in « if the equality Sg ) (X) = Sg) (X) holds

for every § > a.

One of the key properties held by the operator S(Ga) is its monotonicity:

Lemma 2.7.2 ([16, Lemma 4.8 (ii)]). Let X be a subset of a topological group G. If 5 and o are

ordinals satisfying B < o, then the inclusion S(C'f) (X) C S(G?l) (X) holds.

For a cardinal x we denote by s its cardinal successor. We shall make use of the following

observation from elementary Set Theory:

Lemma 2.7.3. Let X be a set. Suppose that for every ordinal o we have a subset Y, of X. If
Ys C Y, holds whenever 8 < =, then there exists some ordinal 6 < |X|t* such that Yz = Y5 for all

6 >4.

Lemma 2.7.4. Let G be a topological group. For every subset X of G the operator Sg stabilizes
X in |G|T.

Proof. Let X C G be arbitrary. We use Lemma 2.7.2 to see that S(Gé ) (X) C S(C?) (X) holds whenever
the ordinals 5 and « satisfy 5 < «. We then use Lemma 2.7.3 (setting Y, = S(Ga) (X)) to find some
ordinal § < |X|T such that S(C?) (X) = S(G(S)(X) holds for every 8 > §. Finally, observe that the
inequalities 6 < |X|* < |G|" hold. This implies that S¢ stabilizes X in |G|T by Definition 2.7.1.

Since the subset X of G was arbitrary, this concludes the proof of our lemma. O

Lemma 2.7.5. Let G be a topological group. If H is an open subgroup of G then S(Ga) (H) C H for

every ordinal c.

Proof. We shall prove this by induction on «. Since H is an open subgroup of G, then it is also
closed in G. Observe the following: if H is a closed subgroup of G then Sy (H) = Ng(H) C H is
satisfied by (2.2). We finally apply (2.6) and (2.7) to verify that

SO (H) = {eq} € SU(H) = Sy (H) C H. (2.9)
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As our induction hypothesis, let us assume that

holds for every ordinal 8 < a. Our goal is to show that ng ) (H) C H holds.

Claim 2. The following inclusion is satisfied:

H-|Jsym) cm. (2.10)
B<a

Proof. By our induction hypothesis, Sg)(H ) C H for every 8 < a. This shows that

U s& ) c h.
B<a

Since H is a subgroup of G, the above equation and (1.1) imply our desired conclusion:

U
Claim 3. The inclusion S(C? ) (H) C H holds.
Proof. 1f we apply Lemma 2.7.2(ii) (with respect to Sg)) to (2.10), then we have
1 1
o) - | s ) < s ). (2.11)
[B<a
By (2.6), we can replace Sg) with S in (2.11). We then use (2.7) and (2.9) to deduce that
S&(H) =Sq(H - | ] 8§ (H)) € Sa(H) C H.
B<a
O

Claim 3 shows that the induction step is satisfied, concluding our induction. We have thus
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shown that the inclusion S(Ga )(H ) C H holds for every ordinal «, as desired. O

2.8 Proof of theorem 2.3.7

Lemma 2.8.1. Suppose that U is a subset of a topological group G containing its identity eq, o is
an ordinal, H = G/S(GCY)(U) 1s the quotient group of G and q : G — H is the corresponding quotient

map. If the operator S stabilizes U in o, then Sy(V) = {en}, where V = q[U].

Proof. Since V is a subset of H satisfying e € V', we apply Lemma 2.6.5 to deduce the equality
Sc(a™ (V) = a7 (Su(V)). (2.12)
Since ¢ is a homomorphism with the kernel S(Ga )(U ), we have
¢ ' (V) =q L qU) = U - (),

SO

Sa(a™! (V) = Sa(U - S§ (). (2.13)
We now apply Lemma 2.7.2 for every ordinal v < « to obtain the equality
s wy=|J sPw). (2.14)
y<a+l1
We then apply (2.14) to the right-hand side of (2.13) to see that

Se(U -8 (W) =8¢ (U | sP )| =s&™w) (2.15)
y<a+1

holds by (2.7). Since the operator S¢ stabilizes U in « by our hypothesis, Definition 2.7.1 implies
that the equality
SE?)(U) — S(C?“H)(U) (2.16)
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holds. We then combine (2.12),(2.13),(2.15) and (2.16) to obtain the equality
' (Su(V) =8 (V).
Since the mapping ¢ is surjective, we apply it to both sides of the above equation to get
S(V) = qlg™ (Su (V)] = aSE" (V)] = {en}.

This finishes the proof. O

Corollary 2.8.2. Suppose that U is an open neighbourhood of 0 of an Abelian topological group
G such that the operator Sg stabilizes U in « for some ordinal o. Then the quotient group

H=G/sU) is NSS.

Proof. Denote by q : G — H the quotient mapping from G to H. Since q is open, the set V = q[U]
is an open neighbourhood of 0 of H. By Lemma 2.8.1, Sy (V') = {0} holds. Since the group H is

Abelian, we can apply the implication (iii)— (i) of Proposition 2.6.3 to conclude that H is NSS. [

Proof of Theorem 2.3.7: Let G be an Abelian MinAP(NSS) group. Our goal is to prove that G

is SSGP(|G|™). By Definition 1.5.8, to show this, it suffices to check the following

Claim 4. SgGH)(U) = G for every open neighbourhood U of 0 of G.

Proof. By Lemma 2.7.4, the operator Sg stabilizes U in |G|*. Since the group G is Abelian, we
can apply Corollary 2.8.2 to deduce that the quotient group H = G/ SgGH)(U ) of G is NSS. Let
q : G — H be the (continuous) quotient homomorphism. Since G is MinAP(NSS) by hypothesis

and H is an NSS group, ¢ is trivial by Definition 2.1.1 (i). Therefore, S(C‘;Glﬂ(U) =ker(q)=G. O

2.9 Proof of Theorem 2.3.3

The following proposition is an improvement of [16, Example 5.4(b)] closely resembling a classical
folklore fact that every Abelian MinAP topological group has no proper open subgroup. However,
the strengthening of minimal almost periodicity to the SSGP(co) property allows one to remove the

hypothesis on the group being Abelian.
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Proposition 2.9.1. If H is an SSGP(oc0) subgroup of a topological group G, then H is contained

in every open subgroup of G.

Proof. Assume that G’ is an open subgroup of G. Our goal is to show the inclusion H C G’. Since
H is SSGP(o0) by our assumption, we can use Definition 2.3.1 to fix some ordinal « such that H
is SSGP(«). Since G’ is open in G, the intersection H' = G’ N H is an open subgroup of H. In
particular, H' is an open neighbourhood of the identity of H. Since H is SSGP(«), we deduce from
Definition 1.5.8 that S\ (H') = H. Now H = S\?)(H') C H' = G' N H by Lemma 2.7.5. This

establishes the inclusion H C G'. O

Proof of Theorem 2.3.3: Let G be an SSGP(co) group, and suppose that f : G — H is a
continuous homomorphism from G to a locally compact group H. Note that G is MinAP(NSS) by

Proposition 2.3.2, and in particular, G is MinAP by arrow 4 of Figure 2.1.
Claim 5. The image f[G] of G is contained in every open subgroup H' of H.

Proof. Indeed, assume that H’ is an open subgroup of H. Then H' N f[G] is an open subgroup of
fIG]. Tt follows from Definition 2.3.1 and [16, Theorem 5.2(i)] that every continuous homomorphic
image of an SSGP(co) group is again an SSGP(oo) group. As f is a continuous homomorphism, f[G]
is an SSGP(o0) group. Since no SSGP(oco) group has a proper open subgroup by Proposition 2.9.1,
we conclude that H' N f[G] = f[G] holds. This shows that f[G] C H'. O

Claim 6. There exists a compact subgroup N of H such that f[G] C N.

Proof. Recall that H is locally compact. By a theorem of Yamabe [49, Theorem 5], there exists an
open subgroup H’ of H and a normal (with respect to H') compact subgroup N of H’ such that the
quotient H'/N is a Lie group. Since H' is open in H, Claim 5 implies that f[G] C H'. Therefore,
if ¢ : H — H'/N denotes the quotient homomorphism, the composition foq : G — H'/N is
well-defined. Since G is MinAP(NSS) and H'/N is NSS (being a Lie group), the homomorphism

f o q must be trivial by Definition 2.1.1(i). This implies the inclusion f[G] C ker(q) = N. O

Claim 7. The homomorphism f: G — H is trivial.
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Proof. By Claim 6, there exists a compact subgroup N of H such that f[G] C N. So f can be
viewed as a continuous homomorphism from G to a compact group N. Since G is MinAP, the

homomorphism f must be trivial by Definition 1.4.2(b). O

Since Claim 7 holds for every continuous homomorphism f : G — H from G to a locally

compact group H, we conclude from Definition 2.1.1(i) that G is MinAP(Locally compact). O

2.10 Open questions

We finish this chapter with a list of open questions.

Question 2.10.1. Can one describe which (Abelian) MinAP(NSS) groups are also extremely

amenable?

Question 2.10.2. Can one find a class C of topological groups such that an Abelian topological

group is extremely amenable if and only if it is MinAP(C) for this class C?

Question 2.10.3. Can one find a suitable class C of topological groups such that a (Abelian)
topological group is DW (or SSGP) if and only if it is MinAP(C) for this class C?

Question 2.10.4. For a “reasonable” class C of topological groups, can one describe the (Abelian)

topological groups which belong to the class MinAP(C) (or MAP(C), respectively)?

Question 2.10.5. For a “reasonable” class C of topological groups, can one describe the algebraic

structure of the (Abelian) groups which admit a MinAP(C) (or a MAP(C)) group topology?

The last question can be viewed as a natural extension of Problem 1.4.10.

39






Chapter 3

Precompact continuous homomorphic

images of topological groups

3.1 Introduction

The MinAP topological groups (Definition 1.4.2(b)) were introduced by von Neumann and Wigner
[33] with the idea to distinguish points via almost periodic functions. Obtaining examples of MinAP
topological groups is difficult, as one would require to check all possible continuous homomorphisms
to all possible compact groups. Due to this, providing a characterization of groups which can
admit a minimally almost periodic group topology became a major open problem in the theory of
topological groups.

In the realm of Abelian groups, the combination of results by Gabriyelyan [19] and Dikranjan-
Shakhmatov [11] provides a full description of the algebraic structure of groups that admit a
minimally almost periodic group topology. The former result focuses on the case of bounded groups,
while the latter is a solution of the famous Protasov-Comfort problem regarding all remaining
unbounded Abelian groups. These results were an important source of inspiration to the author,
particularly for understanding the relationship between a property of topological groups, and the
algebraic restrictions it demands for it to hold true.

The main motivation of the results in this chapter comes from attempting a very naive modifi-

cation of Definition 1.4.2(b) summarized in the following question:
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Question 3.1.1. What are topological groups every continuous homomorphic image of which in a

compact group is finite?
This question naturally splits into two parts:

Question 3.1.2. (i) Does this modification of the MinAP property result in a new class of

topological groups?

(ii) If (i) has a positive answer, then how does this modification alter the algebraic restrictions

imposed by the MinAP property in Abelian groups?

We completely resolve both items of the above question in this chapter. Furthermore, we in-
troduce the following notion: A topological group is MinAP modulo a property P of topological
groups if every continuous homomorphic image of it in a compact group has property P. Topo-
logical groups from our naive Question 3.1.1 are precisely MinAP modulo finite groups in this new
terminology. We compare simultaneously five similar naive modifications of Definition 1.4.2(b):
MinAP modulo finite, modulo compact, modulo bounded, modulo torsion and modulo connected.

The chapter has been organized as follows. In Section 3.2, for a given property P of topological
groups, we introduce the notion of MinAP modulo P groups and study their basic properties.

In Section 3.3 we consider five concrete properties P: one set-theoretic (finite), two algebraic
(torsion and bounded torsion) and two topological (compact and connected). We outline the
relationships between these properties in Figure 3.1 and show that they are all distinct and differ
from the classical minimal almost periodicity (Examples 3.3.2 and 3.6.8).

In Section 3.4 we give a quick summary of the Bohr compactification and the von Neumann
kernel of a topological group, as well as the Bohr topology of a MAP group.

In Section 3.5 we interpret the categorical meaning of the Bohr compactification of a topological
group (Proposition 3.5.3 and Corollary 3.5.4) and clarify the role of the von Neumann kernel when
it is used in topological quotients. Specifically, we prove that the quotient group G/n(G) of a
topological group G with respect to its von Neumann kernel n(G) is the reflection of G in the
class of MAP groups, with the quotient map playing the role of the reflection homomorphism
(Proposition 3.5.5). Furthermore, we describe the Bohr topology of the MAP quotient group

G/n(G) by showing that this group equipped with its Bohr topology (denoted by (G/n(G))™) is
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topologically isomorphic to the image of G under the canonical map to the Bohr compactification
of G (Corollary 3.5.8).

In Section 3.6 we introduce our main result which states that if a property P of topological
groups is an invariant of surjective continuous homomorphisms, then a topological group G is
MinAP modulo P if and only if the image of G under the canonical mapping to its Bohr com-
pactification has property P (Theorem 3.6.1). Combining this with our results from Section 3.5,
we obtain a new version of Theorem 3.6.1 which is significantly easier to verify (Corollary 3.6.2).
As an application, we establish that a topological group G is MinAP modulo finite if and only if
the von Neumann kernel n(G) of G has finite index in G (Remark 3.6.6). This resolves item (i) of
Question 3.1.2. We close this section by showing a couple of examples.

In Section 3.7 we find a necessary condition for the MinAP modulo connected property to
coincide with standard minimal almost periodicity in Abelian groups. Specifically, we show that if
the O-rank of an Abelian group is less than the cardinality of the continuum, then MinAP modulo
connected and MinAP properties coincide (see Theorem 3.7.5).

In Section 3.8 we prove that if an Abelian group G can be equipped with a MinAP modulo
connected group topology, then for every positive integer m € Nt the subgroup mG of G is either
the trivial subgroup or has infinite cardinality. This condition becomes sufficient as well, as it
is one of the conditions appearing in Dikranjan and Shakhmatov’s description of Abelian groups
admitting minimally almost periodic group topologies (see Theorem 1.4.12). These results provide
some answers to Question in 3.10.1.

In Section 3.9 we deduce from the results of Gabriyelyan and Dikranjan-Shakhmatov on mini-
mally almost periodic topologizations of Abelian groups that every Abelian group is a direct sum
of a finite group and a group which admits a MinAP group topology (Theorem 3.9.5). It now
easily follows that, for every property P satisfied by all finite groups, every Abelian group admits
a MinAP modulo P group topology (Corollary 3.9.6). In particular, every Abelian group admits a
MinAP modulo finite group topology (Corollary 3.9.7). This implies a slightly more general result:
Every Abelian group G admits a group topology 7 such that every continuous homomorphic image
of (G,7) in a precompact group is finite (Corollary 3.9.8).

Coming back to Question 3.1.1, we see that the modification of the definition of minimal almost

periodicity proposed in this question becomes somewhat weak for Abelian groups, as it poses no
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restrictions on the algebraic structure. This resolves item (ii) of Question 3.1.2.

To finish this chapter, in Section 3.10 we propose some open questions.

3.2 MinAP modulo a property P of topological groups

We formulate a general concept inspired by Question 3.1.1.

Definition 3.2.1. Let P be a property of topological groups. We say that a topological group G
is MinAP modulo P (MinAP mod P) if for each continuous homomorphism f : G — K from G to

a compact group K, the image f[G] of G considered as a subgroup of K has property P.

Remark 3.2.2. Clearly, when P is the property of being the trivial group, MinAP modulo P

groups are precisely the classical minimally almost periodic groups.

Recall that a topological group is precompact if and only if it is topologically isomorphic to a

subgroup of some compact group. The following remark is clear from this definition.
Remark 3.2.3. Let P be a property of topological groups.

(i) A topological group G is MinAP modulo P if and only if every continuous homomorphic

image of GG in a precompact group has property P.
(ii) If a topological group G is MinAP modulo P and precompact, then G has property P.

(iii) If P is an invariant of surjective continuous homomorphisms, then every topological group

with property P is MinAP modulo P.
For our convenience, we shall use the following notation:

Definition 3.2.4. We shall say a property is P upwards hereditary provided that: for every Haus-
dorff space X and every pair of subspaces A, B C X, if the inclusion A C B C clx(A) holds and A

has property P, then B also has property P (here c¢lx(A) denotes the closure of A in X.)
Proposition 3.2.5. Let P be a property of topological groups.

(i) If f: G — H is a surjective continuous homomorphism from a MinAP modulo P group G

onto a topological group H, then H is MinAP modulo P.
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(ii) Let H be a topological group having a dense MinAP modulo P subgroup. If P is upwards
hereditary, then H is MinAP modulo P.

Proof. (i) Follows in fairly straightforward fashion.

(ii) Let f : H — K be a continuous homomorphism from H to a compact group K. Since G is
a subgroup of H, the restriction mapping f [g: G — K is a continuous homomorphism from G to
K. Since G is MinAP modulo P, the image f|G]| = f |¢ [G] C K has property P as a subgroup of

K. By continuity of f, the following inclusion holds:

FIG] € fIH] = [flelu(G)] € ck (fIG]).

Since P is upwards hereditary by hypothesis, Definition 3.2.4 implies that f[H] itself has property
P. Since f: H — K was an arbitrary homomorphism from H to K, we conclude that H satisfies

all conditions of Definition 3.2.1, and is therefore MinAP modulo P. O

Proposition 3.2.6. Let P be a property of topological groups invariant under finite direct products
and surjective continuous homomorphisms. Then every finite direct product (equivalently, direct

sum) of MinAP modulo P groups is MinAP modulo P.

Proof. The conclusion of our proposition would easily follow by induction provided we can prove
that it holds for two factors.

Let G and H be MinAP mod P topological groups. Let f : G x H — K be an arbitrary
continuous homomorphism from G x H to some compact group K. It suffices to show that the
image f[G x H] has property P.

Let ¢ : G x H— K x K be the homomorphism defined by

p(z,y) = (f(z,¢€), fle,y)) for (z,y) € G x H. (3.1)

Since f is continuous, so is . Let us denote by m : K x K — K the product mapping of K defined

by m(z,y) = x -y for (z,y) € K x K.

Claim 8. The equality m o ¢ = f holds.
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Proof. For every (z,y) € G x H we have

m(@(xvy)) = m((f(:n,e), f(eay))) = f($,€) ) f(evy) = f(x,y),

as f is a homomorphism. This shows the equality m o ¢ = f. O
Claim 9. The restriction m [ gxp): p[G X H] — K of m to ¢[G' x H] is a homomorphism.
Proof. This follows from Claim 8 and the fact that both ¢ and f are homomorphisms. O
Claim 10. ¢[G x H] has property P.

Proof. Note that G is topologically isomorphic to M = G x {e} and H is topologically isomorphic
to N = {e} x H. Since G and H are MinAP modulo P, so are M and N. Since f is a continuous
homomorphism, both f[M] and f[NN] have property P by Definition 3.2.1. Since P is assumed
to be invariant under finite direct products, the product f[M] x f[N] has property P. Finally,
oG x H] = f[M] x f[N] by (3.1). =

The mapping m is continuous, so Claim 9 implies m [ gxp 1S a continuous homomorphism.
Since p[G x H] has property P by Claim 10, and P is an invariant of surjective continuous homo-

morphisms, m [ gxm) [¢[G x H]] has property P. We now apply Claim 8 to deduce that

m Joaxn) [PlG x H]| =mop[G x H] = f|G x H].

We have shown that f[G x H| has property P, as desired. O

3.3 Five properties P and the corresponding MinAP modulo P

groups
The following is clear from Definition 3.2.1.

Remark 3.3.1. If P and Q are properties of topological groups such that P implies Q, then

MinAP mod P — MinAP mod Q.

46



3.3. FIVE PROPERTIES P AND THE CORRESPONDING MINAP MODULO P GROUPS

In this chapter we shall focus on five properties P: finite, bounded torsion, torsion, compact
and connected. The corresponding five new properties MinAP modulo P are weaker than MinAP.

Indeed, from Remarks 3.2.2 and 3.3.1, we get the following diagram of implications:

MinAP ———%  MinAP mod finite —2— MinAP mod compact
Js L
MinAP mod connected MinAP mod bounded —2— MinAP mod torsion.

Figure 3.1: Diagram of implications

The following examples show that arrows 1,2,4 and 5 (in this order) are not reversible in general.

We shall also show arrow 3 is not reversible in Example 3.6.8.

Example 3.3.2. (i) The group Z(2) consisting of two elements (with discrete topology) is a finite
(so MinAP mod finite by Remark 3.2.3(iii)) Abelian group which is not MinAP mod connected.
Thus, arrow 1 is not reversible. Indeed, since Z(2) is precompact and not connected, it is not

MinAP mod connected by Remark 3.2.3(ii).

(ii) The circle group T is a compact (so MinAP mod compact by Remark 3.2.3(iii))) metric Abelian
group which is not MinAP mod torsion. Thus, arrow 2 is not reversible. Indeed, since T is

precompact and not torsion, it cannot be MinAP mod torsion by Remark 3.2.3(ii).

(iii) The Cantor cube Z(2)% of countable weight is a Boolean (thus, bounded and so MinAP mod
bounded by Remark 3.2.3(iii)) compact metric group which is not MinAP mod finite. Thus,

w

arrow 4 is not reversible. Indeed, Z(2)“ is precompact and infinite, so it cannot be MinAP

mod finite by Remark 3.2.3(ii).

(iv) For a prime number p, the Priifer group Z(p) equipped with the topology inherited from the
circle group T is a countable precompact metric torsion (thus, MinAP mod torsion by Remark
3.2.8(iii)) Abelian group which is neither MinAP mod compact nor MinAP mod bounded.
Thus, arrow 5 is not reversible. Indeed, since the precompact group Z(p>°) is neither compact
nor bounded, Remark 3.2.3(ii) implies that it is neither MinAP mod compact nor MinAP

mod bounded.

Remark 3.3.3. It is worth noting that some of the arrows in Figure 1 are reversible under certain

algebraic conditions:
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(i) Arrow 3 is reversible for torsion Abelian groups. Indeed, let us take an Abelian torsion
topological group G, and assume that G is MinAP mod connected. Suppose that G is not
MinAP. By Definition 1.4.2(b), there exists a non-trivial homomorphism f : G — K from
G to a compact group K. Since G is Abelian, so are both f[G] and N = clx(f[G]). Fix
x € G such that f(z) # 0. As N is a closed subgroup of a compact group K, it is compact as
well. By the Peter-Weyl theorem, there exists a continuous character y : N — T such that
X(f(z)) # 0. Therefore, h = xo f : G — T is a continuous homomorphism from G to the
compact group T. Since G is MinAP mod connected, h[G] is a connected subgroup of T by
Definition 3.2.1. Since G is torsion, so is h[G]. Since T does not contain non-trivial connected

torsion subgroups, h[G] must be trivial. This contradicts the fact that 0 # h(z) € h[G].

(ii) Arrow 5 is reversible for bounded groups. Indeed, every homomorphic image of a bounded

group is again a bounded group.

The next two propositions list basic properties of five new classes from Figure 1.

Proposition 3.3.4. Let P be any of the five properties: finite, bounded torsion, torsion, compact

and connected. Then:

(i) the corresponding property MinAP modulo P is preserved by taking finite direct products, and

(7i) every topological group with property P is MinAP modulo P.

Proof. Note that P is invariant under taking finite direct products and surjective continuous
homomorphisms, so item (i) follows from Proposition 3.2.6 and item (ii) follows from Remark

3.2.3(iii). O

Proposition 3.3.5. Let P be one of the four properties: finite, bounded torsion, compact and

connected. Then the property MinAP modulo P is upwards hereditary.

Proof. Indeed, the property P is upwards hereditary, so the conclusion follows from Proposition

3.2.5(i). O
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3.4 The Bohr compactification and the von Neumann kernel

All facts in this section (with the possible exception of Proposition 3.4.6), are either well known or

part of folklore.

Definition 3.4.1. For every topological group G, there exists a compact group bG along with a

continuous homomorphism bg : G — bG having the following two properties:
(i) bg[G] is dense in bG, and

(ii) for each continuous homomorphism f : G — K from G to a compact group K, there exists a

continuous homomorphism f* : bG — K satisfying the equality f = f* o bg.
The group bG is called a Bohr compactification of G with respect to be.

The existence of a Bohr compactification is a well-known fact of topological group theory. The
next remark asserts the uniqueness of such compactification, thereby allowing one to speak about

the Bohr compactification.

Remark 3.4.2. The Bohr compactification of a topological group G is unique up to an isomor-
phism; that is, if bG and b'G are Bohr compactifications of G with respect to bg and by, respectively,

then there exists a topological isomorphism 7 : bG' — b'G between bG and b'G such that b, = mobg.

Definition 3.4.3. If bG is the Bohr compactification of a topological group G with respect to a

homomorphism b¢, then n(G) = ker(bg) is called the von Neumann kernel of G.

It follows from Remark 3.4.2, Definition 3.4.3 and the existence of the Bohr compactification,

that n(G) is a well-defined normal subgroup of a topological group G.

Definition 3.4.4. For a topological group G, we denote by gc : G — G/n(G) the quotient

homomorphism from G to its quotient group G/n(G).

Remark 3.4.5. Being a quotient homomorphism, the map gg is continuous, open and surjective

(see [1, Theorem 1.5.11]).

The von Neumann kernel has been an important object of study in the literature of MinAP and
MAP topological groups. The following proposition shows that the quotient of a topological group

with respect to its von Neumann kernel satisfies a universal property for MAP groups.
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Proposition 3.4.6. Let G be a topological group. For each continuous homomorphism f: G — H

from G to a MAP group H there exists a continuous homomorphism f~ : G/n(G) — H satisfying

the equality f = f~ oqq.
Proof. Let f: G — H be a continuous homomorphism from G to a MAP group H.

Claim 11. The inclusion n(G) C ker(f) holds.

Proof. By contradiction, suppose that n(G) \ ker(f) # 0. Let us fix some z € n(G) \ ker(f). Since
H is a MAP group, Definition 1.4.2 implies that there exists a compact group K and a continuous
homomorphism ¢ : H — K such that g(f(x)) # e. The composition go f : G — K is a continuous
homomorphism from G to the compact group K. By condition (ii) of Definition 3.4.1 there exists
a continuous homomorphism (go f)* : bG — K satisfying go f = (go f)" o bg. Since z € n(G),

Definition 3.4.3 implies that

go f(x)=((go f)T oba)(z) = (g0 f)"(e) =e.

This is in contradiction with ¢g(f(z)) # e. This shows the inclusion n(G) C ker(f). O

By Remark 3.4.5, q¢ is an open surjective mapping onto the quotient G/n(G). Therefore, Claim
11 and [1, Corollary 1.5.11] imply that there exists a continuous homomorphism f~ : G/n(G) - H
from G/n(G) to H such that f = f~ o gg holds, as desired. O

Recall that a homomorphism with the trivial kernel is called a monomorphism.

Corollary 3.4.7. For every topological group G there exists a continuous monomorphism tg :

G/n(G) — bG such that

ba =g oqa. (3.2)

Proof. Since bG is a compact group, it is MAP. Applying Proposition 3.4.6 to H = bG and
f = bg, we can find a homomorphism (g : G/n(G) — bG satisfying condition (3.2). It follows from
condition (3.2), Definition 3.4.3 and Definition 3.4.4 that ker(ig) C ga(ker(bg)) = qc(n(G)) = {e}.

Therefore, gg has the trivial kernel and thus is a monomorphism. O

Corollary 3.4.8. G/n(G) is MAP for a every topological group G.
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Proof. Let 1 be a continuous monomorphism from the conclusion of Corollary 3.4.7. Clearly,
L separates the points of G/n(G). Since bG is compact by Definition 3.4.1, G/n(G) is MAP by
Definition 1.4.2(a). O

In Section 3.5 we shall see that a monomorphism tg obtained in Corollary 3.4.7 plays a very
important role in characterizing the Bohr topology of the quotient G/n(G).
The following well-known proposition establishes the direct connection between the von Neu-

mann kernel and the notions of MAP and MinAP.

Proposition 3.4.9. A topological G group is:
(i) maximally almost periodic (MAP) if and only if n(G) = {e};
(7i) minimally almost periodic (MinAP) if and only if n(G) = G.

Proof. (i) If n(G) = {e}, then G/n(G) ~ G is MAP by Corollary 3.4.8.

For the converse, let us assume that G is MAP. The identity mapping idg : G — G is
a continuous homomorphism from G to a MAP group G. By Proposition 3.4.6 there exists a
continuous homomorphism id, : G/n(G) — G satisfying idg = id; o qg. From this equality we
deduce that q¢ is injective, and therefore {e} = ker(qa) = n(G) holds by Definition 3.4.4.

(ii) Assume that n(G) = G. Let f : G — K be a continuous homomorphism from G to a compact
group K. Since K is MAP, we may apply Proposition 3.4.6 to find a continuous homomorphism
= G/n(G) = K satisfying f = f~ o qg. Since ker(qg) = n(G) = G by Definition 3.4.4, the
previous equality implies that G C ker(f). We deduce that f is the trivial homomorphism. Since
the group K and the homomorphism f : G — K were arbitrary, it follows that G is MinAP by
Definition 1.4.2(b).

For the converse, assume that G is MinAP. Since bG is compact, the continuous homomorphism

be : G — bG is trivial. This shows G = ker(bg) = n(G) as desired. O

Since n(G) = ker(bg) by Definition 3.4.3, the above proposition has an equivalent form in terms

of the universal mapping bg to the Bohr compactification bG:
Remark 3.4.10. A topological G group is:

(i) maximally almost periodic (MAP) if and only if bg is a monomorphism;
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(ii) minimally almost periodic (MinAP) if and only if bg is the trivial map.

When a topological group G is MAP, item (i) of the above remark implies that bg is a monomor-
phism. As such, G is algebraically isomorphic to the subgroup bg|[G] of its Bohr compactification
bG. Therefore, one can identify G with the subgroup bg[G] of bG, thereby making possible the

following definition (see [5]):

Definition 3.4.11. Let G be a MAP group. The group topology
" = {b;'(U) : U is open in bG}

on G is known as the Bohr topology of G, and the pair (G, ") is usually denoted by G*.

It easily follows from Remark 3.4.2 that the Bohr topology of a MAP group G is well defined
and the identity map idg : G — G is continuous.

The following is clear from the above definition.

Remark 3.4.12. For a MAP topological group G the group G™ is isomorphic to the image bg[G]

of G under the associated mapping bg : G — bG to its Bohr compactification bG.

3.5 Universality through categorical reflection

Throughout Section 3.4 we encountered two distinct types of universal objects for topological
groups. One of them is the Bohr compactification (Definition 3.4.1) which satisfies universality
with respect to compact groups. The other is the quotient of a topological group with respect to
its von Neumann kernel which is universal with respect to MAP groups (Proposition 3.4.6). In this
section we give the appropriate categorical interpretation of the universality of these two objects.
In order to do this, we need to recall the following folklore terminology cited from [38, Definition

9.1], with some simplifications.

Definition 3.5.1. (i) For a class C of topological groups we denote by C the smallest (with
respect to inclusion) class of topological groups containing C which is closed under taking

arbitrary products and subgroups.
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(ii) Given a topological group G and a class C of topological groups, a topological group r(G) € C
is called a reflection of G in C provided that there exists a continuous homomorphism r : G —
r(G) (called a reflection homomorphism) satisfying the following condition: For every H € C
and each continuous homomorphism ¢ : G — H one can find a continuous homomorphism

¥ :7(G) — H such that ¢ = or.
Both the existence and uniqueness of the reflection is well known:

Proposition 3.5.2 ([38, Proposition 9.2]). For every topological group G and each class C of

topological groups, the reflection r(G) of G in C exists and is unique up to a topological isomorphism.

The following folklore proposition relates the Bohr compactification of a topological group to

its precompact reflection:

Proposition 3.5.3. For every topological group G, the image b|G| under bg is the reflection of G
in the class of precompact groups, and the reflection homomorphism coincides with the associated

map bg : G — bg|G] C bG from G to its Bohr compactification bG.

Proof. The group bg[G] is precompact, by virtue of being a subgroup of the compact group bG.
Let f : G — H be a continuous homomorphism from G to a precompact group H. Let
K be a compact topological group containing H as a subgroup. By universality of the Bohr
compactification of G (condition (ii) of Definition 3.4.1), there exists a continuous homomorphism
fT:bG — K from bG to K satisfying f = fT o bg. The previous equality implies that the range

of f* is contained in H. Consider the mapping f’ = f* [, (q): ba[G] = H. By construction

f=1FfFobg=f" lyc oba = [ oba.

By condition (ii) of Definition 3.5.1, bg[G] is the reflection of G in the class of precompact groups,

with its associated reflection mapping b : G — bg[G]. O

Recall that a topological group G is complete (in the sense of Weil) if every left Cauchy net
converges in G. Basic results about completeness can be consulted in [1, Section 3.6] and [8,

Sections 6.2 and 7).
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Corollary 3.5.4. For every topological group G, the Bohr compactification of G coincides with
the Weil completion of its reflection in the class of precompact groups. The associated universal

mapping coincides with the reflection mapping.

Proof. Denote by H the reflection of G in the class of precompact groups and denote by r : G — H
the associated reflection mapping. It suffices to prove that the Weil completion cH of H is the

Bohr compactification of G with r as its associated mapping.

Claim 12. The group cH is compact.

Proof. Since the group H is precompact, we may assume that it is a subgroup of some compact
group K. Every compact group is Weil complete [8, Lemma 7.2.6], so the Weil completion cH of H
is contained in K. Since every Weil complete subgroup of K is closed (see [8, Proposition 6.2.7]),

this shows that cH is a compact group. O
Claim 13. The reflection map r : G — H C cH satisfies all conditions of Definition 3.4.1.

Proof. Since r(G) = H is dense in its completion cH, item (i) of Definition 3.4.1 holds.

Let us check item (ii). Let f : G — K be a continuous homomorphism to a compact group K.
Since K is precompact and H = r(G) is the precompact reflection of G, it follows from condition
(ii) of Definition 3.5.1 that there exists a continuous homomorphism f : H — K satisfying f = f or.
Since K is compact, it is Weil complete [8, Lemma 7.2.6]. Therefore, [8, Theorem 6.2.4] allows
us to find a continuous homomorphism ¢ : cH — c¢K = K between the completions of H and K
respectively, satisfying f = @ . This implies that g or = ¢ [ or = for = f. This equality

shows that r satisfies condition (ii) of Definition 3.4.1 for the group cH. O

By Claims 12 and 13 we conclude that ¢H together with the mapping r : G — cH satisfies all

conditions of Definition 3.4.1, as desired. [

In Proposition 3.4.6 we established that, for any topological group G, the quotient G/n(G)
features some universality with respect to the class of MAP topological groups. The following

proposition interprets this universality in categorical terms.
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Proposition 3.5.5. For every topological group G, its quotient group G/n(G) is the reflection of
G in the class of MAP topological groups, with the quotient map qc : G — G/n(G) playing the role

of the reflection homomorphism.

Proof. The reflection of GG in the class of MAP groups is unique up to isomorphism by Proposition
3.5.2. It then suffices to verify the conditions of Definition 3.5.1 for the group G/n(G) and the
mapping ¢g. The group G/n(G) is MAP by Corollary 3.4.8. Finally, Proposition 3.4.6 shows that
the map q¢ satisfies condition (ii) of Definition 3.5.1 with the group G/n(G), thereby acting as the

reflection map for G in the class of MAP groups. O

We are now ready to state the main result of this section.

Theorem 3.5.6. For a topological group G, the subgroup bg[G] of its Bohr compactification bG is
the precompact reflection of the quotient G /n(G), with a monomorphism v : G/n(G) — bG from

Corollary 3.4.7 as the associated reflection homomorphism.

Proof. Since a map v satisfies condition (3.2), we have 1[G /n(G)] = bg|G]. The group bg[G] is
precompact, so it now suffices to show that tg serves as the associated reflection mapping to the
class of precompact groups. Let f: G/n(G) — H be a continuous homomorphism to a precompact
group H. Since H is precompact, it is a subgroup of some compact group K. Since foqg: G — K
is a continuous homomorphism from G to K, by condition (ii) of Definition 3.4.1 we can find a
homomorphism (f o gg)" : bG — K satisfying f o q¢ = (f 0 qg)" o bg. From condition (3.2) we
have

)+

foaga=(foga)toba=(foqa) oigoqc.

Since qg is surjective, we obtain that

f=(foaqc)" o

This shows that bg[G] together with the mapping tg satisfies condition (ii) of Definition 3.5.1 for
the class of precompact groups. Our conclusion now follows from the uniqueness of the precompact

reflection of G (Proposition 3.5.2). O
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Corollary 3.5.7. For every topological group G, the group bG is the Bohr compactification of

G /n(G) with a monomorphism v from Corollary 3.4.7 as the associated mapping.

Proof. Apply Theorem 3.5.6 to deduce that the group bg[G] is the precompact reflection of G/n(QG)
with tg as its associated reflection mapping. Next, apply Corollary 3.5.4 to deduce that the
Weil completion bG of bg[G] is the Bohr compactification of G/n(G) with ¢ as the associated

mapping. O
The next corollary describes precisely the Bohr topology of the quotient G/n(G):

Corollary 3.5.8. For every topological group G, the subgroup bg|G| of bG is topologically isomor-
phic to (G/n(G))*.

Proof. Indeed, by Corollary 3.5.7 the subgroup (g[G/n(G)] of bG is the image of G/n(G) under
the associated mapping to its Bohr compactification. Remark 3.4.12 implies that (¢[G/n(G)] is
isomorphic to (G/n(G))*. It suffices to note condition (3.2) implies that ¢[G/n(G)] = bg[G]. This

shows that bg[G] is isomorphic to (G/n(G))™. O

3.6 When is a topological group MinAP modulo a property P?

For any property P of topological groups which is invariant under surjective continuous homomor-
phisms, the following result reduces the difficulty of checking if a topological group G is MinAP

modulo P to the verification of property P for the image of GG in its Bohr compactification bG.

Theorem 3.6.1. Let G be a topological group and let bg : G — bG be a canonical mapping to
its Bohr compactification. Let P be a property of topological groups invariant under surjective
continuous homomorphisms. Then G is MinAP modulo P if and only if its image bg[G] in the

Bohr compactification bG has property P.

Proof. Assume that G is MinAP modulo P. Since the homomorphism bg : G — bG is continuous,
and the group bG is compact, the image be[G] has property P by Definition 3.2.1.

For the converse, let us assume that the image bg[G] has property P. Let K be a compact
topological group, and assume that f : G — K is a continuous homomorphism from G to K.

By the universality of the Bohr compactification (condition (ii) of Definition 3.4.1), there exists a
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continuous homomorphism f* : bG — K from bG to K such that the equality f = f* o bg holds.

This implies that
fIG] = T [belG])-

Recall that P is an invariant of surjective continuous homomorphisms. Since b;[G] has property

P, its continuous image f1[bg[G]] also has property P. This concludes our proof. O
From Corollary 3.5.8 and Theorem 3.6.1, we obtain the following

Corollary 3.6.2. Let P be a property of topological groups invariant under surjective continuous
homomorphisms. Then a topological group G is MinAP modulo P if and only if (G/n(G))" has

property P.

When the topological group G in question is assumed to be MAP, we can obtain the following

simplification of the above corollary:

Corollary 3.6.3. Let P be a property of topological groups invariant under surjective continuous

homomorphisms. A MAP group G is MinAP modulo P if and only if GT has property P.

Proof. Since G is MAP, we have n(G) = {e} by Proposition 3.4.9(i), so the quotient G/n(G) is
topologically isomorphic to G. We then apply Corollary 3.6.2 to deduce that G is MinAP modulo

P if and only if G* has property P. O

In case our group is not MAP, we can use a simpler version of Corollary 3.6.2 to verify the

MinAP modulo P property for some carefully selected properties P:

Corollary 3.6.4. Let G be a topological group and P be a property of topological groups invariant
under surjective continuous homomorphisms. If the quotient group G/n(G) has property P, then

the group G is MinAP modulo P.

Proof. Assume that the quotient H = G/n(G) has property P. The mapping by : H — bH is a
continuous homomorphism from H to its Bohr compactification bH. Since H has property P and P
is invariant under surjective continuous homomorphisms, the image by [H] has property P. Finally,
by Remark 3.4.12 the image by [H] is topologically isomorphic to HT. Since HT = (G/n(G))* has

property P, we conclude that G is MinAP modulo P by Corollary 3.6.2. O
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It is worth restating Theorem 3.6.1 for the concrete classes P discussed in Figure 1. The nicest

reformulation is obtained for the algebraic properties:

Corollary 3.6.5. A topological group G is MinAP modulo finite (bounded, torsion) if and only if
the quotient G /n(G) of G with respect to its von Neumann kernel n(G) is finite (bounded, torsion,

respectively).

Proof. Indeed, let P be one of the three algebraic properties: finite, bounded, or torsion. Each of the
three properties P are invariant under surjective (continuous) homomorphisms, and the topological
group (G/n(G))™ has property P if and only if the (abstract) group G/n(G) has property P. Now

the conclusion follows from Corollary 3.6.2. O

Remark 3.6.6. It follows from Corollary 3.6.5 that a topological group G is MinAP modulo finite

if and only if its von Neumann kernel n(G) has finite index in G.

Corollary 3.6.7. A topological group G is MinAP modulo compact (connected) if and only if the

topological group (G/n(G))t is compact (connected, respectively).

Proof. Both compactness and connectedness are invariant under (surjective) continuous mappings,

so the conclusion follows from Corollary 3.6.2. O
We finish this section with two examples.

Example 3.6.8. The real line R is connected (so MinAP mod connected by Proposition 3.3.4(ii)),
yet it is not MinAP mod compact. This shows that arrow 8 of Figure 1 is not reversible. To check
this, we shall need to recall the folklore fact that RT is not compact. Indeed, if RT was a compact
group, then the identity mapping idg : R — R™ would be a continuous surjective homomorphism
between locally compact groups. Since R is a countable union of compact subsets (o-compact),
the open mapping theorem ([8, Theorem 7.3.1]) would imply that the identity mapping idr above
is open. Therefore, R and R™ would be topologically isomorphic, and therefore R itself would be
compact, which is a contradiction.

Being locally compact, R is a MAP group by the Peter-Weyl theorem. Since R™ is not compact,

R is not MinAP mod compact by Corollary 3.6.3.

The infinite cyclic group Z behaves in a rather “extreme” manner.
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Example 3.6.9. Every group topology on the integers 7 is either MAP or MinAP modulo finite.
Indeed, recall that every non-trivial subgroup of Z has finite index. This implies that if 7 is a group
topology on the integers with a non-trivial von Neumann kernel, then the topological quotient
Z/w(Z, ) is a finite group. We then apply Corollary 3.6.4 to see that (Z, 7) is a MinAP mod finite
group. If we now assume that 7 is a group topology on Z with a trivial von Neumann kernel, then

(Z,7) is now a MAP group by Proposition 3.4.9(i).

The above argument shows, in particular, that every non-MAP group topology of the integers
is MinAP modulo finite. As we shall see in the following section, any Abelian topological group
can be equipped with a MinAP modulo finite group topology by carefully using some well-known

results.

3.7 Abelian groups where MinAP modulo connected coincides with
MinAP
Let us recall the following terminology.

Definition 3.7.1 ([15]). An Abelian group is a Markov group if for every positive integer m € N

the subgroup mG of G is either trivial or has cardinality c.

The Markov groups play a key role in Dikranjan and Shakhmatov’s solution [15] of Markov’s

ancient problem on Abelian connected group topologies (see and [29, 30]):

Theorem 3.7.2 ([15, Theorem 1.9, Corollary 1.10]). For an Abelian group G, the following condi-

tions are equivalent:
(i) G is a Markov group,
(ii) G admits a connected group topology.

We shall use the following straightforward lemma which can be extracted from [12, Proposition

2.2]:

Lemma 3.7.3. Let G be an Abelian group. If G satisfies the inequality ro(G) > ¢, then G is a

Markov group.
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In Remark 3.3.3 we established that the MinAP modulo connected property coincides with
MinAP for Abelian torsion groups. This motivates us to find which algebraic restrictions on an
Abelian group happen to make this equivalence hold (see Question 3.10.2).

Remark 3.3.3 shows that torsion groups belong to the class of groups asked for in Question
3.10.2. The following strengthening of [11, Lemma 6.3] shows that we are able to add a number of
additional group types to this list, not all of which are necessarily torsion.

For our following theorem, we shall take advantage of working in the Abelian realm. It is well
known that in Abelian groups one may substantially simplify Definition 1.4.2(b) thanks to the

classical Peter-Weyl theorem:

Proposition 3.7.4 ([8, Section 9]). If G is an Abelian topological group, then

(a) G is MAP if and only if the family of continuous characters of G separates its points; and

(b) G is MinAP if and only if the only continuous character of G is trivial.

Theorem 3.7.5. If an Abelian group G satisfies the inequality ro(G) < ¢, then every MinAP

modulo connected group topology on G is MinAP.

Proof. We proceed by contradiction, so let us assume that G is equipped with a MinAP modulo
connected group topology which is not MinAP. By Proposition 3.7.4(b) there exists some non-
trivial continuous character y : G — T of G. Since T is compact and G is MinAP modulo
connected, the image x(G) C T is a connected subgroup of the circle group. Since x is a non-trivial
character of G, the image x(G) is a non-trivial connected subgroup of T. The circle group contains
no connected subgroups other than itself and {0}, and so we obtain that x(G) = T. This proves
that the algebraic quotient G/ker(y) is algebraically isomorphic to the circle group T. It follows
from (1.3) that
¢ =719(T) = ro(G/ker(x)) < ro(Q).

This contradicts our hypothesis of G satisfying ro(G) < ¢. We conclude that G is MinAP. This

shows that every MinAP modulo connected group topology on G is MinAP, as desired. 0

The following particular cases are worth stating for the cases where they are easier to verify.

60



3.8. ALGEBRAIC STRUCTURE OF ABELIAN MINAP MOD CONNECTED GROUPS

Corollary 3.7.6. If an Abelian group G satisfies either of the following properties, then every

MinAP modulo connected group topology on G is MinAP:
(i) G is torsion, or
(ii) There exists some positive integer m € Nt such that 0 < |mG| < c.

Proof. (i) If the group is torsion, then it contains no torsion-free elements. This implies that
ro(G) = 0, and so the conclusion follows from Theorem 3.7.5.
(ii) By the contrapositive of Lemma 3.7.3, the group G satisfies the inequality 7o(G) < ¢. The

conclusion follows from Theorem 3.7.5 as well. O

Theorem 3.7.5 goes in hand with the example presented in [51] which shows that arrow 3 of

Figure 3.1 is not reversible:

Example 3.7.7 (|51, Example 6.8]). The Euclidean topology on the real line R is MinAP modulo

connected, but not minimally almost periodic.

This example shows the limitations of Theorem 3.7.5. Indeed, since R is a divisible group, the
subgroup mR = R has cardinality ¢ for all positive integers m € NT. So we may not improve
Theorem 3.7.5 by asking for bigger cardinality.

Finally, we can give a different interpretation of Corollary 3.7.6(ii) for finding counter-examples.
Indeed, item (ii) states that any topological group G' which is counter-example to the reversibility
of arrow 3 in Figure 3.1 is a Markov group.

Combining this with our interpretation of Corollary 3.7.6(ii) as well as Theorem 3.7.5, we
deduce that every possible counter-example to the reversibility of arrow 3 is a group which admits

a connected group topology and with ¢ size 0-rank.

3.8 Algebraic structure of Abelian MinAP mod connected groups

In the following theorem we describe the algebraic structure of Abelian groups which admit a

MinAP modulo connected group topology. We begin with the following necessary condition:

Theorem 3.8.1. Let G be an Abelian group G. If G admits a MinAP mod connected group topology,

then for all m € N the subgroup mG = {mg : g € G} is either trivial or infinite.
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Proof. If G is MinAP mod connected, Theorem 3.6.1(iii) implies that (G/n(G))" is connected. We

have two cases, depending whether the group (G/n(G))™ is trivial or not.

Claim 14. The result holds if (G/n(G))™" is trivial.

Proof. If (G/n(G))™ is trivial, then the group G/n(G) is trivial as well. This implies that G = n(G),
and so G is minimally almost periodic. If there exists some m € N such that mG is a finite group,
then mG is a compact and continuous surjective image of G (under the mapping which sends each
g € G to mg). Since G is minimally almost periodic and the group mG is compact, then it must
be trivial by Definition 1.4.2(b). This shows that for each m € N the group mG is either the trivial

group or infinite. O
Claim 15. The result holds if (G/n(G))™" is non-trivial.

Proof. The group (G/n(G))* is connected by Theorem 3.6.1(iii) (and therefore MinAP mod con-
nected), precompact and non-trivial. Every precompact group is MAP, and so (G/n(G))™ is not
minimally almost periodic. By the contrapositive of Theorem 3.7.5 we deduce that 7o((G/n(G))*) >
¢. However, (G/n(G))™ is algebraically isomorphic to the quotient G /n(G), and therefore ro(G/n(G)) >

¢ also holds. It follows from (1.3) that

ro(G) > ro(G/n(G)) > «.

By Lemma 3.7.3 we conclude that G is a Markov group. Observe that by Definition 3.7.1 every

Markov group G satisfies that mG is either the trivial group or infinite for all m € N. O
Our desired conclusion now follows from Claims 14 and 15. O

The necessary condition found in Theorem 3.8.1 is very similar to that of a Markov group,
where the main difference is precisely the size of the non-trivial subgroups mG. For a Markov
group, these have size continuum, while in this condition we are asking for them to be infinite.
Groups with this property were key for Dikranjan and Shakhmatov’s characterization of Abelian
groups which admit a minimally almost periodic group topology (Theorem 1.4.12).

Thus, if we combine Theorem 1.4.12 and 3.8.1, we obtain the following;:
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Corollary 3.8.2. An Abelian topological group admits a MinAP modulo connected group topology

if and only if it admits a minimally almost periodic group topology.

Proof. This follows from the fact that every MinAP topology is MinAP modulo connected (arrow
3 of Figure 3.1), and Theorems 3.8.1 and 1.4.12.
O

To close this section, we would like to highlight condition (ii) of Theorem 1.4.12, which very
surprisingly links the classical MinAP property with that of connectedness. In our case, we obtain
that connectedness with respect to the Markov-Zariski topology is also a necessary and sufficient
condition to equip a group with a MinAP modulo connected group topology. We note that the
Markov-Zariski topology is not a group topology, and it is a quite complicated topology to work
with in general (even more so if our group happens to be non-Abelian). Details about this topology
(along with some history) can be consulted in a series of papers by Dikranjan and Shakhmatov (see

13, 15, 11]).

3.9 Abelian groups which admit a MinAP modulo finite group

topology

In this section we shall be applying some well-known results about the theory of Abelian minimally
almost periodic groups. Our goal is to show that, in fact, every Abelian group admits a group

topology which is MinAP modulo finite. The following well-known fact will be used to show this.

Fact 3.9.1. If GG is a bounded Abelian group, then it is a direct sum of cyclic groups

G= P éZ(pi)("“””,

pen (@) i=1

where m,, € N for all p € 7(G) and 7(G) is a non-empty finite set of primes. The cardinals oy ;
are known as the Ulm-Kaplansky invariants of G. Moreover, while some of them may be equal
to zero, the cardinals oy, are positive; these cardinals are known as the leading Ulm-Kaplansky

invariants of G.

The following is an easy corollary of this fact:
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Corollary 3.9.2. FEvery bounded Abelian group G admits a decomposition G = H @ F, where H

is a group whose leading Ulm-Kaplansky invariants are infinite and F is a finite group.

The following result of Gabriyelyan [19] is a characterization of bounded groups which admit a

MinAP group topology:

Theorem 3.9.3. A bounded Abelian group admits a minimally almost periodic group topology if

and only if all of its leading Ulm-Kaplansky invariants are infinite.

Finally, we recall the following particular case of Dikranjan and Shakhmatov’s characterization

of Abelian groups which admit a MinAP group topology (see [11]):

Theorem 3.9.4 ([11, Theorem 3.1]). Every unbounded Abelian group admits a minimally almost

periodic group topology.
With these results in hand, we are ready to obtain the main results of this section.

Theorem 3.9.5. Every Abelian group G has a decomposition G = H & F, where H is a group

which admits a minimally almost periodic group topology and F' is a finite group.

Proof. If G is unbounded, then letting H = G and F' = {0} produces the desired decomposition
by Theorem 3.9.4. Suppose now that G is bounded, and let G = H & F be a decomposition from
Corollary 3.9.2. It remains only to note that H admits a minimally almost periodic group topology

by Theorem 3.9.3. O

Corollary 3.9.6. Assume that P is a property of topological groups satisfied by all finite groups.

Then every Abelian group G admits a MinAP mod P group topology.

Proof. Let G = H & F be a decomposition from Theorem 3.9.5. We equip H with a minimally
almost periodic group topology, F' with the discrete topology and G = H & F = H x F with the
product topology.

Let f: G — K be a continuous homomorphism from G to a compact group K. Then f[H] is
the trivial subgroup of K by Definition 1.4.2(b), so f[G] = f[F] is a finite subgroup of K. Being a

finite group, f[G] has property P by our assumption. O

Applying Corollary 3.9.6 to the property P defined as “being a finite group”, we obtain the

following

64



3.10. OPEN QUESTIONS

Corollary 3.9.7. Every Abelian group admits a MinAP mod finite group topology.
Form Remark 3.2.3(i) and Corollary 3.9.7 we can deduce the following

Corollary 3.9.8. Fvery Abelian group G admits a group topology T such that every continuous

homomorphic image of (G, T) in a precompact group is finite.

3.10 Open questions

The first question is related to the algebraic structure of MinAP modulo P groups:

Question 3.10.1. Can one characterize all properties P of topological groups such that every
(Abelian) topological group admits a MinAP modulo P group topology if and only if it admits a

MinAP group topology?

By Corollary 3.8.2, we have shown that P = connected is a property which satisfies the above
equivalence in the Abelian case. So a characterization of all properties P required in Question
3.10.1 must include the topological property of being connected.

Let us now recall that all finite (and therefore, compact) MinAP groups are trivial. It follows
from Remark 3.2.3(ii) that a necessary condition for a positive answer to Question 3.10.1 is that
the trivial group is the only finite group satisfying property P.

We motivated the following question in Section 3.7:

Question 3.10.2. For which (Abelian) groups do the MinAP and MinAP modulo connected

properties become equivalent?

We provide a partial answer to this question in the Abelian case in our Theorem 3.7.5. In this
result we prove that if a group has O-rank less than the continuum ¢, then the above question is
affirmative. The case of Abelian groups with more than continuum 0-rank is open, as well as all

non-Abelian variants.

Question 3.10.3. Consider any of the new properties introduced in Figure 3.1. Can one show

that every (Abelian) group admits a (Hausdorff) group topology in this class?

This question was answered positiviely in the realm of Abelian groups for MinAP modulo finite,

torsion, bounded and compact in Corollary 3.9.6, as these four properties are possessed by all finite
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groups. The only property from Figure 3.1 which answers this question negatively for Abelian

groups is connectedness, as proved in Corollary 3.8.2.

Question 3.10.4. For a “reasonable” property P of topological groups, can one describe the

algebraic structure of (Abelian) groups which admit a MinAP mod P group topology?

This question is answered partially in Corollary 3.9.6. The solution we present lies in the realm
of Abelian groups, and it holds for every property P of topological groups which is satisfied by all
finite groups. As a consequence, the above question remains open (in the Abelian case) for any
property P not satisfied by all finite groups. The question is open in general in the non-Abelian

case.
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Chapter 4

SSGP group topologies on Abelian

groups of positive finite divisible rank

4.1 Introduction

The main goal of the chapter is to provide a positive answer to (a more general version of) Ques-
tion 1.5.13 given in Theorem 4.7.4. It follows from this theorem that [16, Theorem 13.2] holds

unconditionally; that is, the next theorem holds:

Theorem 4.1.1. For an abelian group G satisfying 1 < rq(G) < w, the following conditions are

equivalent:
(i) G admits an SSGP topology;
(7i) G admits an SSGP(«) topology for some ordinal o;
(7ii) the quotient H = G/t(G) of G with respect to its torsion part t(G) has finite rank ro(H) and
r(H/A) = w for some (equivalently, every) free subgroup A of H such that H/A is torsion.

A combination of Theorems 1.5.11, 1.5.12 and 4.1.1 provides to Question 1.5.10(a) for Abelian
groups. Similarly, the implication (iii)—(i) of the next corollary provides a complete solution to
Question 1.5.10(b) for Abelian groups. Both items of Question 1.5.10 remain widely open for

non-commutative groups.

Corollary 4.1.2. For an abelian group G, the following conditions are equivalent:
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(i) G admits an SSGP topology;

(7i) G admits an SSGP(«) topology for some ordinal o;

(iii) G admits an SSGP(n) topology for some integer n > 1.

Proof. The implication (i)—(iii) follows from (1.7), while the implication (iii)—(ii) follows from
Theorem 1.5.9(iv).

(ii)—(i) Let G be an abelian SSGP(«) group for some ordinal a. We consider three cases.

Case 1. rq(G) = 0. By Remark 1.2.6, G is a bounded torsion group. Since G is an SSGP(«)

group, it is minimally almost periodic by Theorem 1.5.9(iii), so G is SSGP by Theorem 1.5.7.

Case 2. 1 <14(G) < w. In this case G admits an SSGP topology by the implication (ii)—(i) of

Theorem 4.1.1.

Case 3. 14(G) > w. In this case G admits an SSGP topology by Theorem 1.5.12. O

The rest of the chapter is organized as follows. In Section 4.2 we obtain a convenient reformu-
lation of the SSGP property. This reformulation will be used later for our main proof. In Section
4.3 we prove two lemmas about the algebraic structure of a particular type of subgroups of finite
powers Q™ of Q. In Section 4.4 we introduce the notion of a wide subgroup of Q™ and we establish
two auxiliary lemmas about wide subgroups. The main result of this chapter is Theorem 4.7.4
which states that the direct sum G & H of a wide subgroup G of Q™ and an at most countable

abelian group H admits a metric SSGP topology 7.

We employ the strategy described in Section 1.6. First, we introduce a partially ordered set
(P, <) in Section 4.5. Next, we define in (4.32) a countable family 2 of subsets of (P, <). Section
4.6 collects lemmas establishing the density in (P, <) of various sets participating in the family 2.
The “technical heart” of this section is Lemma 4.6.6 which is responsible for the SSGP property of
7. In Section 4.7, we select a linearly ordered subset F of (P, <) intersecting all members of the
family 2 of dense subsets of (P, <).We produce a countable base of neighbourhoods of zero for .7

is defined via elements of F.
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4.2 An auxiliary reformulation of the SSGP property

Definition 4.2.1. For a subset A of group G and k € N, we let

J
<A>k:{Hailjgk,al,...,CLJ‘EA}- (41)
i=1

Remark 4.2.2. If A is a subset of a group G such that A = A1, then (A) = Uycn+ (A)k-
Using the notation from (4.1), one can get a convenient reformulation of the SSGP property.
Proposition 4.2.3. For a topological group G, the following conditions are equivalent:
(i) G has the small subgroup generating property SSGP;
(ii) G = Upen+ W - (Cyc(W))i, for every neighbourhood W of the identity of G;

(iii) for each g € G and every neighbourhood W of the identity of G, there exist k € Nt (depending

on g and W), go € W and gi1,...,9x € G such that g = Hf:ogi and (g;) C W for i €
{1,...,k}.

Proof. (i)—(ii) Suppose that G has the small subgroup generating property. Let W be a neighbour-
hood of the identity e of G. Since Cyc(W) = (Cyc(W))~!, we have (Cyc(W)) = Uyen+ (Cyc(W))k
by Remark 4.2.2. Furthermore, (Cyc(W)) is dense in G by Definition 1.5.5, so

G=W-(CyeW)) =W (J (CyecMh = |J W (Cye(W))i.
keN+t keNt

(ii)—(i) Suppose that G has the property from (ii). Fix a neighbourhood U of e in G. By
Definition 1.5.5, to check that G has the small subgroup generating property, it suffices to prove
that (Cyc(U)) is dense in G. This is equivalent to establishing that G = V - (Cyc(U)) for ev-
ery neighbourhood V of e in G. Let V be such a neighbourhood. Then W = U NV is also a

neighbourhood of e in G, so we can apply (ii) to this W to obtain

G=|J W (CyeW) =W- | (Cye(W)) V- |J (Cye(U))x CV - (Cyc(U)).
keNt keNt keNt

The converse inclusion V' - (Cyc(U)) C G is clear.
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(ii)<>(iii) follows from (1.2) and (4.1). O

4.3 The algebraic structure of subgroups Q7' of Q™"

Definition 4.3.1. For a non-empty set 7 of of prime numbers, we use Q, to denote the set of all
rational numbers ¢ whose irreducible representation ¢ = z/n with z € Z and n € N7 is such that

all prime divisors of n belong to w. For convenience, we let Qp = Z.
Definition 4.3.2. Given an integer s € Z, we shall denote by [s] the subgroup sZ of Q.
A straightforward proof of the following lemma is left to the reader.
Lemma 4.3.3. Let 1 CP and m € NT. Then:
(i) Qr is a subgroup of Q, so QI is a subgroup of Q™.
(ii) Z C Qx, and so [s]™ C Q7 for each s € N*.
(iii) If  C ' C P, then Qr C Q, and so QF C Q.
Our next lemma clarifies the algebraic structure of subgroups Q7" of Q™.

Lemma 4.3.4. (A) Suppose that s € Z, k € N*, g1,..., 9, € Q™, 7, 71,..., T € [P]<Y,
mg Cm Cmp C -0 C g, (4.2)

and the following conditions hold for every j € {1,...,k}:
(a;) gj € QT
() ()N QT C 5],
Then:
(i) ({91,-..,9:}) +Q C QY for everyi € {1,...,k}.
(i) ({gir-- - 96}) NQR_ C [s]™ for everyi e {1,...,k}.

(B) In addition to the assumptions of(A), suppose that for every j € {1,...,k},
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(cj) lg; ¢ QF _, for every l € Z\ {0} satisfying |I| < k.

Finally, assume that g € QT , J is a proper subset of {1,...,k}, l € Z, |l| < k and

™’

lgo € ({g;:7 € J}) +Qn, (4.3)
where
k
o=9-Y_ g (4.4)
j=1
Then 1 = 0.

Proof. First, we check item (A).

(i) Let i € {1,...,k}. Fixj € {1,...,4}. Then 7; C m; by (4.2). Applying Lemma 4.3.3 (iii), we
get Q7" € Q7. Since g; € Q7 by (aj), we obtain g; € Q). Since this holds for all j € {1,...,i},
we conclude that {g1,...,9;} € QF:. Since mo C m; by (4.2), applying Lemma 4.3.3 (iii) once
again, we obtain Q' C Q. Since Q7 is a subgroup of Q™ by Lemma 4.3.3 (i), this implies
(g1,---,9i}) + Qi <

(ii) We use induction on k.
Basis of induction. If k = 1, then the conclusion of (ii) holds by (by).

Inductive step. Let k > 2 and suppose that (ii) has already been proved for k — 1.
Let i € {1,...,k}. Fix
€ <{gla o 7gk}> N Qﬂ'l 1 (45)

Then there exist z € ({gi,...,9k—1}) and y € (gx) such that h = = + y. In particular, x €

by item (i), as 0 € Q}. Asi—1 < k — 1, we have m;_1 C m_1 by (4.2), which implies

7'('k 1
o, € Qp | by Lemma 4.3.3 (iii). From this and (4.5), we obtain h € QF, . Therefore,
y=h—-2eQp | = Qp ,as QF | is a subgroup of Q™ by Lemma 4.3.3(i). Now we

consider two cases.

Ifi <k, thenic {1,...,k—1},50 ({gi,..., gr—1})NQY_, C [s]™ by our inductive assumption,
which implies x € [s]™. Since y € [s|™ as well, h=x+y € [s]" + [s]™ = [s]™

Suppose now that i = k. Then h € (gr) NQJ by (4.5), so h € [s]™ by (bg).

Tk—1
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Next, we check item (B). From (4.3) and (4.4), we get
k
lg =D lg; € ({g;: € T} + Q.
j=1

Since Q}! is a subgroup of Q™ by Lemma 4.3.3 (i) and g € Q7 by our assumption, it follows that

k
> g€ {g; €T} +Qp. (4.6)
j=1

Since J is a proper subset of {1,...,k}, we can fix i € {1,...,k}\ J. From this and (4.6), we can
find

T € <{gl,...,gi_1}> and Yy e ({gi+1,...7gk}> (47)

such that

lg; 61’+Z/+Q7Trn0- (4.8)

(If i = 1, we define ({g1,...,9i—1}) = {0}, and if i = k, we define ({g;11,...,9x}) = {0}.) Then

yelg —x+Qn € (g9) — {g1,---,9i1}) +Qp = {g1,.-.,9:}) +Q, € Q

by (A)(i) and our special definition of ({g1,...,¢i—1}) in case i = 1. Recalling the second inclusion
in (4.7), we get y € ({giv1,--.,9%}) N Q. If i < k, then applying (A)(ii), we conclude that
y € [s]™. Combining this with Lemma 4.3.3(ii), we get y € Q' . If i = k, then y = 0 by
(4.7) and our special definition of ({giy1,...,gx}) in case i = k given after (4.8). Since Q) | is a
subgroup of Q™ by Lemma 4.3.3(i), we get y € Q.

From the first inclusion in (4.7) and (A)(i), we get = € Q}!_ . Note that Q' C Q' | by (4.2),

as i € {1,...,k}. Since Q'  is a subgroup of Q™, from z,y € Q the inclusion Q7 € Q7!

m
Ti—17 Ti—1

and (4.8), one obtains lg; € Q! . Since | € Z and |I| < k, applying (c;), we get [ = 0. O

4.4 Wide subgroups of Q™

Our next definition gives a name to subgroups of Q™ having the property from [16, Question 13.1].
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Definition 4.4.1. Let m € N*. We shall call a subgroup G of Q™ wide if Z™ C G and G\ Q™ # ()

for every m € [P]<Y.

Lemma 4.4.2. Let m € N, G be a wide subgroup of Q™, m € [P]<%, k € N* and s € Z\ {0}.

Then there exists g € G such that:

(i) (9) N Q7 C [s]™,

(7i) lg ¢ QI for every l € Z\ {0} satisfying |l| < k.

Proof. Let w be the set of all prime numbers not exceeding max{k, s}. Then 7’ = 7 Uw € [P]<¥.
Since G is wide, we can find h € G\ Q. Let h = (h1,...,hy), where hy,..., hy € Q. For every
i€{l,...,m}, let h; = a;/b; be the irreducible fraction with a; € Z and b; € N*.

Since h ¢ Q, we can fix t € {1,...,m} such that hy ¢ Q.. Since a;/b; is an irreducible
representation of by € Q \ Q,v, we can fix p € P\ «’ dividing b;. Since @w C 7’ and p € P\ 7/, we

have p € P\ w. Since w includes all prime numbers not exceeding max{k, s}, we conclude that

p > max{k, s}. (4.9)
For every i € {1,...,m}, let
n; = max{n € N: p" divides b;}. (4.10)
Then
¢i = b /p™ € N is not divisible by p. (4.11)
Note that
ne > 1, (4.12)

as p divides b; by our choice of p. It follows from s € N and (4.11) that

mo = sc1---Cm € N. (4.13)
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Since G is a group and h € G, it follows that ¢ = mgh € G. Note that

g = (moh1,...,mohp). (4.14)

We claim that ¢ is the required element of G, that is, conditions (i) and (ii) are satisfied.

Fix i € {1,...,m}. It follows from (4.11) and (4.13) that

. b . d:
moh; = scica - - 'cm% =3 H ¢j TZZ% =35 H ¢j % = Snz, (4.15)
’ =g )P0 =g )PP
where
di=c1-- Ci—1QiCit1 " Cm € Z. (416)

Claim 16. The right-hand side of (4.15) is the irreducible representation of mgh;.

Proof. If n; = 0, then p™ = 1, so sd;/1 is the irreducible representation of mgh;. Suppose now that
n; > 1. In this case, it suffices to check that neither s nor d; is divisible by p. The first statement
follows from (4.9). Since n; > 1, (4.10) implies that p divides b;. Since a;/b; is an irreducible
fraction, p does not divide a;. By (4.11), no ¢; is divisible by p. By (4.16), this means that p does
not divide d;. O

(i) By (4.14), in order to check (i), we need to show that (moh;) N Qr C [s] for every i €
{1,...,m}. Fix such an i. Let x € (mgoh;) N Q. Then x = Imgh; for some [ € Z. Since p ¢ ,
it follows from = € Q, Definition 4.3.1 and Claim 16 that p™ must divide [, so [ = p™il’ for some
' € Z. Therefore, x = lmoh; = I'sd; by (4.15). Since I’ € Z and d; € Z by (4.16), we conclude that
x € [s|. This implies (mgh;) N Qr C [s].

(ii) By (4.14), in order to check (ii), it suffices to show that Imgh; ¢ QI for every | € Z \ {0}
satisfying |/| < k. Fix such an [. Since |l| < k < p by (4.9), p does not divide I. Recalling Claim 16
and (4.15), we conclude that [sd;/p™ is the irreducible representation of lmgh:. Since p ¢ 7 and

ng > 1 by (4.12), from this and Definition 4.3.1, we obtain that Imoh; & Q. O

Lemma 4.4.3. Let m € NT, G be a wide subgroup of Q™, my € [P]<¥, k € N* and s € Z \ {0}.

Then there exist an increasing sequence wg C m C wo C - - - C 7w of finite subsets of P and elements
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g1,--.,9x € G such that conditions (a;), (b;), (¢;) of Lemma 4.3.4 hold for every j € {1,...,k}.

Proof. Use finite induction on k¥ € NT based on Lemma 4.4.2. O

4.5 The poset (P, <)

From now on we shall follow the standard set-theoretic practice of using the inclusion m € n for
n € N as an abbreviation for “m € N and m < n”.

In this section we define a (technically rather involved) poset (P, <) which will be used to
construct a metric SSGP topology .7 on the direct sum G @& H of a wide subgroup of Q™ for
m € NT and an arbitrary at most countable abelian group H. The definition of the poset itself
does not require the group G to be wide and the countability restriction on H is not essential, so

we impose neither of these two conditions in the next definition.

Definition 4.5.1. Let H be an abelian group. For a fixed m € NT, consider the direct sum
Q™ @ H. Furthermore, let G be a subgroup of Q™ containing Z™. Then the sum G+ H =G H

is direct.

(a) Let P be the set of all structures p = (7P, nP, {U? : i € n? + 1}, {s! : i € n? + 1})) satisfying:

(1) = € [P]=,

(2p) n? €N,

(3p) st € NT for every i € nP +1,

(4p) 0€UP C(GNQY) + H for every i € n? + 1,
(5p) —UP = U? for every i € n? + 1,

(6p) U + [sP]™ = U? for every i € n? + 1,

(7p) Uip+1 + Uﬂl - Uip for every i € nP,

7

(8p) s divides ¥, for every i € n?.

(b) Given structures

p={(mP,nP AU :ien? +1},{sV:ien’+1}) eP
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and

q=(m1,n?{U!:ien?+1},{s]:ien?+1}) P,

we define ¢ < p if and only if:

(iiff) UIN(Q% + H) = U? for every i € n? + 1,

(2
(ivh) s} = s for every i € nP + 1.

Remark 4.5.2. Let p = (#?,n?, {U" : i € n? + 1},{s? : i € n? 4+ 1})) € P. Then:

(i) U, CU! for everyi € nP. Indeed, 0 € U}, by (4,),s0 U, =04+ U}, CUL+U}, CU!

by (717)-

(ii) [sP]™ C U? for every i € nP + 1. Indeed, UF + [s]™ = UP by (6,). Since 0 € U? by (4,),

this implies [s!]™ C UP.
A straightforward proof of the following lemma is left to the reader.
Lemma 4.5.3. (P, <) is a poset.
Lemma 4.5.4. P # (.

Proof. Define 7P = (), n? =0, sh =1, U} = Z™, and

p= ("0 {U i € 1}, {s] : i € 1})) = (0,0,{U7}, {s})-

To show that p € P, we need to check the conditions (1,)-(8,) of Definition 4.5.1 (a). Conditions
(1,)-(3p) are clear, and conditions (7,) and (8,) are vacuous. Conditions (5,) and (6,) are satisfied,
as U} = Z™ is a subgroup of Q™ and [1]™ = Z™. Finally condition (4,) is satisfied because
Ul =7Z" CGNQr C (GNQgr)+ H by our assumption on G in Definition 4.5.1, Lemma 4.3.3(ii)

and 0 € H. O

Lemma 4.5.5. Givenp € P, g € GNQY, and h € H with g+ h # 0, one can find ¢ € P such that

g<p,ni=nP+1and g+h & Upa.

76



4.5. THE POSET (P, <)

Proof. Let
o 79 =7P,
e N4 =nP+1,
o Ul =U! and s! = s for every i € n? + 1.

It remains only to define U/, and s,.
Since Nen+ [kshe |™ = {0} and g + h # 0, there exists k € N* such that g + h & [ks),]™.

Define s}, = ksh,. Since sb, € NT by (3,,) and k € N, we see that s, € Nt and

sb, divides si,. (4.17)
By our choice of s,, we have
g+hg [s8)m (4.18)
Finally, we define
qu = [S%Jm- (4.19)

Claim 17. ¢ = (n9,n?, {U!:i e n?4+1},{s! :i € n?+ 1})) € P.

Proof. According to Definition 4.5.1 (a), we have to check that the structure ¢ satisfies conditions
(14)-(8¢). By our construction, (1), (24), (34) and (8;) hold.

Let us check conditions (44)—(7,). Since conditions (4,)—(7,) hold and U] = U?, s! = s for
every i € nP + 1, it follows that (44)—(64) hold for each i € n” +1 = n? and condition (74) holds for
each ¢ € nP. Therefore, it remains only to check the following four conditions:

(a) 0€UL, C(GNQ™M)+ H,
(b) _qu = qu’

n

(C) U,gq + [Sglq—‘m — qu,

(d) Upa + Upa € Upp-

Conditions (b) and (c¢) are immediate from (4.19) and the fact that [s,]™ is a subgroup of Q™.
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Clearly, 0 € [s%,]™ C Z™ C G by our assumption on G made in Definition 4.5.1. Furthermore,
[s1,]™ C Q%, by Lemma 4.3.3 (ii). Combining this with (4.19), we get 0 € U, C GN Q" C
(GNQT,) + H. Thus, (a) holds.

From (4.19), we get U, + ULy = [si]™ + [sie]™ = [sL,]™. Since sb, divides s, by (4.17),

we have the inclusion [s%,]™ C [sP,]™. Finally, [s",]™ C U{ by Remark 4.5.2 (ii). This finishes

the check of (d). O

The inequality ¢ < p is clear from our construction of ¢ and Definition 4.5.1 (b). Finally, from

(4.18) and (4.19), we get g + h ¢ Upa. O

4.6 Density lemmas

Definition 4.6.1. Let (P, <) be a poset. Recall that a set D C PP is called:
(i) dense in (P, <) provided that for every p € P there exists ¢ € D such that g < p;

(ii) downward-closed in (P, <) if for every p € D and ¢ € P the inequality ¢ < p implies that

q€ D.

The relation between these two notions is made apparent by the following straightforward

lemma.

Lemma 4.6.2. If A, B C P are dense subsets of a poset (P, <) and A is downward-closed, then

AN B is dense in (P, <).

Lemma 4.6.3. For every n € N, the set A, = {q € P : n < ni} is dense and downward-closed in

(P, <).

Proof. Let n € Nand p € P. If n < nP, then p € A,,, so we shall assume from now on that n? < n.
Then kK =n —nP > 1.

Note that Z"™ C G by our assumption on G and Z™ C Q7 by Lemma 4.3.3 (ii), so Z™ C GNQY,.
This allows us to fix g € GNQY, with g #0. Let h =0. Then g+ h =g # 0.

Let go = p. By finite induction on ¢ € {1,...,k}, we can use Lemma 4.5.5 to find ¢; € P
such that ¢; < ¢;—1 and n% = n%-1 +1 = nP + 4. (Note that g and h play a “dummy role” in

this argument; their sole purpose here is to make the assumptions of Lemma 4.5.5 satisfied.) Now
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G < g1 < - <q < qgo=pand n¥* =nP +k =n, so qp € A,. This shows that A, is dense in
(P, <).
Finally, given p € A,, and g € P such that ¢ < p, we have that n < nP < n?, thus showing that

g € A, and therefore that A, is downward-closed. O
Lemma 4.6.4. For every w € [P]<¥, the set B = {q € P: 7 C w} is dense in (P, <).
Proof. Let w € [P]<% and p € P. Define

e Ml =7nPUnm,

o nd=nP,

o s! = for every i € nP +1,

Ul =U? for every i € n? + 1.

A straightforward check using Definition 4.5.1 (a) shows that

q=(m,n?{U!:ien?+1},{s!:iecn?+1}) cP.

From our definition of ¢ and Definition 4.5.1 (b), one easily concludes that ¢ < p. Clearly, ¢ € B;.

This shows that B; is dense in (P, <). O

Lemma 4.6.5. The set Cyyp, = {q€P:g+he (QF + H)\ UL} is dense in (P, <) whenever

g€ G, heH and g+ h+#0.

Proof. Fix g € G and h € H such that g+ h # 0. Let r € P be arbitrary. Since g € G C Q™,
there exists 7 € [P]<“ such that g € Q. Since By is dense in (P, <) by Lemma 4.6.4, there exists
p € By such that p <r. Now 7 C 7P by definition of By, so QI C Q¥ by Lemma 4.3.3 (iii). Since
g € Q' we also have g € Q7},. We have checked that g € GN QY. Applying Lemma 4.5.5, we can
find ¢ € P such that ¢ < p <rand g+h ¢ Uya. Since ¢ < p, we have 7 C 7? by (i), so Q7% C Q™
by Lemma 4.3.3 (iii). Since g € Q%, we also have g € QI,. Therefore, g + h € Q% + H. We have
proved that g+ h € (QF4 + H) \ Uy, so g € Cyyp. Since ¢ < r, this shows that Cypp, is dense in

P, <). 0
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Lemma 4.6.6. If G is a wide subgroup of Q™, then the set

Dgpn=Sqe€P:g+he | UL+ (Cyc(Ul)) (4.20)
keNt

is dense in (P, <) for allg € G and h € H.

Proof. Let g € G, h € H and p € P be arbitrary. Arguing as at the beginning of the proof of

Lemma 4.6.5, we may assume, without loss of generality, that g € Q7. Define
k=2"" +1. (4.21)

Applying Lemma 4.4.3 to mg = 7P and s = s”,, we can find an increasing sequence

nP
P =mgCm Cmy C--- Crp, =l (4.22)

of finite subsets of P and elements g1, ..., g, € G such that conditions (a;), (b;), (c¢;) of Lemma
4.3.4 (in which we let s = s£,) hold for every j € {1,...,k}.

Define go as in (4.4). Since G is a subgroup of Q™, g € Q' and (a;) holds for every j €
{1,...,k}, it follows from (4.2) and (4.4) that

{g9j:7€k+1} C QL. (4.23)

Let

k
Upp = Ul U (| {90 +h} U {=(g0 + )} U A (4.24)

By finite reverse induction, we define

Uil = U U (Ui + Uiy + [571) (4.25)

forevery i =nf —1,...,0.

Letnq:npands?zsfforeveryiEnq—l—lznp—l—l.

Claim 18. ¢ = (79, n?, {U! :ieni+1},{s!:ieni+1}) €P
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Proof. We need to check conditions (14)—(8,).

Conditions (1,)—(3,) are trivial.

(44) By (4p) and (4.25), 0 € U? C U{ for every i € n9+1 =nP+1. By (4,), U’ C (GNQ%)+H
for every i € n?+1 = nP+1. Since G is a subgroup of Q™, from this, g1,...,gx € G, (4.2) and (4.24),
it follows that U, = Ul, C G+H. Furthermore, (4.23) and (4.24) imply that U’, = Uf, C meq +H.
Since (G N Q) + H is a subgroup of Q™ + H, from this, (4.25) and finite reverse induction on
i=n?%n?—1,...,0, one concludes that U! C (GN QD)+ H for every i € n? + 1.

(5¢4) From (4.24) and (5,), we get —Upp = Uy,p. Starting with this and using (4.25), (5,) and
finite reverse induction on ¢ = n%,n? —1,...,0, one concludes that —U! = U/ for every i = n?+ 1.

(64) The equation UL, +[sh,]™ = U}, follows from (4.24) and (6,). Starting with this and using
(4.25), (6,) and finite reverse induction on ¢ = n?, n? —1,...,0, one concludes that Ul + [s!']™ = U/
for every i € n? 4+ 1. Since n? = nP and s! = s? for every i € n? + 1, this establishes (64).

(74) follows from (4.25).

(84) follows from (8,), as s! = s for every i € n? + 1. O
Claim 19. g € Dyyy,.

Proof. Tt follows from (4.24) and n¢ = n? that go+h € U, and g1, ..., gr € Cyc(Ul;). Furthermore,
g=go+ Zle gi by (4.4). Thus,
k
g+h=go+h+ Zgi S qu + (CyC(qu»k
i=1
by Definition 4.2.1, so ¢ € Dgy4 by (4.20). O
Our final goal is to prove the inequality ¢ < p. Before establishing this, we need to check two

auxiliary facts.

Claim 20. The inclusion

. nd—i
UPC S UP +1go+h)+ D g + [T L€ Z I <27 T e {1,..., k}=2 (4.26)
jeJ

holds for every i € n? 4+ 1. (Here |I| denotes the absolute value of [.)

81



4. SSGP GROUP TOPOLOGIES ON ABELIAN GROUPS

Proof. We use reverse induction on i = nP,n? — 1,...,0. For i = nP this follows from (4.24), as

n =np.

For the inductive step, suppose that i € n? and we have already proved the inclusion (4.26) for

i+ 1; that is, we have shown that

Uy SRS UR +1go +h) + D (o) + [0 1™ L€ Z, i <2770 T e {1, k=2
jeJ
(4.27)

holds. We are going to show that the inclusion (4.26) holds as well.

Let 2 € U/. By equation (4.25), either x € U} or x € U}, | + U{,; + [s]™. In the former case,
x=x+0(go + h)+ 0+ 0 is the decomposition witnessing that = belongs to the right-hand side of
(4.26). In the latter case, x = yo + y1 + sfw, where w € Z™ and y; € Ui, for t =0,1. Applying
(4.27), we can find u, € U, |, l; € Z, J; € {1,2,...,k}§2nq_i_1, be € e, (9;) and z € Z™ for
t = 0,1 such that |l;| <2 ~~1and y; = us + l;(go + h) + b; + Sf+1zt. Since z = yo + y1 + st w, it
follows that = = u+1l(go + h) + b+ ssz + sPw, where u = ug +u1, { = lo + 11, b = by + by and

z =20+ z1. Since s} divides s}, ; by (8p), s, = s} ko for some ko € Z, so

z=u+1(go+h)+b+ s (koz + w). (4.28)

Since uy € Uf,, for t = 0,1, u = wo + w1 € U, + U, € U by (7,). Since l; € Z and

l;] <21 fort = 0,1, we have [ =l + |} € Z and

] < llo| + |11] < 27—t 4 gn=im1 — g gui—i—l _ gni—i,
Since J; € {1,2,.. .,k}SQnLF1 for t = 0,1, the set J = Jy U J; satisfies

[T < |+ [Jof <2071 4 2mi it =g gt = gt

soJe{l,2,.. .,k}San_i. Since by € 3 5, (95) for t = 0,1, we have b= by +b1 € >, ;(g;). Since

zt € Z™ for t = 0,1, we have z = zg + z1 € Z™. Finally, since ky € Z, we get koz + w € Z™ and
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thus s (koz + w) € [s7]™. Combining all this with (4.28), we conclude that
xeUP+1(go+h)+ ) (g;)+ [
jeJ

withl e Z, J e {1,..., k}§2"q_i and |I| < 2""~%. This finishes the proof of the inclusion (4.26). [

Claim 21. U/ N (Q% + H) = U? for every i € n? + 1.

Proof. Tt follows from (4.25) that U’ C U/. Since U’ C Q7 + H by (4,), this establishes the
inclusion UP C U N (Q + H).

To prove the reverse inclusion, we fix an arbitrary x € Ul N (QY + H) and we are going to show
that 2 € U?. Since z € U}, we can apply Claim 20 to fix y € U?, l € Z, a finite set J C {1,2,...,k},

a family {m; : j € J} C Z and z € Z™ such that |I| < 2"~ [J| < 2"~ and

x:y+l(go+h)+2mjgj+sfz. (4.29)
JjeJ

Recall that z € Q7 + H. Furthermore, y € UF C Q7 + H by (4,). Finally, sz € Z™ C Q% by

Lemma 4.3.3(ii). Since mg = 7” by (4.22) and Q} is a group, from (4.29) we get

l(go—i—h)—i-ijgj:a:—y—sfze(@f%—i-ﬂ, (4.30)
jeJ
0
lgoe—lh—ijgj—i-Qﬂmo—l—HE<{gj:j€J}>+@?0 + H. (4.31)
jed

Since {go} U{g; : j € J} € Q™, QF € Q™, Q™ is a group and the sum Q™ + H = Q" @ H is
direct, from the inclusion (4.31) we obtain the stricter inclusion lgo € ({g; : j € J}) + Q.

As |J| < 21 < 2™ = 2" < [k by (4.21), J is a proper subset of {1,...,k}. Furthermore,
|I] <27"~% < k. Now all the assumptions of Lemma 4.3.4 are satisfied (with s = s’,), so from item
(B) of this lemma we conclude that [ = 0. From this and (4.30), we obtain .. ;m;g; € Qff + H,

so we can fix a € QY and b € H satisfying ZjeJ m;g; = a+ b. Since QT is a subgroup of Q™,
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from (4.23) we get 3 ;m;g; € Q7. Therefore,
b=—a+>» mjg; € QL +Ql CQ™
jeJ

Since b € H, we get b € Q™ N H. Since the sum Q™ + H = Q™ & H is direct, we conclude that
b= 0. Thus, Zjeijgj =ac Q. Since J C {1,...,k}, we get

> mjgi€ ({g; i€ IHNQF < ({o1,...,9:}) NQ, € [ss]™
jeJ
by Lemma 4.3.4(A)(ii) applied with s = s?,. Combining this with (4.29), we get = € y + [s),]™ +

[s?]™. Since i < nyp, st divides b, by (8p), so [sh,]™ C [s]™. This gives z € y + [sV']™ C

i

UF + [s7]™ = U7 by (6p). 0
Claim 22. ¢ < p.

Proof. We need to check conditions (if)—(ivh) from Definition 4.5.1(b). Condition (i) follows from
(4.2). Since n? = nP by our definition, (iif}) holds. Condition (iii§)) is proved in Claim 21, and (iv})

holds by the definition of s!. O

The density of Dy, in (P, <) follows from Claims 18, 19 and 22. O

4.7 Main theorem

Recall the following concepts. Let X be a set and let F be a family of non-empty subsets of X, we
say that F is a filter-base if for every pair A, B € F there exists C' € F such that C C AN B. A
filter-base F is said to be a filter if for every set F satisfying F’ C F for some F' € F the inclusion

F € F holds. Group topologies can be described in terms of filters and filter-bases as follows:

Theorem 4.7.1. Let G be a group and V(e) be the filter of all neighbourhoods of e in some group

topology T for G. Then:
(a) for every U € V(e) there exists V € V(e) such that V -V CU;

(b) for every U € V(e) there exists V € V(e) such that V~' CU;
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(c) for every U € V(e) and a € G there exists V € V(e) such that aVa™t C U.

If V is a filter(-base) on G satisfying (a),(b) and (c), then there exists a unique group topology T

on G such that V coincides with the filter of all T-neighbourhoods of e in G.
The following is clear.

Remark 4.7.2. If G is an Abelian group then Theorem 4.7.1(a) implies item Theorem 4.7.1(c).
We shall also need the following folklore lemma.

Lemma 4.7.3. If 2 is an at most countable family of dense subsets of a non-empty poset (P, <),
then there exists an at most countable subset F of P such that (F, <) is a linearly ordered set and

FND#Q for every D € 9.

Proof. Since the family 2 is at most countable, we can fix an enumeration 2 = {D,, : n € NT} of
elements of 2. Since P # (), there exists py € P. By induction on n € N*, we can choose p, € D,
such that p,, < p,_1; this is possible because D, is dense in (P, <). Now F = {p,, : n € N} is the

desired subset of P. O
The next theorem provides a positive answer to a more general version of [16, Question 13.1].

Theorem 4.7.4. Suppose that m € N* and G is a wide subgroup of Q™. Then for each at most

countable abelian group H, the direct sum K = G @ H admits a metric SSGP topology.

Proof. Fix m € N* and let G be a wide subgroup of Q™. Let H be an at most countable abelian
group. We work in the direct sum Q™ & H and consider its subgroup K =G+ H =G ® H.
Let (P, <) be the poset from Definition 4.5.1 which uses our m € N*, G and H as its parameters.
As a subgroup of Q™, GG is at most countable. Since H is at most countable as well, so is the

sum K = G 4 H. Therefore, the family

2={C, 2 e K\{0}}U{A,ND,:neN,ze K} (4.32)

of subsets of P is at most countable.
Lst us check that all members of & are dense in (P, <). By Lemma 4.6.5, each C,, for z € K\ {0}

is dense in (P,<). Let n € N and z € K. Since A,, is dense and downward-closed in (P, <) by
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Lemma 4.6.3 and D, is dense in (P,<) by Lemma 4.6.6, from Lemma 4.6.2 we conclude that
A, N Dy is dense in (P, <).
Apply Lemma 4.7.3 to find an at most countable set F C P such that (I, <) is a linearly ordered

set and F N D # () for every D € 9. For every i € N, define
Ui =| J{U? :peFandi<n} (4.33)
Our nearest goal is to show that the family
B={U;:ieN} (4.34)

is a neighbourhood base at 0 of a Hausdorff group topology .7 on K. The verification of this will

be split into three claims.

Claim 23. (1, .y Un = {0}.

Proof. Let n € N be arbitrary. Since A,,N Dy € Z by (4.32), there exists p € A,NDyNF. Therefore,
n < nP by the definition of A,. Now 0 € U} by the condition (4,) imposed on P. Since p € F and
n < nP, it follows from (4.33) that U, C U,. This shows that 0 € U,. Since n € N was chosen
arbitrarily, we conclude that 0 € (), o Un.

To prove the reverse inclusion (), .y Un € {0}, we choose z € K \ {0} arbitrarily and show that

z ¢ (N,en Un. Since Cp € 2 by (4.32), our choice of I allows us to fix p € C; NF. Then
re QL+ H)\ UL, (4.35)

by the definition of C,.

Assume that z € U,». Thus, by (4.33), there exists ¢ € F such that n? < n? and x € Ul,.
Suppose that p < ¢g. Then UP, N (Q7 + H) = U}, by (iii}). Since x € U}, this implies = € UZ,,
in contradiction with (4.35). Similarly, assume that ¢ < p. Then UY, N (Q™ + H) = UL, by (iii}),
so x ¢ Ul, by (4.35), in contradiction with # € UZ,. This contradiction shows that neither p < ¢
nor ¢ < p holds. Since p,q € IF, this contradicts the fact that IF is linearly ordered by <. This

contradiction shows that our assumption that x € Uy is false, so x ¢ [, oy Un. O

86



4.7. MAIN THEOREM

Claim 24. —U; = U; and Ujy1 + U;+1 C U; for every ¢ € N.

Proof. Let x € U;. By (4.33), this means that z € U! for some p € F satisfying i < n?. By (5,),
we know that —U? = U?, so —z € U'. Thus, —z € U; by (4.33). This proves that —U; C U;. The
reverse inclusion is proved analogously.

Finally, consider x,y € U;+1. By (4.33), there exist p,q € F such that x € Uip_H, Yy € Uqu,

i+1 <nPandi+1<ni Since < is a linear order on F, we may assume, without loss of generality,

that ¢ < p. Since i + 1 < nP, (iii}) implies z € U?

P € Ul,. Therefore, z,y € U/ . Since

i+1<n? wehavex+yec Ul

1+ UL, CU! by (7,). Then x4y € U; by (4.33). This shows that

Uit1 + Uiy1 C U, as desired. O

Claim 25. The family B as in (4.34) is a neighbourhood base at 0 of some Hausdorff group topology
Z on K.

Proof. 1t easily follows from Claims 23 and 24 that U,, C U, whenever n,m € N and n < m.
Combined with (4.34), this implies that B is a filter base. By (4.34) and Claim 24, B has the

following two properties.

e For every U € B there exists V € B such that V 4+ V C U; and

e For every U € B there exists V € B such that —V C U.

By Theorem 4.7.1 and Remark 4.7.2

7 ={0CK:YacO3UeB(a+UCO)}

is a topology on K making it into a topological group such that the family B is a neighbourhood
base at 0 comprised of .7-neighbourhoods of 0. It follows from Claim 23, Theorem 4.7.1 and

Remark 4.7.2 that .7 is Hausdorff group topology for K. O
Claim 26. The topological group (K, .7) has the small subgroup generating property.

Proof. We are going to check that (K,.7") has the property (ii) from Proposition 4.2.3 (applied to
G=K).
Let W be a neighbourhood of 0 in (K, 7). By Claim 25, there exists ¢ € N such that U; C W.
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Take an arbitrary = € K. Since A; N D, € Z by (4.32), there exists ¢ € FN A; N D,. Since

q € D, we can use (4.20) to find k € N such that

x € Uly + (Cyc(Ul))k- (4.36)

Since ¢ € A;, we have i < n?, so U, C U! by Remark 4.5.2 (i). Since g € F, from (4.33) we get

Ul CU;, so U}, CU; €W, which implies that Cyc(U,) C Cyc(W). Therefore,

Una + (Cyc(Una))is € W + (Cye(W)). (4.37)

Combining (4.36) and (4.37), we conclude that x € (J,cny+ W + (Cyc(W))y. Since this holds for

every x € K, we get K C eyt W + (Cyc(W))x. The converse inclusion is clear. O

Since (K, .7) is Hausdorff and has a countable base at 0 by Claim 25, it is metrizable. O]
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Chapter 5

SSGP topologies on free groups of

infinite rank

5.1 Introduction

The main goal of this chapter is to prove the following two theorems announced by Shakhmatov

and the author in [40]:

Theorem 5.1.1. The free group F(X) over a countably infinite set X admits a metric DW group

topology.

Theorem 5.1.2. Fvery free group with infinitely many generators admits an DW group topology.

The proofs of these two theorems are postponed until Sections 5.8 and 5.9, respectively.
In view of the first implication in (1.6), Theorem 5.1.2 provides an answer (in a stronger form)
to Question 1.5.10(a) for free groups of infinite rank.

Even a weaker version of Theorem 5.1.2 seems worthwhile stating explicitly.
Corollary 5.1.3. Free group of infinite rank admit a minimally almost periodic group topology.

Question 1.5.10(a) remains open for most other non-Abelian groups. To our knowledge, the
only other result in the non-commutative case is the following. If a set X has at least two elements,

then its symmetric group S(X) does not admit an SSGP group topology [16, Example 5.4(c)].
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Remark 5.1.4. Shortly before the arrival of galley proofs in the published version of these results,
Dmitri Shakhmatov asked Vladimir Pestov about the novelty of Corollary 5.1.3. While this result
does not seem to have appeared in published form, Vladimir Pestov informed Dmitri Shakhmatov
that he can prove a stronger version of Corollary 5.1.3 in which minimally almost periodic is replaced
with extremely amenable. Since extremely amenable groups need not have the SSGP property !,
the strengthening of Corollary 5.1.3 due to Vladimir Pestov implies neither Theorem 5.1.1 nor
Theorem 5.1.2.

This chapter is organized as follows. Basic facts about free groups are recalled in Section 5.2. In
Section 5.3 we introduce a notion of a finite neighbourhood system on a free group; this is basically
a finite initial segment of a countable family of future neighbourhoods in some group topology on
this group. In Section 5.4, a notion of an extension of a finite neighbourhood system is defined; this
is a finite neighbourhood system on a bigger free group whose traces of new neighbourhoods to the
smaller free group coincide with the original neighborhoods. In Section 5.5, we devise a technique
for extending a finite neighbourhood system to a finite neighbourhood system on a bigger group.and
a fixed set which can be viewed as a base for such an extension. Section 5.6 contains three auxiliary
lemmas, the main of which is Lemma 5.6.3 responsible for the SSGP property of the topology
under construction. In Section 5.7, we introduce a partially ordered set which is used in the proof
of Theorem 5.1.1 (the countable case); the proof itself is carried out in Section 5.8. Theorem 5.1.2
(the general case) is proved in Section 5.9. Its proof simply provides a reduction of general case to
the countable case. Finally, open questions are listed in Section 5.10.

In the proof of Theorem 5.1.1, we use a partially ordered set to produce a topology on the free
group with a countably infinite set of generators. This technique was used by the Shakhmatov and
the author recently in [39] and [42] (see Chapter 4 for the latter).

Theorems 5.1.1 and 5.1.2 were announced previously by Shakhmatov and the author in [40].

5.2 The free group F(X) over a set X

Definition 5.2.1. Let X be a set.

Tndeed, it follows from [23, Theorem 1.1] that the group Z of integer numbers admits an extremely amenable
group topology, yet it does not admit any SSGP group topology by [4, Corollary 3.14].
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i) Let Wy = {0}. For n € N*, let
(i) {0}

Wy ={a7"...a5r r0; € X,gs € {—1,1} forall i =1,...,n}.

(i) For w =25 ... 25" € Wn(X) and v = ' ...y € Wy, (X), we let w = v if and only if n = m

andxi:yi, Ei:(sl' forallizl,...,n.

(iii) Elements of the set

W(X) = Wau(X)
neN

are called words in alphabet X. According to (ii), this union consists of pairwise disjoint sets,
so for every word w € W(X), there exists a unique n € N such that w € W, (X); this n is

called the length of w and denoted by I(w).

(iv) Given a word w = af' ... 25> € W, (X), a sub-word of w is a word w' = 23" ...z}" for some
k,l € N such that 1 < k <1 < n. The word v’ is said to be an initial sub-word of w when

k=1 and a final sub-word of w when [ = n.
The empty word ) will be denoted also by e. Clearly, we have that I(e) = 0.
Definition 5.2.2. Let X be a set.

(i) For v =25 ... 25" € W,(X) and w = ¢ ... y%m € W,,,(X), the word 25! ... 2SnySt .. ym €

Whtm(X) is called the (result of) concatenation of v and w; we denote this word by v * w.

We also let e x w = w * e = w for every word w € W(X).

(ii) For w = 7" ... 25" € W, (X), the word w™! = 2" ... 27" € W,,(X) is called the inverse of

n

w. We also let e~ 1 = e.

The set W(X) equipped with the binary operation * is a semigroup with the identity e.

The proof of the following lemma is straightforward.

Lemma 5.2.3. For every initial sub-word w' of a word w € W(X), there exists a unique final
sub-word w" of w such that w = w' xw”. Conversely, for every final sub-word w" of w, there exists

an initial sub-word w' of w such that w = w' * w".
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Definition 5.2.4. Let X be a set. A word w = z{' ... 25" € W(X) is drreducible provided that, for
every i = 1,...,n — 1, either x; # x;11 or &; = €;41. Observe that the empty word e is considered

irreducible too. We shall denote by F(X) the set of all irreducible words w € W (X).

Lemma 5.2.5. For every pair of irreducible words v,w € F(X), there exist unique v',v",w',w" €
W(X) such that v = v x 0", w =w *xw", v" and W' are inverses of each other and v' x w" is an

irreducible word.
Proof. Let v be the final sub-word of v of maximal length [(v") such that its inverse w’ = (v")~1
is an initial sub-word of w. Use Lemma 5.2.3 to find a unique initial sub-word v’ of v and a unique

final sub-word w” of w such that v = v/ * v” and w = w’ * w”. Finally, note that the word v’ x w”

is irreducible by the maximality of v” and Definition 5.2.4. O
For a set X, we define a binary operation - on the set F'(X) as follows.

Definition 5.2.6. For a set X and v,w € F(X), we define v -w = v' * w”, where v/,v" v, w" €

W(X) are the unique words as in the conclusion of Lemma 5.2.5.
The following fact is well-known.
Fact 5.2.7. The - operation on F(X) is associative.

From this fact, Lemma 5.2.5 and observing that e behaves as an identity element, we obtain

that F'(X) equipped with the operation - is a group:

Lemma 5.2.8. For every set X, the set F(X) equipped with the binary operation - is a group with
the identity e. The inverse of an element w € F(X) in F(X) coincides with the (irreducible) word

w™! defined in item (ii) of Definition 5.2.2.
Definition 5.2.9. The group F(X) from Lemma 5.2.8 is called the free group over X.
Let us observe the following fundamental property of the free group:

Lemma 5.2.10. Let X be a set and G be any group. Every mapping f : X — G has an extension
to a unique homomorphism f : F(X) — G such that fix=f. (Here we identify each x € X with
the word z! € F(X).)
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Proof. Let X, f and G be as in the hypotheses. Let ¢ : W(X) — G be the map defined by ¢(e) = e
and @(z7,...,25") = f(x1) -+ f(xn)*™ whenever n € Nt z1,...,2, € X and e1,...,5, €
{1,—1}. Clearly, ¢ is a semigroup homomorphism from (W(X),*) to G. We claim that f=
¢ Trx): (F(X),:) = G is the desired group homomorphism. (Recall that F'(X) is a subset of
W(X) by Definition 5.2.4.)

To show that f is a homomorphism, it suffices to fix v,w € F (X) and verify the equality
f(v-w) = f(v)f(w). We use notations from Definition 5.2.6. Since v” and w’ are inverses of each

other by Lemma 5.2.5, from our definition of ¢, Definition 5.2.2(ii) and the fact that G is a group,

we obtain that p(v” * w’) = e. Since v,w € F(X) and ¢ is a semigroup homomorphism, we have

F) f(w) = p()p(w) = plvsw) = pv'x0"xuw'xuw") = (0" 5w )p(w") = P )p(w") = p(v/sw").

A~

Since v' * w” € F(X) by Lemma 5.2.5, we get o(v' * w”) = f(v' * w”). Finally, since v-w =

o' w” by Definition 5.2.6, the equality f(v' % w”) = f(v - w) trivially holds. We have proved that
F@)f(w) = f(v-w).
Clearly, f(X) = f(z!) = o(z') = f(2)! = f(z) for every z € X, so f [x= f. The uniqueness

of f is straightforward. O

Lemma 5.2.10 shows that the group (F(X),-) coincides with the categorically defined ¥-free

group Fy(X) over X in the variety ¢ of all groups.

Definition 5.2.11. Let X be a set. For a word w = 25" ... 25" € W(X) \ {e},
lett(w) = {x1,..., 2}

denotes the set of all letters x; appearing in w. We also let lett(e) = lett(0) = 0.

For an arbitrary variety ¥ of groups, the notion of the support suppy (w) of an element w of
a free group Fy (X) in the variety ¥ was introduced in the text after [14, Lemma 7.1]. One can
easily see that the set lett(w) from the above definition coincides with the support suppy (w) of the
word w € F(X) in the variety ¢ of all groups.

We finish this section with two lemmas which shall be needed in the future.
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Lemma 5.2.12. (i) lett(v - w) C lett(v) Ulett(w) for all v,w € F(X).
(i) lett(ar - ag- - - am) C U2 lett(a;) whenever m € NT and ay, a9, ..., an, € F(X).

Proof. (i) Let v/,v",w',w” € F(X) be as in Definition 5.2.6. Then v -w = v/ * w”, which implies
lett(v - w) = lett(v/ * w”) = lett(v') U lett(w”) by Definition 5.2.11. Since v’ is a sub-word of v, we
have lett(v') C lett(v) by Definitions 5.2.1(iv) and 5.2.11. Similarly, since w” is a sub-word of w,
we have lett(w”) C lett(w). This proves item (i).

Item (ii) is proved by induction making use of item (i). O
Lemma 5.2.13. Suppose that x1,22,...,25 € X, €1,€2,...,65 € {—1,1}, go = z'25*... 2% €
F(X), j=1,...,s and x; # x, for p = 1,...,5 with j # p. Then x; € lett(h) for every

h € (go) \ {e}-

Proof. Fix h € (go). Then h = g for some integer q. Consider the map f: X — F(X) satisfying
f(z;) =x; and f(z) =efor z € X \ {z;}. (5.1)

Let f : F(X) — F(X) be the homomorphism such that f Ix= f. Since f is a homomorphism
extending f and (5.1) holds, we have f(h) = f(gd) = .
Suppose that x; & lett(h). Then lett(h) € X \ {z;}, and so f(h) = e by (5.1). This shows that

x§ = e, which implies ¢ = 0. Thus, h = g§ = e. O

5.3 Finite neighbourhood systems

Definition 5.3.1. Let X be a set. Given any set A C F(X), we define A~! = {a=! : a € A}, and
A=AUA U {e}.

Definition 5.3.2. Let X be a set. A finite neighbourhood system of F(X) is a finite sequence

U ={U; : i <n} (where n € N*) satisfying the following conditions:
(1) U; C F(X) for every i < n,
(29) U7 =U; for every i < n,

(3%) Upex @ Uig1 - Uig1 -z~ C U; for every i < n,

94



5.3. FINITE NEIGHBOURHOOD SYSTEMS

(4%) e € Uy.

Remark 5.3.3. If X is a set and % = {U; : i < n} is a finite neighbourhood system for F\(X), then
e € U; for every i < n. This statement is proved by finite reverse induction on i =n,n —1,...,0.
For i = n, the statement holds by (44 ). Suppose now that ¢ < n and we have already proved that

e € Uj;1. Since e € X by Definition 5.3.1, e =e-e-e-e € Usex - Uig1 - Uigr - x~ 1 CU; by (3%).
Definition 5.3.4. Let % = {U, : i < n} be a finite sequence of subsets of F'(X) for some set X.

(i) Let B C F(X). Define

By finite reverse induction on i =n —1,n — 2,...,0, define
Vi=U;U | o Vigr Vi -2 (5.3)
reX

We shall call the sequence ¥ = {V; : i < n} the B-enrichment of the sequence % in F(X).

(ii) For a set C C F(X), we shall call the (|, (c))-enrichment of % in F(X) the cyclic C-
enrichment of % in F(X).

Lemma 5.3.5. Let X be a set and % = {U; : i < n} be a finite sequence such that:
(a) Ui C F(X) for alli <n,
(b) Ut = U for everyi <n,
(c) e € U,.
Furthermore, let B C F(X) be a set satisfying
(d) B~ = B.
Then the B-enrichment of % in F(X) is a finite neighbourhood system for F(X).

Proof. Let ¥ = {V; : i < n} be the B-enrichment of the sequence % in F(X). It suffices to check

conditions (1y)—(4y) of Definition 5.3.2.
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(1y) Since U, and B are subsets of F'(X) by our assumption, V,, C F(X) by (5.2). Note that
X C F(X). Applying finite reverse induction on i = n — 1,n — 2,...,0, one concludes from this,
(5.3) and Uign U; C F(X) that V; C F(X) for all i <n.

(24) We shall prove by finite reverse induction on ¢ = n,n — 1,...,0 that Vi_1 = V;. First,
note that V7! = U, UB™! = U, UB =V, by (5.2), (b) and (d). Assume now that i < n and
the equation Vlﬂ = Vj4+1 has already been proved. It easily follows from this inductive assumption
that

-1
Uz Vin Vi | = Je Vg Ve = o Vi - Vie-a (5.4)
z€X zeX z€X
Since U; ! = U; by (b), from (5.3) and (5.4) we conclude that V" = V;.
(3y) is straightforward from (5.3).

(4y) is straightforward from (c) and (5.2). O

Remark 5.3.6. Every finite neighbourhood system % = {U; : i < n} for F(X) satisfies the
assumptions of Lemma 5.3.5. Indeed, item (a) follows from (14 ), item (b) follows from (24 ), and

item (c) follows from (44 ).

Corollary 5.3.7. For every symmetric subset B of F(X) and each finite neighbourhood system
U ={U; :i <n} for F(X), the B-enrichment of % in F(X) is a finite neighbourhood system for
F(X).

Proof. By Remark 5.3.6, % satisfies items (a)—(c) of Lemma 5.3.5. Item (d) of this lemma holds
because B is symmetric by our assumption. Now the conclusion of our corollary follows from the

conclusion of Lemma 5.3.5. O

Definition 5.3.8. Let X and Y be sets such that X C Y. For a finite neighbourhood system %

for F'(X), we shall denote by %4 the cyclic (Y \ X)-enrichment of % in F(Y).

Corollary 5.3.9. Let X and Y be sets such that X CY. For each finite neighbourhood system %

for F(X), its cyclic (Y \ X)-enrichment %y is a finite neighbourhood system for F(Y').

Proof. Since F(X) C F(Y), it follows from Remark 5.3.6 that % satisfies items (a)—(c) of Lemma

5.3.5 (with X replaced by Y). Since B = |J ey x(¥) is a symmetric subset of F(Y), item (d) of
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Lemma 5.3.5 is satisfied as well. Applying this lemma, we conclude that the B-enrichment of % in
F(Y) is a finite neighbourhood system for F(Y'). It remains only to note that this B-enrichment
coincides with %4 by Definitions 5.3.4(ii) and 5.3.8. O

5.4 Extension of finite neighbourhood systems

Definition 5.4.1. Given two sets X and Y, we shall say that a finite neighbourhood system
¥V ={V;:i <m} for F(Y) is an extension of a finite neighbourhood system % = {U; : i < n} for

F(X) if and only if the following conditions are satisfied:

(i%) X CY,s0 F(X)C F(Y),

R

(ii%) n < m,
(iii) V; N F(X) = U; for every i < n.

A straightforward proof of the next lemma is left to the reader.

Lemma 5.4.2. Let X be a set, and let % = {U; : i < n} be a finite neighbourhood system for
F(X). Let m € N and m > n. Define V; = U; fori < n and V; = {e} forn < i < m. Then

¥V ={V; i <m} is a finite neighbourhood system for F(X) extending % .

Lemma 5.4.3. Let X be a set and % be a finite neighbourhood system for F(X). Then for every

set' Y containing X and each set C C (Y \ X), the cyclic C-enrichment ¥ of % extends it.

Proof. Let % = {U; : i < n} be a finite neighbourhood system for F'(X) and let ¥ = {V; : i < n}

be its cyclic C-enrichment in F'(X). By Definition 5.3.4, we have

Vo=UnU () (5.5)
ceC
and
Vi=U; U Uy'Vz’Jrl'V%H'y_l (5.6)
yey
fori=0,...,n—1.
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Let px : Y — F(X) be the map which sends each y € Y\ X to e and coincides with the identity

map on X, and let mx : F(Y) — F(X) be the homomorphism which extends px. Then
TX TF(X): idF(X) and mx[(Y\ X)] = {e}, (5.7)

where idp(x) denotes the identity map of F'(X). Since U; C F(X) by (1), the first equation in
(5.7) implies that
wx (U;) = U; for every i = 0,1,...,n. (5.8)

Claim 27. wx[V;] C U; for every i < n.

Proof. We shall prove our claim by reverse induction on i =n,n —1,...,0.

Since 7x is a homomorphism and C C (Y \ X), from (5.5), (5.7), (5.8) and (44 ), we get

U, U (0

ceC

Wx[vn]:ﬂ'x :wx[Un]U{e}:UnU{e}:Un.

Suppose that i < n and the inclusion mx[V;11] C Uj4+1 has already been proved. We shall show
that wx[V;] C U;.

Let y € Y and vi,vs € Vi41 be arbitrary. By inductive hypothesis we have that 7x(vx) €
7x[Vig1] € Uiy for k = 1,2. Note that mx(y) € X by the definition of the homomorphism 7x and

Definition 5.3.1. Therefore,

mx(y-on-v2-y ) = wx(y) - mx(on) - wx(v2) wx(y) € | @ Uir Ui 27! C U
zeX

by (3% ). This shows that

TX U y-Virr-Vipr-y | CUL (5.9)
yey

Since mx is a homomorphism, combining (5.6), (5.8), (5.9), we obtain

mx[Vil = mx |Uiu | y-Vier - Vigr -yt | = ax[Ulurx | |y Vi Vip-y ™| CUOU; = Us.
yeY yey

This finishes the inductive step. O
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Claim 28. V; N F(X) = U; for every i < n.

Proof. The inclusion U; C V; N F(X) follows from (5.5), (5.6) and (14). To show the inverse
inclusion V; N F(X) C U;, let h € V; N F(X) be arbitrary. Then h = mx(h) € wx[V;] C U; by the

first equation in (5.7) and Claim 27. O

Since n < n and X C Y, conditions (i%) and (ii% ) of Definition 5.4.1 are satisfied. Condition
(iii’) holds by the previous claim. Since all conditions from Definition 5.4.1 are met, ¥ extends

U . O]

Corollary 5.4.4. If X and Y are sets such that X CY, then for every finite neighbourhood system
U for F(X), its cyclic (Y \ X)-enrichment %y extends % .

5.5 Canonical representations for elements of neighbourhoods of

B-enrichments

Definition 5.5.1. Assume that Z = {U; : i < n} is a finite sequence of subsets of F(X), B C
F(X) and ¥ = {V; : i < n} is the B-enrichment of % in F(X). By finite reverse induction on

i=n,n—1,...,0, we shall define a (not necessarily unique) canonical representation
h=ay-as-----a, (for asuitable m € N*) (5.10)

of every element h € V; as follows.

Basis of induction. For h € V,,, we let h = a1 be a canonical representation of h.

Inductive step. Suppose that i is an integer satisfying 0 < ¢ < n and we have already defined
a canonical representation of every element h € V;; ;. We fix h € V; and define its canonical
representation as in (5.10) according to the rules outlined below. By (5.3), at least one (perhaps
both) of the following cases hold.

Case 1. h € U;. In this case, we let h = a1 be the canonical representation of h.

Case 2. h=x-u-v-x~! for suitable € X and u,v € V;;1. Suppose also that

wu="by-by----- by, and v=cj-co----- Cmys (5.11)
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are some canonical representations of u and v, respectively. (These canonical representations were

already defined, as u,v € V;;1.) Then we call
h = I - bl . b2 ..... bml cClC e sz . x_l (512)

a canonical representation of h.

Lemma 5.5.2. Let X be a set and % = {U; : i < n} be a finite sequence satisfying items (a), (b)
and (c) of Lemma 5.3.5. Assume that B' C B C F(X) and B is symmetric. Let V' ={V/:i <n}
and ¥ = {V; : i < n} be the B'-enrichment and the B-enrichment of % in F(X), respectively.

Suppose that
(B\ B')n (X ulJ V;) C {e}. (5.13)
=1

Letn: F(X) — F(X) be the map defined by

e ifge B\ B
n(g) = (5.14)

g otherwise.

Ifi<nand h =ay-as-----an s a canonical representation of some element h € V;, then
R =mn(ar) nlag)----- n(anm) is a canonical representation of k' € V.
Proof. We shall prove this lemma by finite reverse induction on i =n,n —1,...,0.

First, we shall prove the statement of our lemma for i = n. By Definition 5.3.4(i), we have

Vi =U,UB" and V,, = U, U B. (5.15)

Fix h € V,,. By Definition 5.5.1, h = a1 is a canonical representation of h.

If ay € B\ B, then n(a1) = e € U, C V] by (5.14), (¢) and (5.15). Thus, ' = n(a1) is a
canonical representation of the element h' = e € V,! by Definition 5.5.1.

Suppose now that a; ¢ B\ B’. Then n(a;) = a1 by (5.14), so h = a1 = n(a1) = h'. Since
h € V,, (5.15) implies that either h € U,, or h € B. In the former case, i’ = h € U,, C V,! by (5.15).
In the latter case, from a; = h € B and a1 ¢ B\ B’, we conclude that a; € B’. Since B’ C V! by

(5.15), it follows that A" = a; € V. Thus, h/ = n(a;) is a canonical representation of the element
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K’ € V! by Definition 5.5.1.
Suppose that ¢ < n and the statement of our lemma has already been proved for ¢ + 1. Fix an

arbitrary h € V;. We consider two cases as in the inductive step of Definition 5.5.1.

Case 1. h € U;. In this case h = a1 is a canonical representation of h by Case 1 of Definition
5.5.1. Since U; C V/, we have h = a; € V.

If ay € B\ B, then a; = e by (5.13) and n(a1) = e by (5.14). In particular, b’ = n(a;) = e =
a; = h. Since h € U;, we conclude that b’ = n(a;) is a canonical representation of A’ € V/ by Case
1 of the inductive step of Definition 5.5.1.

Suppose now that a; ¢ B\ B’. Then n(a1) = a; by (5.14), so i’ =n(a1) =a1 =h e U; CV/.
Therefore, h' = n(a1) is a canonical representation of ' € V/ by Case 1 of the inductive step of

Definition 5.5.1.

Case 2. h = x-u-v-2~ ! for some v+ € X and u,v € V;41. Consider arbitrary canonical
representations of u and v as in (5.11), so that (5.12) becomes a canonical representation of h.

The following claim holds by our inductive assumption.

Claim 29. v’ = n(b1)-n(b2)-- - +n(bm, ) and v = n(c1)-n(c2) - - --n(cm,) are canonical representations

of elements v’ € V| and v' € V; |, respectively.

Claim 30. h* =z -u/ - v - 27t € V.

Proof. Note that ¥’ is a finite neighbourhood system for F(X) by the assumptions of our lemma
and Lemma 5.3.5. In particular, condition (3y~) of Definition 5.3.2 holds, so z-V/ -V, 7l C VY,
as z € X. Since v/,v" € V/; by Claim 29, we have h* =z -u'-v' -2~ ' € x-V/ ;- V/, | -2~!, which

implies that h* € V. O

Claim 31. h* = x-1(b1) -n(b2) - - --n(bm, ) -n(c1)-n(ca)-- - --n(cm,) -z~ is a canonical representation
of h* e V.

Proof. This follows from Claims 29, 30 and Case 2 of the inductive step of Definition 5.5.1. O

Claim 32. n(z) =z and n(z~ %) =2~ L.
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Proof. Indeed, if + ¢ B\ B’, then n(x) = x by (5.14). If z € B\ B’, then = e by (5.13), so
n(z) = n(e) = e = x by (5.14). Similarly, if 27! ¢ B\ B/, then n(z7!) = = ! by (5.14). If
r71 € B\ B/, then 27! = e by (5.13), so n(z~!) = n(e) = e = 2! by (5.14). O

Since (5.12) is a canonical representation of h that is now being considered, in order to finish

the inductive step, it suffices to show that

W' =n(x)-n(by) -n(ba)----- N(bmy) - n(er) -mleg) -+ - N(Cmy) - (™) (5.16)

is a canonical representation of A’ € V. This follows from Claims 31, 32 and (5.16), as ' = h* € V.

The inductive step is now complete. O

Lemma 5.5.3. Let X and Y be sets such that X # 0 and X CY. Let % = {U; : i < n} be a

finite neighbourhood system for F(X) and let ¥ ={V; :i <n} be its cyclic (Y \ X)-enrichment in

F(Y). Then
m
> flett(a)| < X477 (5.17)
1=1
whenever i < n and h = ay - as - -+ - @y 1S a canonical representation of h € V; as in Definition
5.5.1.
Proof. We shall prove the statement of our lemma by finite reverse induction on i =n,n—1,...,0.

First, we shall prove the statement of our lemma for ¢ = n. By Definition 5.3.4, we have

Vo=UnU |J (). (5.18)
yeY\ X

Fix h € V,,. By Definition 5.5.1, h = a; is the unique canonical representation of h, so in order to
check (5.17), it suffices to show that |lett(h)| < |X|. By (5.18), we need to consider two cases. If
h € U,, then lett(h) C X, as U, C F(X) by (1%), so |lett(h)| < |X|. If h € (y) for some y € Y,

then [lett(h)| <1 < |X]| holds, as X is non-empty.
Suppose that ¢ < n and the statement of our lemma has already been proved for ¢ + 1. We
shall prove the statement of our lemma for i. Fix h € V; and consider an arbitrary canonical

representation h = ay - ay - - - - - ay, of h. By Definition 5.5.1, we need to consider two cases.

102



5.6. THREE AUXILIARY LEMMAS

If h € U;, then m = 1 by Case 1 of the inductive step of Definition 5.5.1. Since U; C F(X) by

(14), we have lett(a1) = lett(h) C X, which implies |lett(a1)] < |X| < |X]| - 4" because i < n.

Suppose now that there exist z € X, u,v € V;;1 and their canonical representations as in (5.11)

such that m = my; +ma +2, a1 =, am = %, a14s = bs for 1 < s < myq, and Ay 414t = ¢t for

1 <t < mgy. Therefore,

m

=1 = =1

By inductive hypothesis,

mi m2
> fett(by)] < [X]-4" D and Y flett(c)] < |X| - 4m0HY,
=1 =1

Since X is non-empty and i + 1 < n, we have

lett(z)] + [lett(z™1)] = 2 < 2|X] - 47~ FD,
Combining (5.19), (5.20) and (5.21), we conclude that

m

D flett(a)| < 4|X| -4 Y = | x| 4m
=1

This finishes the inductive step.

5.6 Three auxiliary lemmas

Lemma 5.6.1. Let X be a set. Suppose thatn,s € N, xq,x9,..., 2, € X, €1, €9,
go =z7'a? .. aP € F(X),

je{l,...,;s}h,v1,.. ., up, W1, .., Wht1 € F(X) and

*
h :wl.fvl.w2.U2.....wn.vn.wn+1

> lett(ar)| = [lett(x)] + > [lett(b)| + > _ lett(cr)| + [lett(z1)].
=1

(5.19)

(5.20)

(5.21)

.65 €{-1,1},

(5.22)

(5.23)
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satisfy the following conditions:
(i) xj # xp for allp=1,...,s with j # p;
(it) x; & lett(w;) for alli=1,...,n+1;
(iit) x; & lett(h*);
(tv) for eachi=1,...,n, either v; =gy orv; =g, .

Then h* = w*, where

w*=wy-e-wy----- Wy, * € - Wit (5.24)
s the word obtained from h* by replacing all v; in it with e.

Proof. We use the principle of minimal counter-example. Suppose that the conclusion of our lemma
fails. Among all counter-examples to our lemma, we choose a counter-example h* for which the
number n is the smallest. The goal is to derive a contradiction from this assumption.

It follows from (5.22), (i) and (iv) that the variable x; appears exactly once in each v; for
i=1,...,n. It follows from (ii) that the variable z; does not appear in any of w1, ..., wy41. Since
xj & lett(h*) by (iii), all appearances of the terms x; and xj_l in (5.23) cancel out as a result of
computation in F'(X) on the right-hand side of (5.23). Therefore, there exist ¢ =1,...,n — 1 and

é

6 € {—1,1} such that the unique term z} in v; cancels in (5.23) with the unique term x;a in vy

From (5.22), (i) and (iv) one easily concludes that the words v; and v;11 are inverses of each other

and v; - wit1 - vi+1 = e. Therefore, w;1 = v;l -v;_ll = (viz1-v;) ' =e"! =e, and so

W= W; * Wi42 = Wi € Wi4+2 = Wi * V5 * Wi41 * Vi1 * Wi42. (5.25)
Claim 33. The product
/
h:wl.’l}l.-...wz_l.vz_l.w.vl+2.wl+3 ..... wn.vn.wn+1 (5‘26)

satisfies conditions (i)—(iv) of our lemma, after an obvious re-labelling of its elements.

Proof. Indeed, conditions (i) and (iv) are not affected by the change from h* to h'.
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Since lett(w) C lett(w;) U lett(w;y2) by the first equation in (5.25) and Lemma 5.2.12(i), from
item (ii) we conclude that z; ¢ lett(w). This shows that the representation of A" in (5.26) satisfies
item (ii) of our lemma.

It remains only to check condition (iii). From (5.23), (5.25) and (5.26), we obtain that

h=n. (5.27)

Since z; ¢ lett(h*) by (iii), from (5.27) we conclude that x; & lett(h'). O

Since A’ is “shorter” than the minimal counter-example A* to Lemma 5.6.1, from Claim 33 we
conclude that

=, (5.28)

where

w,:wl.e.....wi_l.e.w.e.wi+3 ..... wn.e.wn_,’_l (529)

is the word obtained from A’ by replacing all v; in it with e.
From (5.24), (5.25) and (5.29), we get w* = w'. Combining this with (5.27) and (5.28), we
deduce that Ah* = w*. However, this contradicts the assumption that A* is a counter-example to

our lemma. 0

Lemma 5.6.2. Let X be a set. Suppose thatm,s € Nt xq,29,...,25 € X, €1,69,...,65 € {—1,1},

go =z7'2? .. aP € F(X), (5.30)

jed{l,...,s},a1,a9,...,any € F(X) and

L={l=1,...,m:zj; €lett(a)} (5.31)

satisfy the following conditions:
(a) xj # xp for allp=1,...,s with j # p;

(b) x; &lett(ar-ag----- am);
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(c) a; € (go) \ {e} for each | € L.

Letn: F(X) — F(X) be the map which sends each element of the cyclic group (go) to e and does

not move elements of its complement F(X) \ (go). Then

Proof. Suppose first that L = (). Then z; ¢ lett(a1) Ulett(az) U - - Ulett(as,) by (5.31). On the
other hand, z; € lett(h) for every h € (go) \ {e} by Lemma 5.2.13. Therefore, a; & (go) \ {e} for
every [ = 1,...,m. By our definition of 7, this means that n(a;) = a; for all [ = 1,...,m. Thus,

(5.32) holds in this case. In the rest of the proof we assume that L # ().

Claim 34. L={l=1,...,m:a; € (90) \ {e}}.

Proof. The inclusion L C {l = 1,...,m : a; € {(go) \ {e}} follows from (c). To prove the inverse
inclusion, suppose that [ € {1,...,m} and a; € (go) \ {e}. Then z; € lett(q;) by Lemma 5.2.13.
Therefore | € L by (5.31). O

For every | € L, use item (c) to fix a non-zero integer ¢; such that a; = g{' and define §; =

a/lal € {—1,1}. Tt is clear that
CLl:ggl.e.ggl.e.....e.9317 (533)

where the term ggl appears |¢|-many times in (5.33). Note that n(e) = e. Since ggl,ggl € (go), we

have n(gd') = n(ggl) = e, and so
n(ar) = n(gh) = e =n(gg") - ne) - ngy') - nle) -+ n(e) - n(gy)). (5.34)

Let by-by----- bs be the formal expression obtained from the product a; -as - - - - a,, by replacing

in it every element a; for | € L with the formal expression on the right-hand side of (5.33). Clearly,

ap-ag - A = by -bg -+ by (5.35)
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Since (5.34) holds for every [ € L, we obtain
n(a1) -nlaz) - - n(am) = n(br) - n(bz) - - - 1(b)- (5.36)

It follows from our definition of b,’s that
by € {e, 90,95 Y U{a;:1€{l,...,m}\ L} forevery r=1,...,t (5.37)

Since L # (), we can select [ € L. Then a; has the form as in (5.33), and so ggl appears as one

of b,’s. This shows that the set

M ={r=1,...,t:either b, = go or b, = gy} (5.38)
is non-empty, so we can fix an enumeration M = {r; : ¢ < n} of M such that r; < ro < -+ <rp.
For¢=1,...,n, define v; = b,,.

If r1 = 1, then we let wy = e; otherwise, we let wqy = by ----- by, —1. Similarly, if r, = ¢, then we
let w41 = e; otherwise, we let wp41 = by 1+ by. Fori =2,...,n,welet w; =b, 41" br,—1.

Claim 35. z; ¢ lett(w;) foralli=1,...,n+ 1.

Proof. Let i = 1,...,n+ 1 be arbitrary. Combining our definition of w; with (5.37) and (5.38), we
conclude that wj; is a finite product of elements of the set {e} U{a; : [ € {1,...,m} \ L}. Since
lett(e) = 0 and x; & lett(a;) for [ € {1,...,m} \ L by (5.31), applying Lemma 5.2.12(ii) we obtain

that x; & lett(w;). O

It follows from our definition of v; and w; that

Let h* be the element defined in (5.23). Note that

ap-ag----- am = h* (5.40)
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by (5.23), (5.35) and (5.39).

Claim 36. h* satisfies conditions (i)—(iv) of Lemma 5.6.1.

Proof. Condition (i) of Lemma 5.6.1 coincides with condition (a) of our lemma.
Item (ii) holds by Claim 35.
(iii) Note that x; & lett(h*) by (5.40) and (b).
(iv) If i =1,...,n, then r; € M and v; = b,, by our construction, so (5.38) implies that either

vi:goorvi:gal. ]
By the previous claim, we can apply Lemma 5.6.1 to conclude that
h*=wi-e-wg- - wy-e- wpi1. (5.41)
Claim 37. n(b,) = e for r € M and n(b,) = b, for r € {1,...,t} \ M.

Proof. If r € M then b, € {go, 95"} C {(g0) by (5.38), so 1(b,) = e by our definition of 7.

Suppose now that r € {1,...,t} \ M. Then b, & {g0,g; "'} by (5.38). From this and (5.37), we
get b, € {e} U{a;: 1 €{l,...,m}\ L}. If b, = e, then n(b,) = n(e) = e = b,. Assume now that
by = a; for some [ € {1,...,m}\ L. Then b, = a; & (go) \ {e} by Claim 34, which yields n(b,) = b,

by our definition of . O

Claim 37 and our definition of w,’s implies that

Wy-e Wy ... Wy e Wyyr =1n(b1)-n(b2) ... -n(bs). (5.42)

Now (5.32) follows from (5.40), (5.41), (5.42) and (5.36) (in this order). O

Lemma 5.6.3. Assume that X is a non-empty finite set, g € F(X), # = {U; : i < n} is a
finite neighbourhood system for F(X) and Y is a finite set containing X satisfying the inequality
Y\ X| > |X|-4". Then there exists a finite neighbourhood system ¥ = {V; : i < n} for F(Y)

extending % such that g € (Cyc(Vy,)).
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Proof. Let |Y \ X| = k. By the assumption of our lemma, we have
k> |X|-4". (5.43)
Fix faithful enumeration Y\ X = {y1,...,yx} of the set Y\ X and define

g0 = (Y1y2- - y) - 9- (5.44)

Note that the product in (5.44) does not undergo any cancellations, as lett(¢g) C X and the set
{y1,...,yx} = Y \ X is disjoint from X. For the same reason, for every non-zero integer p, the

power gh of gy does not undergo any cancellations as well. Therefore,
{y1,y2, ..., yx} Clett(gh) for every non-zero integer p. (5.45)

Since X C Y, we have F(X) C F(Y). Therefore, the finite sequence % satisfies conditions

(a)—(c) of Lemma 5.3.5, where in condition (a) one has to replace X by Y. Define

B'= |J () and B =B"U{(go). (5.46)
yeY\X

Clearly, B C B C F(Y) and B’ is symmetric.
Claim 38. The B’-enrichment ¥’ = {V/ : i <n} of % in F(Y) is a finite neighbourhood system

for F(Y') extending % .

Proof. From the first equation in (5.46), Definition 5.3.4(ii) and definition of ¥”, it follows that ¥’
coincides with the cyclic (Y \ X)-enrichment % of %. Now the conclusion of our claim follows

from Corollaries 5.3.9 and 5.4.4. ]

Claim 39. The B-enrichment ¥ = {V; : i < n} of  in F(Y) is a finite neighbourhood system
for F(Y).

Proof. Tt follows from (5.46) that B~! = B. Now the conclusion of our claim follows from Lemma

5.3.5 (in which one has to replace X by Y). O
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Claim 40. g € (Cyc(V,,)).

Proof. Since Y\X = {y1,...,yx}, from (5.46) we conclude that (y; ') = (y;) C B foralli = 1,...,k.
Similarly, (go) C B by (5.46). Since ¥ is the B-enrichment of % in F'(Y'), we conclude from equation

(5.2) of Definition 5.3.4 that B C V,,. This implies that yfl, e ,y,;l,go € Cyc(V,,). From this and

(5.44), we get g =y; "yt oyt go € (Cye(Va)). =

Claim 41. The map 1 : F(X) — F(X) defined in Lemma 5.6.2 coincides with the map 7 defined

in Lemma 5.5.2.

Proof. From (5.46) we get B\ B’ = (go) \ {¢}. The conclusion of our claim follows from this

observation and our definitions of both maps. O

In the rest of the proof we shall denote both of the maps from the above claim by 7.
Claim 42. (B\ B)n (YuU>,V/) =0.

Proof. Suppose that h € (B\ B') N (Y Ui, V/). From h € B\ B’ and (5.46), we conclude that
h € (go) \ {e}, so h = g} for some non-zero integer p. Then [lett(h)| > |Y \ X| =k by (5.45). Note
that h € Y, as |lett(y)| <1 < k for every y € Y. Since h € Y UJ, V/, it follows that h € V/

for some ¢ < n. Since ¥ is the B’-enrichment of % in F(Y'), the element h € V/ has a canonical

representation

h=ai-ay- - an. (5.47)

Then lett(h) C |2, lett(a;) by (5.47) and Lemma 5.2.12(ii). Furthermore,

m
U lett(a;)

llett(h)| <

m
Zletta,y<|X| 4 <X A < K

by Lemma 5.5.3 and (5.43), in contradiction with |lett(h)| > k. O

Claim 43. Suppose h € V; N F(X) has a canonical representation (5.47). Then

W =n(ar) naz) - nlam) (5.48)

is a canonical representation of ' € V; satisfying the inequality |, lett(n(a;))| < k.
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Proof. Let h € V; N F(X) be arbitrary. From Claim 42, we conclude that (5.13) holds (with X
replaced by Y'). Therefore, all the assumptions of Lemma 5.5.2 are satisfied (with X replaced by
Y in this lemma). This implies that A" = n(a1) - n(az) - - - - n(am) is a canonical representation of
B € V!. Finally,

< XA <X 4 < ke

| tett(n(ar))
=1

by Lemma 5.5.3 and (5.43). O

Claim 44. If h € V; N F(X) has a canonical representation (5.47) and a; # n(a;) for some [ =

1,...,m, then a; € (go) \ {e}.

Proof. Suppose that a; # n(a;) for some | = 1,...,m. By (5.14), this implies that a; # e and
furthermore a; € B\ B’. Finally, B\ B’ C (go) by (5.46). This establishes that a; € (go) \ {e}. O

Claim 45. If h € V; N F(X) has a canonical representation (5.47), then elements go, ai,...,an, €

F(Y) satisfy all assumptions of Lemma 5.6.2, with Y substituted for X in its statement.

Proof. Since go € F(Y), there exist s € N xq,...,25 € Y and 1,...,e, € {—1,1} such that
(5.30) holds with Y substituted for X in it; in particular, the word in (5.30) is irreducible. Since
UZ, lett(n(ar))| < k by Claim 43, we can use (5.44) to choose some variable y; € {y1,...,yx} such

that y; & lett(n(a;)) for all { = 1,...m. Let

L={l=1,...,m:y; €lett(a;)} (5.49)

and

M={l=1,...,m:a; #n(a)}. (5.50)

Let I € M. Then a; # n(a;), so a; € (go) \ {e} by Claim 44. Therefore, y; € lett(a;) by (5.45),
which implies [ € L by (5.49). This proves that M C L. To show the reverse inclusion, let us
suppose that [ € L. Then y; € lett(a;) by (5.49). Since y; & lett(n(a;)) by our choice of a;, this
implies that a; # n(a;); that is, [ € M. This shows that L C M. From these two inclusions we get

L=M.
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Recall that g € FI(X) and Y\ X = {y1,...,yr} is a faithful enumeration of Y\ X. Combining
this with (5.30) and (5.44), we conclude that k < s and

Tp=1Yp,ep=1foralp=1,... k. (5.51)

In particular, z; = y;.

We are now ready to check the assumptions (a)—(c) of Lemma 5.6.2 with X replaced by Y in
it.

(a) Let pe {1,...,s} and j # p. If p <k, then , = y, # y; = x; by (5.51) and the faithfulness
of the enumeration Y \ X = {y1,...,yx}. Suppose now that p > k. Then z, € lett(g) C X, while
xzj =y; € Y \ X, which yields z; # z,.

(b) Recall that h € V; N F(X) by hypothesis, so lett(h) € X. Since y; € Y \ X, we have
yj & lett(h). It remains only to note that h =ai-as - - am.

(c) Given q; with | € L, we have a; # n(a;), as L = M. Now a; € (go) \ {e} by Claim 44. [
Claim 46. V; N F(X) C U; for every i < n.

Proof. Let h € V;NF(X) be an arbitrary element, and let (5.47) be one of its canonical representa-
tions. Claim 45 allows us to make use of Lemma 5.6.2 to show that h = n(a1)-n(az)-- - --n(ayp,). From
Claim 43 and (5.48), we can conclude that h = 1/, where b/ = n(a1)-n(az)----- n(an,) is the canon-
ical representation of ' € V/. In particular, the equality h = A’ shows that h = b/ € V/ N F(X).

Since ¥ extends % by Claim 38, V/ N F(X) = U; by (iii%). This shows that h € Us. O
Claim 47. The finite neighbourhood system ¥ for F(Y) extends % .

Proof. Since n <n and X C Y, conditions(i? ) and (ii%) of Definition 5.4.1 are both satisfied.
Let i < n be arbitrary. Since ¥ is the B-enrichment of %7 in F(Y'), we have U; C V; by equation
(5.3) of Definition 5.3.4. Since % is a finite neighbourhood system for F'(X), we have U; C F(X)
by item (14 ) of Definition 5.3.2. This shows that U; C V; N F(X). The inverse inclusion holds by
Claim 46. Thus, V; N F(X) = U;. Since this equation holds for an arbitrary i < n, condition (iii%)

also holds. n

The conclusion of our lemma follows from Claims 39, 40 and 47. ]
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5.7 The partially ordered set and density lemmas

As usual, the symbol [X]<“ denotes the set of all finite subsets of a set X.
Definition 5.7.1. Let X be an infinite set.
(a) We denote by P the set of all triples p = (XP,nP, %P)) satisfying the following conditions:

(1) X7 e [X]=*,
(2p) n? €N,

(3p) %P ={U! :i < nP} is a finite neighbourhood system for F(XP?).

(b) Given triples p = (XP,nP, ZP)) € P and q = (X%, n?,%1,)) € P, we define g < p if and only

if 271 is an extension of %P in the sense of Definition 5.4.1.
The following lemma easily follows from item (b) of Definition 5.7.1.
Lemma 5.7.2. The pair (P, <) is a partially ordered set.
Lemma 5.7.3. There exists p € P such that XP # (). In particular, P # ().

Proof. Fix x € X and let X? = {z}. Furthermore, let n? = 0, U} = {e} and %? = {U? : i < 0}.
Then p = (XP,nP, %7P)) clearly satisfies conditions (1,)—(3,), so p € P by Definition 5.7.1(a). O

In what follows, we shall need the concept of partial order density and downward-closedness

(see Definition 4.6.1 and Lemma 4.6.2)

Lemma 5.7.4. (i) For everyn € N, the set A, = {q € P: n < nf} is dense and downward-closed

in (P, <).
(ii) For every S € [X|<¥, the set Bs = {q € P: S C X} is dense in (P, <).
(iii) For every g € F(X)\ {e}, the set Cy={qeP:ge F(X9)\ UL} is dense in (P, <).
(iv) For every g € F(X), the set Dy ={q € P: g€ (Cyc(UlL))} is dense in (P, <).

Proof. (i) Fix n € N. To prove that A, is dense in (P, <), we consider an arbitrary p € P. If

n < nP, the inclusion p € A, holds trivially. For this reason, we can assume that n? < n. By
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Lemma 5.4.2, there exists a finite neighbourhood system ¥ = {V; : i < n} for F(XP?) extending
wP. 1f we define X? = XP, n? =n and 7=V, then q = (X%, n?, %?) € P. Since Z? extends
%P, we have ¢ < p by Definition 5.7.1(b). Finally, n = n? implies ¢ € A,, by the definition of 4,,,

thereby showing that A, is dense in (P, <).

To check that A, is downward-closed, consider p € A,, and ¢ € P which satisfy ¢ < p. Since %4
extends %P by Definition 5.7.1(b), the inequality n? < n? holds by item (iiZ;) of Definition 5.4.1.
Since p € A,,, we also have n < nP. By transitivity, this implies that n < n%, and therefore ¢ € A,

by definition of A,. This shows that A, is downward-closed.

(ii) Let S € [X]<“ and p € P be arbitrary. Then X? € [X]<“ by (1,), so X?=XPUS € [X]|<¥
holds as well. Let n? = nP. Since %7 is a finite neighbourhood system for F(X?) by (3,), the cyclic
(S'\ XP)-enrichment %7 of 7/? is a finite neighbourhood system for F'(X?) by Corollary 5.3.9. We
have shown that ¢ = (X%, n?,%1?)) € P. Since %7 is an extension for P by Corollary 5.4.4, we
have ¢ < p by Definition 5.7.1(b). Finally S C X? by definition of X%, so ¢ € Bg by definition of

Bg. This shows that Bg is dense in (P, <).

(iii) Let g € F(X)\ {e} and p € P be arbitrary. Since g is generated by the symbols in X, there
exists some finite set X, C X such that g € F((X,). Since the set By, is dense in P by (ii), we
may assume without loss of generality that p € Bx,. Since p € Bx,, this implies that X, C X7,
so g € F(XP), as F(Xy) C F(XP). By by Lemma 5.4.2, there exists a finite neighbourhood system
% = {U! : i < nP+ 1} on XP which extends %7 such that g & Ul ., = {e}. If we define
n? =nP 4+ 1 and X? = XP then q = (X9, n?, %) € P. Since Z? extends %P, we have ¢ < p by

Definition 5.7.1(b).

(iv) Let g € F(X) and p € P. Arguing as in the proof (iii), we may find a finite subset X, of X
such that g € F(X,). By (ii), without loss of generality, we may assume that p € Bx,. Since the
set XP C X is finite, we can fix a set X¢ C X containing XP such that | X9\ X?| =k > | XP| - 4.
By Lemma 5.6.3, there exists a finite neighbourhood system %7 = {U{ : i <nP} on X7 extending
P such that g € (Cyc(U})). If we define n? = nP, then we have that ¢ = (X9, n?, %) € P.
Since % 7 extends %P, we have ¢ < p by Definition 5.7.1(b). Since the condition g € (Cyc(Uy)) is

satisfied, we have q € D,. O
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5.8 Proof of Theorem 5.1.1

For this section we shall make use of Lemma 4.7.3.

Let X be a countably infinite set. Since X algebraically generates the free group F(X), the
latter is at most countable.

Let (P, <) be the poset from Definition 5.7.1 which uses the set X as its parameter. Clearly,

the family
2 ={Cy:9ge F(X)\{e}}U{A,NDy:neN,ge F(X)}U{Bs:S € [X]*“} (5.52)

of subsets of P is at most countable.

Let us check that all members of  are dense in (P,<). By Lemma 5.7.4(iii), each C, for
g € F(X)\ {e} is dense in (P,<). Let n € N and g € F(X) be arbitrary. Since A,, is dense and
downward-closed in (P, <) by Lemma 5.7.4(i), and D, is dense in (P, <) by Lemma 5.7.4(iv), by
Lemma 4.6.2 we can conclude that A, N D, is dense in (P, <). Finally, the density in (P, <) of each
Bg for S € [X]<¥ follows from Lemma 5.7.4(ii).

Since we have shown that all members of & are dense in P, we can apply Lemma 4.7.3 to find
a countable set F C P such that (F, <) is a linearly ordered set and F N D # () for every D € 2.
For every n € N, define

Un, = U{Uﬁ :p € Fand n < nP}. (5.53)
Our nearest goal is to show that the family
B={U,:necN} (5.54)
is a neighbourhood base at e of a Hausdorff group topology 7 on the free group F(X). The
verification of this will be split into a sequence of claims.

Claim 48. The equality (), .y Un = {e} holds.

Proof. Let us show that e € [, cyy Un. Take an arbitrary n € N. Since 4, € Z by (5.52), the choice
of F C PP allows us to find some p € A, NF. Then n < n? by the definition of A,. Since p € P,

the family %P = {U? : i < nP} is a finite neighbourhood system for F(X?) by condition (3,) of
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Definition 5.7.1(a). Therefore, we can apply Remark 5.3.3 to conclude that e € UL. Since p € F
and n < n?, we have U} C U, by (5.53). Thus, e € U,. Since n € N was arbitrary, we conclude
that e € (,,cny Un-

Suppose that there exists some g € (), oy Un with g # e. Then Cy € 2 by (5.52). The choice

of F allows us to find some p € C; NF. By the definition of C,, this automatically implies that
g € F(XP)\U?,. (5.55)

Since g € (,,en Un, the inclusion g € Uy holds. By (5.53), this implies the existence of ¢ € F such
that n < n% and g € Ul,. Since F is linearly ordered, either ¢ < p or p < q. We shall show that
both of these two conditions lead to a contradiction.

If ¢ < p holds, then % is an extension of %P by Definition 5.7.1(b), so conditions (i%) and
(iii%7) of Definition 5.4.1 imply that F(X?) C F(X9) and U, N F(XP?) = U?,. Since g belongs to
the set on the left-hand side of the last equation, we get g € UY,. This is a direct contradiction to
(5.55), so this case cannot hold.

Suppose that p < ¢ holds. Then this time %? is an extension of %% by Definition 5.7.1(b),
so n? < nP by condition (ii%,) of Definition 5.4.1. Since n? < n? also holds, we have n? = nd.
Conditions (i%;) and (iiiZ}) of Definition 5.4.1 imply that F/(X9) C F(X?) and UL, NF(X?) = UJ,.

Since g € U/

nP»

the last equation implies that g € UE,. Once more, this contradicts (5.55), so this
case cannot hold either.

The obtained contradiction finishes the proof of our claim. O

Claim 49. U,;l =U, and U,+1 - Upy1 C U, for every n € N.

Proof. Fix n € N.

Consider an arbitrary p € F satisfying n < nP. Then U} = (UF)~! by condition (24) of
Definition 5.3.2. If we apply this to (5.53), we obtain that U, = U, L.

For the second inclusion, consider some arbitrary g1, g2 € Up+1. By (5.53), there exist p1,ps € F

such that n +1 < nP/ and g; € Ut

oiq for j = 1,2. Since F is linearly ordered, without loss of

generality, we may assume that p; < po. Then P! extends %P2 by Definition 5.7.1(b). Now

conditions (i%,7) and (iiiZ,?) of Definition 5.4.1 imply F(X??) C F(XP') and U}, N F(XP?) =
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The inclusion g; € U}

41 holds by the choice

UP% . From the last equation, we obtain g, € UP! ;.
of p1.
Note that % P! is a finite neighbourhood system for F(X?') by condition (3,,) of Definition

5.7.1(a). Since e € XP1, from condition (34#»1) of Definition 5.3.2 we obtain that

gL-g U UM =e-UP U ! C U SUPL L URL T CUR (5.56)
xEXP1L

Since p1 € Fand n < n+1 < nP', we have U;* C U, by (5.53). From this inclusion and

(5.56), we obtain g1 - g2 € U,. Since g1,92 € Un41 were arbitrary, this establishes the inclusion

Un+1 ' Un+1 C Un O

Claim 50. For every n € N and each y € X, the inclusion y - U,,1 -y~' C U, holds.

Proof. Let n € N and y € X be arbitrary. It follows from Definition 5.3.1 that y = 2° for some
r € X and ¢ € {-1,1}. Since By, € ¥, there exists p € By, NF by the choice of F. Let
h € Upy1. By (5.53), there exists some ¢ € F such that n+1 < n%and h € U, . Since F is linearly
ordered, there exists some r € F such that r < p and r < ¢q. Then %" extends both %P and %4
by Definition 5.7.1(b). Since %" extends %9, by condition (iiiZ,) of Definition 5.4.1, the equality
Ur .y NF(X9) = U holds, implying that h € U7, . Similarly, by condition (ii%;) of Definition
5.4.1, we have n+1 < n? < n". Since %" is a finite neighbourhood system for F'(X") by condition
(3r) of Definition 5.7.1(a), we have e € U}, ; by Remark 5.3.3. Since p € By,}, we have x € X? by
definition of By,). Since " extends %P, we have X? C X" by condition (iZ7) of Definition 5.4.1.
Therefore, z € X", and so y = 2° € X" by Definition 5.3.1. Since %" is a finite neighbourhood

system for F'(X"), by applying condition (34r) of Definition 5.3.2, we get that

y-h-yt=y-hoey ' Cy-Usy-Uny-y ' C U 2 Ubyy - Uby -2 P CUL (5.57)
2EXP1

Since r € F and n < n”, we have U}, C U,, by (5.53). Combining this with (5.57), we conclude that

y-h-y~' € U,. Since h € U, .1 was chosen arbitrarily, this proves the inclusion y-Up+1-y~ ' C U,. O

Claim 51. For every n € N and each g € F(X), there exists k € N such that g- Uy - g~ C U,,.
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Proof. Let n € Nand g € F(X) be arbitrary. Then g =y -y2----- Ym for some y1, 4o, . .

Note that

Ym - Un+m : yn_11 C Un+m—1

by Claim 50. Applying this claim once again, we get
Ym-1" WUm  Unsm  Ym') Y1 € Ym-1 - Ungm—1 - Ym-1 € Unspm—2-
By inductively applying Claim 50 finitely many times, we obtain the inclusion
g.Uner.g—lzy1 ..... ym'Uner'y;zl ..... yflgUn.

Therefore, it suffices to let k = n + m.

S ym € X.

O]

Claim 52. The family B as in (5.54) is a neighbourhood base at e of some Hausdorff group topology

J on F(X).

Proof. 1t easily follows from Claims 48 and 49 that

U,, C U, whenever n,m € N and n < m.

(5.58)

Combined with (5.54), this implies that B is a filter base. By (5.54), Claim 49 and Claim 51, B

has the following three properties.

e For every U € B, there exists V € B such that V-V C U;

« For every U € B, there exists V € B such that V1 C U;

o For every U € B and each g € F(X), there exists V € B such that g-V - g~ ! C U.

By [8, Theorem 3.1.5], the family

T ={OCF(X):VgeO3UeB(gUCO)}

is a topology on the free group F(X) making it into a topological group such that the family B is
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a neighbourhood base at e comprised of 7 -neighborhoods of e. It follows from Claim 48, Theorem

4.7.1 and Remark 4.7.2 that 7 is a Hausdorff group topology for F(X). O

Claim 53. The topological group (F(X),.7) has the DW property.

Proof. We are going to check that the topological group (F(X),.7) satisfies Definition 1.5.2.

Let W be a neighbourhood of e in (F(X),.7). By Claim 52, there exists n € N such that
U, CW.

Fix g € F(X) \ {e} and recall that A, N D, € 2. By the choice of F, there exists some

g€ A, NDyNTF. Since q € Ay, the inequality n < n? holds by definition of A,,, and therefore

Ul, CULCU, CW (5.59)

by (5.53) and (5.58). From (5.59) we obtain that (Cyc(U/,)) C (Cyc(W)). Finally, from q € D,
and our definition of D,, we get g € (Cyc(Ul,)). Therefore, g € (Cyc(W)). Since this holds for
every g € F(X), we have proved that F(X) C (Cyc(WW)). Since the converse inclusion clearly
holds, we get F'(X) = (Cyc(W)).

Since the last equality holds for every neighbourhood W of e in (F(X),.7), we conclude that
(F(X),.7), has the DW property. O

Since (F(X), 7) is Hausdorff and has a countable base at e by Claim 52, it is metrizable. This

concludes the proof of Theorem 5.1.1.

5.9 Proof of Theorem 5.1.2

Fix an infinite cardinal k. We are going to show that the free group with x many generators admits
an DW group topology.

Let H be the free group with a countably infinite set of generators equipped with the metric
DW group topology constructed in Theorem 5.1.1. Let B be a countable local base of H at its
identity ey consisting of open neighbourhoods of eg.

Define E = [x x N|<¢ \ {0}. Since & is infinite, |E| = x and |[E]<¥| = k. Since H and B are
countable, we can fix a listing {(&y, ha, Ba) : @ < K} of triples (&4, ha, Ba), where &, € [E]<%\ {0},

he € H% and B, € B for every o < k, having the following property:
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(0) If & € [E]<* \ {0}, h € H® and B € B, then (&, h-, B,) = (&, h, B) for some 7 < k.

For every E € E fix an injection g : E — H such that 0g(E) is an independent subset of H.

(It suffices to send E injectively into a subset of the infinite set of generators of H.)

By transfinite induction on a < k, we shall define z,, € H E for every n € N satisfying two

properties:

(io) If E € E and (a,n) € E for some n € N, then x4, (F) = 0p(a,n)

(iiy) There exist ng, k € Nsuch that x4 5o+ € Cyc(Wy) fori =0,...,kand ho(E) = Hf:o Zamngti(E)

for every E € &,, where W, = Bfa x HE\ba

Suppose that o < « is an ordinal and g, € H® were already defined for all 3 < o and n € N in
such a way that properties (i3) and (iig) hold. We shall define z, , € H® for every n € N satisfying
(i) and (iiy).

Recall that &, € [E]<¥ \ {0}, so &, is a (non-empty) finite subset of E = [k x N]<¥\ {0}.

Therefore, | J &, is a finite subset of k x N, so we can fix ny € N such that

(a,n) & Ué"a whenever n € N and n > ny. (5.60)

Let & = {Fx,..., E;} be a faithfully indexed enumeration, where E; € E for every j =1,...,L

Let j = 1,...,1 be arbitrary. Since h, € H%, we have h,(E;) € H. Since B, € B, it is
an open neighbourhood of ey in H. Since H is DW, we have H = (Cyc(B,)) by Definition
1.5.2. Since ho(E;) € H, this allows us to choose k;j € Nt and gjo,...,gjr, € Cyc(Ba) such that
ha(Ej) = T1iZo g5

Define k = max{k; : j =1,...,1}.

Let j =1,...,1 be arbitrary. For every integer i satisfying k; < ¢ < k, define g;; = egy. Then

k
950+ -+ 9ik € Cye(Ba) and  ha(Ej) =[] g54- (5.61)
=0
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For n € N satisfying ng < n < ng + k, define ., € HE by

9jn—no if B =FEjforsome j=1,...,1
Tan(E) = 0g(a,n) if (a,n) € E for E € E. (5.62)

e otherwise

It should be noted that the first and the second line of (5.62) do not contradict each other. Indeed,
if E = Ej for some j =1,...,l, then E € &,. Since n > ng, we have (a,n) ¢ E by (5.60).

For n € N satisfying either n < ng or n > ng + k, define z,, € HE by

Op(a,n) if (a,n) € E
Tan(E) = for E € E. (5.63)

e otherwise

Condition (iy) is satisfied by (5.62) and (5.63).
Let us check the condition (iiy). Let E' € &, be arbitrary. Then E = E; for a unique j =1, ..., 1.

It follows from (5.62) that xqno+i(E) = gj; for all i =0,...,k, so from (5.61) we get

k k
ho(E) = ha(Ej) = ngvi = onz,no-i-i-
=0 =1

and

Tang+i(E) € Cyc(By) for i=0,...,k (5.64)

Since W, = Bfa x HE\éa and (5.64) holds for every E € &,, we conclude that x4 no+i € Cyc(Wy)
for every ¢ =0, ..., k. This finishes the check of condition (iiy).

The inductive construction is complete.
Claim 54. X = {z4, : @ < k,n € N} is an independent subset of H®.

Proof. By [10, Lemma 2.3], it suffices to show that every non-empty finite subset Y of X is inde-
pendent in H®. Fix a non-empty finite set £ C x x N such that Y = {z4, : (o,n) € E}. Note
that E € E by our definition of E. Let 7z : H* — H be the projection on E’th coordinate.

Let n: E — Y be a surjective map defined by n(o,n) = 24, for (a,n) € E. If (o, n) € E, then

me(n(e,n)) = 1g(xan) = Tan(E) = 0g(a,n) by (iy). This shows that 7g [y on = 0. Since O
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is an injection, so is 1. Since 7 is also surjective, n is a bijection between E and Y, so it has the
inverse map n~! : Y — E. Now 7g |y on = 0 implies 7p |y= 0 o 77_1. Since both n_l and Og
are injections, so is 7g [y. Finally, it follows from our choice of fg that 7 [y (V) = 0gon (V) =
0p(n~1(Y)) = 0p(E) is an independent subset of H. It follows from [10, Lemma 2.4] that Y is an

independent subset of HE. O

Our goal is to show that the subgroup G = (X) of H® generated by X is DW; see Claim 57
below. To achieve this, we fix arbitrarily an open neighbourhood U of the identity e of H® and
an element g € G. Since G is a subgroup of H®, by Definition 1.5.2, it suffices to check that

g € (Cyc(UNG)). Since g € G = (X), we can find [ € N such that

l
g=11=5%n (5.65)
=1

where o; € k,n; € Nand ¢; € {—1,1} for every i = 1,...,l. Let
Let
65)1 = {(ai,ni):i: 1,...,[}.

Since U is open in HT, there exists a non-empty finite subset & of E and B € B such that
B% x HE\®2 C U. Let & = & U &. Clearly & € [E]<“\ {0} and h = g [s€ H®. By (o), we can
find an ordinal & < & such that (&, h, B) = (4, ha, Ba). Let no, k € N, Zang, Tamno+1s - - - s Tang-+k

and W, be as in condition (iiy).
Claim 55. g1 =[]} Zang+i € (Cyc(UNG)) and g1 [s= g |

Proof. Since & C & = &, and B, = B, we have
Wy = Bé* x H*\®« = B¢ x HF\* C B® x H*\*2 C U; (5.66)

in particular, Cyc(W,) C Cyc(U) by (1.2). Combining this with (ii,), we conclude that zq ny+i €
Cyc(U) for i = 0,...,k. Since zqpny+i € X C G, we have x4 pn,4i € Cyc(UNG) for i =0,...,k.
Therefore, g1 € (Cyc(U N G)) by our definition of g;.

Let E € & be arbitrary. It follows from & € E, g [¢= h = h,, and (ii,) that

122



5.10. OPEN QUESTIONS

This implies the equality g1 [¢= g [e- O
Claim 56. g5 = ¢ - 91_1 € Cyc(U N G).

Proof. If E € &, then go(E) = g(E) - (91(E))™! = g(E) - g(E)~! = ey by definition of g» and the
second statement of Claim 55. Thus, g2 € {eH}éa x HE\Y . Note that {eH}éa x HE\¢ C B¢ x HE\¢ C
U by (5.66). Since {ey}¢ x HE\ is a subgroup of H?, the stricter inclusion {ey }¢ x HE\¢ C Cyc(U)
holds as well. This argument shows that go € Cyc(U).

Note that g; € (Cyc(UNG)) C G by Claim 55 and the fact that G is a group. Since g € G, we

obtain go = g - gfl € G. Combining this with go € Cyc(U), we get g2 € Cyc(U N G). O

It follows from Claims 55 and 56 that g = g2- g1 € Cyc(UNG) - (Cyc(U NG)) C (Cyc(U N G)).
Since this inclusion holds for an arbitrary g € G, we conclude that G C (Cyc(U N G)). The converse
inclusion (Cyc(U NG)) C G trivially holds. We have proved that G = (Cyc(U N G)). Since this
equation holds for an arbitrary open neighbourhood U of e in H® and G is a subgroup of H, from

Definition 1.5.2 we obtain the following.
Claim 57. The subgroup G = (X) of H® generated by X is DW.

It follows from Claim 54 that G is a free group with generating set X. Since k is an infinite

cardinal, | X| = |x x N| = . By Claim 57, the subspace topology G inherits from H® is DW.

5.10 Open questions

The free group with one generator is isomorphic to the group Z of integer numbers, so it does not
admit an SSGP group topology by [4, Corollary 3.14], and therefore it also cannot have an DW

group topology either. In view of this remark, Theorem 5.1.2 motivates the following question.

Question 5.10.1. Let n € N with n > 2. Can the free group with n generators admit either an

DW or an SSGP group topology?

Comparison of Theorems 5.1.1 and 5.1.2 suggests the following question:
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Question 5.10.2. Can the DW group topology in Theorem 5.1.2 be chosen to be metric?
In fact, a more general questions seems quite intriguing.

Question 5.10.3. If a group G admits an SSGP group topology, must G also admit a metric SSGP

group topology? What if G is abelian?
The DW version of this question also makes sense.

Question 5.10.4. If a group G admits an DW group topology, must G also admit a metric DW

group topology? What if G is abelian?
The following problem may be considered as a “heir” of Question 1.5.10(a):

Problem 5.10.5. Describe the algebraic structure of (abelian) groups which admit an DW group

topology.

Shakhmatov and the author made some progress on this problem in [45].
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Chapter 6

On algebraic structure of groups with

a property of Dierolf and Warken

6.1 Introduction

In this chapter, we investigate the class of groups which carry property DW (please see Section
1.5.2 for the historical overview of this property). During our investigation, we also obtain some
information about their algebraic structure. To the best of the knowledge of Shakhmatov and the
author, the results presented here mark a humble first attempt at a close investigation of Dierolf and
Warken’s original unmodified property DW. As we shall see in Section 6.3, the class of topological
groups defined by this property does not coincide with the class of SSGP groups, so it becomes of

importance to understand just how different these two classes may be.

This chapter is organized as follows: in Section 6.2 we cover algebraic preliminaries and def-
initions which will be needed throughout this chapter, in particular, we also cover some folklore
facts for minimally almost periodic groups. Each higlighted concept also comes with a literature
recommendation for the interested reader. In Section 6.3 we give a necessary condition for torsion
Abelian groups to admit an DW group topology, in particular, we are able to show some elemen-
tary examples to distinguish this class from the SSGP class. In the intermediate Section 6.4 we
show that the so called mazimal 0-rank subgroups of an Abelian group inherit a precompact group

topology if they happen to be finitely generated; in particular, this allows us to deduce that a
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topological group quotient by one of such subgroups cannot be trivial. In Section 6.5 we utilize the
main result of Section 6.4 to obtain a necessary condition on groups of finite free rank to have an
DW group topology; as a consequence, we are able to show that Q™ (where n is a positive integer)
contains no non-trivial DW subgroups. In the latter Section 6.6 we dedicate some time to show
some basic topological properties of the DW class; in particular, we cover some loose ends in the
topic of subgroup inheritance. In the self-contained Appendices A.1 and A.2 we cover some purely
algebraic results that are utilized in Section 6.5; to be precise, we utilize the notion of finitely
generated (or Priifer) rank to obtain an upper bound for the p-rank in group quotients where ALL

p-ranks are finite.

6.2 Preliminary lemmas

Definition 6.2.1. Let G be a group. We say that a subgroup H of G is essential in G if and only
if for every g € G\ {e} we have that (g) N H # {e} holds.

For convenience, we shall be utilizing the following terminology as seen in [16][Section 3]:

Definition 6.2.2. Let G be an Abelian group. A subgroup H of G is called a mazimal 0-rank

subgroup of G provided that the algebraic quotient G/H is a torsion group.

Proposition 6.2.3. Let G be a non-torsion Abelian group. The following are equivalent for a

subgroup H of G:
(i) H is a maximal 0-rank subgroup of G,
(ii) H contains a mazimal independent subset of G,
(iii) For every non-torsion g € G the inequality (g) N H # {e} holds.

We invite the reader to compare item (iii) of Proposition 6.2.3 with Definition 6.2.1. Indeed,
one can easily see that a maximal O-rank subgroup of a group G is essential if and only if the group
G is torsion-free. In essence, one can think of maximal O-rank subgroups as subgroups which are
almost essential.

The following lemma is well known. We include its easy proof only for the convenience of the

reader.
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Lemma 6.2.4. A precompact minimally almost periodic group is trivial.

Proof. Let G be a precompact minimally almost periodic group. Since G is precompact, its com-
pletion K is a compact group. Let ¢ : G — K be the natural inclusion monomorphism. Since
¢ is continuous and G is minimally almost periodic, the image ((G) must be trivial. Since ¢ is a

monomorphism, G itself must be trivial as well. O

6.3 The DW property in torsion groups

In this section we shall be focusing on the behavior of the DW property in torsion groups. The next
results shows that the implications in (1.6) all become reversible in the realm of bounded groups.

We begin as follows:
Proposition 6.3.1. Fvery SSGP topological group of bounded order satisfies the DW property.

Proof. Suppose n € N is the exponent of G and let U C G be any open neighbourhood of the
identity of G. Choose another open neighbourhood V' of e such that V® C U and let x € V be

arbitrary. Clearly the inclusion

(xy={z™:m=1,...,n} CV"CU

holds. Since the previous inclusion implies that x € Cyc(U), we have shown that V' C Cyc(U) holds.
Naturally, the inclusion Cyc(U) C (Cyc(U)) also holds. Since the subgroup (Cyc(U)) contains the
non-empty open set V, it is a clopen subset of G. Since it is also dense in G by the SSGP property

in Definition 1.5.5, (Cyc(U)) must coincide with G. O

By combining Proposition 6.3.1 with Theorem 1.5.7 we obtain the following;:

Corollary 6.3.2. Every Abelian minimally almost periodic topological group of bounded order

satisfies the DW property.

As a consequence, the implications shown in (1.6) become reversible in the realm of Abelian
groups of bounded order. As we had highlighted before in Remark 1.2.6, an Abelian group has null
divisible rank if and only if it is a bounded group. We can then modify Theorem 1.4.11 to re-state

it in the following form:
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Theorem 6.3.3. A non-trivial Abelian group G of bounded order admits an DW group topology if

and only if all leading Ulm-Kaplanski invariants of G are infinite.

With the case of bounded groups out of the way, we can now begin to study the general case of
torsion groups. The following lemma begins to show the algebraic structure of torsion groups that

can admit an DW group topology.

Lemma 6.3.4. If an Abelian torsion group admits an DW group topology, then all of its non-zero

p-ranks are infinite.

Proof. For all prime numbers p € P let us denote by G, the p-component of G. In order to proceed
by contradiction, let us suppose that G admits an DW group topology and that the non-trivial
component G, (for some fixed p € P) has finite rank. Since G}, has finite rank, we can fix £ C G),

to be its finite essential subgroup of rank 7,(G). For convenience, let us denote G' = G\, & H where

H= P G,

qeP\{p}

Define E* = E \ {e} and consider V' any open neighbourhood of e in G. Since E is finite, the set

U =V \ E* is also an open neighbourhood of e in G.

Claim 58. The inclusion (Cyc(U)) C H holds.

Proof. Let g +h € Cyc(U) be arbitrary and suppose that g # e. By the definition of G and its
p-components, we may find integers n,m € N be natural numbers such that n is a power of p, p
does not divide m, and the equalities ng = e and mh = e are satisfied. By the choice of m we have

that mh = e holds, implying that
mg = mg +mh=m(g+ h) € Cyc(U), (6.1)

as g+ h € Cyc(U). Now, since n and m are relatively prime and g # e, we have that mg # e. By
hypothesis, E is an essential subgroup of G, and thus we have that (mg) N E # {e}; this implies that
U N E # {e} which contradicts the definition of U. We then have that g = e and so Cyc(U) C H.

Since H is a group we have that (Cyc(U)) C H, and the assertion is proved. O
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By the previous claim we have that (Cyc(U)) € H C G, ® H = G, and so G does not have the

DW property. ]

Theorem 6.3.5. If an Abelian torsion group G admits an DW group topology, then every non-
trivial p-component G, of G is either bounded with all its leading Ulm-Kaplansky invariants infinite,

or it is of infinite divisible rank.
Proof. We begin with the following claim:

Claim 59. For every prime p € P the cardinal 7(nG,) is either infinite or null for all n € N.

Proof. First, let us observe that Lemma 6.3.4 implies that for every torsion Abelian group H
and every prime p € P, if H admits an DW group topology then the rank of its p-components,
r(H,) = rp(H), are either infinite or null. Since G' admits an DW group topology, Proposition
6.6.2(i) implies that for every n € N the group nG also admits an DW group topology. By
combining these two results we obtain that for every n € N the cardinal r(nG)) is either infinite or

null, as desired. ]

Recall that for any group H the inequality r(H) < |H| holds, so we can use Claim 59 to deduce
that for every prime p € P and n € N, either |[nG,| > w or nG, = {0} holds. Let p be a prime
p € P, if the p-component G), is bounded, then the previous observation and [11][Proposition 2.5]
imply that all leading Ulm-Kaplansky invariants of G, are infinite.

On the other hand, if the p-component G, is unbounded, then r(nG),) is non-zero for every
positive integer n € N. By using Claim 59 we obtain that r(nG)) is infinite for all positive integers

n € N. This shows that G, has infinite divisible rank by definition. O

Example 6.3.6. Let P C P be an infinite set of primes. The following groups admit an SSGP

group topology but do not admit an DW group topology:
(1) G1=D,cp Z(p) a direct sum of Z(p) groups.
(i) G2 = @D, ep Z(p™) a direct sum of p-Priifer groups.

Since the set P is countably infinite, the inequalities 74(G1) > w and 74(G2) > w can easily

be verified from Definition 1.2.4 for both groups. By Theorem 1.5.12, both G; and G2 admit an
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SSGP group topology. If we fix some prime g € P it suffices to observe that neither of the groups
Z(p) and Z(p*°) satisfy the necessary conditions from Theorem 6.3.3. This shows that neither G;

nor Go can admit an DW group topology.

These two examples show that DW groups form a proper subclass of SSGP groups, and therefore
the first implication in (1.6) is not reversible. As previously discussed in Section 1.5.5, the notion
of divisible rank played a key role in the characterization of Abelian SSGP groups. In the case of

groups with the DW property however, it is quite likely that a different approach will be needed.

6.4 Precompactness in maximal O-rank subgroups of DW groups

In this section we shall be focusing on maximal O-rank subgroups and the properties they inherit.
As we shall see, if a maximal 0-rank subgroup also happens to be finitely generated, then this
subgroup will inherit a precompact subgroup topology. As a result, this shall give us some more
insight when we study Abelian groups with finite free rank. Before we begin, we shall be needing

the following lemma for certain vector spaces.

Lemma 6.4.1. Let n € N and consider V.= Q" as a vector space over Q. If {x1,...,x,} CZ" is
a linearly independent subset of V', there exists a finite subset F' C Z™ such that
n
Diai) + F=1", (6.2)
j=1
where (xz;) is the smallest subgroup generated by x; with integer coefficients for all i =1,...,n.
Proof. Define

B = {il oz o € (—1,1) ﬁ@} . (6.3)

Claim 60. Q" = }_, (z;) + B.

Proof. Let v € Q™ be arbitrary. Since {z1,...,x,} is a basis for V, for every i = 1,...,n there
exists B; € Q such that v = Z?Zl Bix;. Finally, for every ¢ = 1,...,n there exist z; € Z and

r; € (—1,1) such that 5; = z; + ;. This implies that

n n n
v = Z 2T + Z rT; € @(xz) + B. (6.4)
j=1 j=1 j=1
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This proves that Q™ C @?:1 (x;)+B. The converse inclusion clearly holds, showing the equality. [

It is clear from (6.3) that B is a bounded set in Q", and therefore the set F' = BN Z" is finite.
Let v € Z"™ be arbitrary. By the previous claim, there exists v € @;L:l(.m} and vy € B such
that v = v; 4+ vo. Since Z" is a subgroup of Q™, we have that vo = v — v; € Z™. This implies that
vg € BNZ" = F, proving that Z" C @?:1(xl> + F. The converse inclusion clearly holds, showing

the equality in (6.2). O

Lemma 6.4.2. Let G be an abelian DW group and suppose that E C G is a maximal 0-rank
subgroup of G. For every neighbourhood U of 0 in G and each finite sequence g1,...,gr € G, there

exists m € NT such that mg; € (Cyc(UNE)) forall j=1,... k.
Proof. We check the following elemental claim.

Claim 61. If g1,...,g; € G is a sequence such that m;g; € Cyc(U N E) for some mq,...m; € Z

then there exists m € NT such that mg; € Cyc(UNE) forall j =1,...,k.

Proof. Let ¢1,...,9r € G be a sequence as above. By hypothesis, we can consider a finite sequence

mi,...,m, € NT such that for every i = 1,...,k we have that the inclusion
m;g; € Cyc(UNE)

holds. Let us then take

Let j =1,...,k be arbitrary, observe that since m;g; € F and E is a subgroup of G, the inclusion
mgj = (m/mj)m;g; € E

holds. Finally, since g; € Cyc(U) holds, this implies that mg; € Cyc(U) by (1.2). With this we
have proved that the inclusion

mg; € Cyc(UNE)

holds for every 7 =1,...,k. O
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It now suffices to verify the hypotheses of our previous claim. Let us fix a sequence g1, ...,gr € G
and take U to be some neighbourhood of 0. Since G is DW, for every ¢ = 1,...,k we can get a

sequence h;1,...,hin, € Cyc(U) such that
6= hes (65)

We now utilize our hypothesis over £ with Proposition 6.2.3(iii). Observe that if some h; ; happens
to be a torsion element of G, we can find some n; ; € NT such that n; jh;; =0 € Cyc(U)N E. In
the case where h; ; is a torsion free element, we simply take n; ; such that 0 # n; jh; ; € Cyc(U)NE.

In either case, we can always take some n; ; € N such that
n;jhij € Cyc(U)NE = Cyc(UNE)

holds for every j =1,...,n;. From this, the sequences {h;; : i =1,...,kand j=1,...,n;} C G
and {n;; :i=1,...,kand j = 1,...,n;} C N7 satisfy the hypotheses of our claim. This implies

the existence of some m € N* such that
mhi,j S CyC(U N E) (66)
foralli=1,...,kand j=1,...,n;. If we combine this with Equation 6.5, we get that

mg; = thi,j € (Cyc(UNE)).
j=1

From this, our proof has been completed. O

Theorem 6.4.3. Suppose that an Abelian DW group G contains a free maximal O-rank subgroup

E of finite rank. The following hold:
(i) E is precompact in the subgroup topology inheried from G;
(i) E is not dense in G.

Since E is free and of finite rank, it is isomorphic to a power of the group of integers, Z", where

n is the rank of E. For this reason (and for convenience), let us assume that Z" is precisely this
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subgroup E.

Proof. We begin with the following claim.

Claim 62. For every neighbourhood U of 0, the set Cyc(U NZ") generates Q™ as a vector space

over Q.

Proof. Let U be any neighbourhood of 0.

For every i = 1,...,n we denote by e¢; € Z™ the basic canonical vector of Q" of the i-th
coordinate. By our hypothesis over Z", Lemma 6.4.2 implies that we can find m € N such that
me; € (Cyc(UNZ")) foralli=1,...,n.

Since m # 0, the system {me;,...,me,} is a linearly independent set of size n in Q", and
therefore a basis for Q™ as a vector space over Q. Since {mej,...,mey} C (Cyc(U NZ"™)) and the
latter is a subset of the vector subspace of Q" spanned by Cyc(UNZ"), this shows that Cyc(UNZ")

is a generating set for Q™ as a vector space over Q. ]

(i) First, we shall prove that Z" inherits a precompact topology as a subgroup of G. For this,
it suffices to check that for every neighbourhood V' of 0, there exists a finite set F' C Z" such that
Z" =V + F. Let U be a neighbourhood of 0 in G such that U" = {370, z; : 2; € U} C V
holds. By our previous claim, Cyc(U N Z") is a generating set for Q™. Therefore, we can find a
subset {x1,...,z,} C Cyc(U NZ"™) which is a basis for Q™ as a vector space over Q. Since the set

{z1,...,x,} satisfies the hypotheses of Lemma 6.4.1, there exists a finite set F' C Z" such that

n
72" =)+ FCU"+FCV +F (6.7)
j=1
This proves that Z" inherits a precompact group topology from G.
(ii) Suppose Z™ happens to be dense in G. Observe that Z" is precompact, and therefore G
as well, as they both have the same (compact) completion. Since G is DW, we have that G must

be the trivial group by Lemma 6.2.4. This gives a contradiction, as G contains the non-trivial

subgroup Z".

133



6. ON ALGEBRAIC STRUCTURE OF GROUPS WITH PROPERTY DW

Corollary 6.4.4. Suppose that an Abelian DW group G contains a finitely generated subgroup E

which is of mazximal O-rank . The following hold:
(i) E is precompact in the subgroup topology inherited from G; and
(i) E is dense in G if and only if G is the trivial group.

Proof. Since F is finitely generated, we can apply the fundamental representation theorem of finitely

generated groups. From this, we obtain that the isomorphism

m
k;
E~7"&PZp;) (6.8)
j=i
holds for some primes pi,...p,n € P and non-negative integers n,m, k1, ..., k, € N. From this, we

can assume without loss of generality that Z" is a subgroup of E.

Claim 63. Z" is a maximal O-rank subgroup of G.

Proof. To prove this, it is enough to show that Proposition 6.2.3(iii) holds. Indeed, if we take a
non-torsion g € G, we know there exists some n € NT such that ng € E since E is of maximal
0-rank . By Equation 6.8 we have that ng = z + h where z € Z™ and h is a torsion element of F.

Since h is a torsion element of E, there exists some m € NT such that mh = 0. We then have that

0 # (mn)g = mz +mh=mz € Z".

This shows that there exists | € N such that 0 # lg € Z™ N (g) holds. Since we began with an

arbitrary non-torsion g € G, we can conclude the proof of this claim. O

(i) Since Z" is of maximal O-rank then we arrive to the conditions of Theorem 6.4.3. From this,
we obtain that Z" is precompact. Finally, the torsion part ¢(E) is a finite group (as evidenced by
Equation 6.8), therefore the direct sum Z" @ t(F) = E is also a precompact group.

(ii) Suppose that E happens to be dense in G. Since E is precompact by (i), G itself must be a
precompact group by virtue of having the same completion as £. By Lemma 6.2.4, we have that
G must be the trivial group.

Conversely, if G is the trivial group, then every subgroup of G coincides with G itself and is

therefore dense. This concludes our proof. O
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We close this section with the following question:

Question 6.4.5. Suppose that an abelian SSGP group G contains a maximal 0-rank subgroup F.
Must E be precompact in the inherited subspace topology? What if E happens to be essential in
G?

6.5 A necessary condition of the existence of an DW group topol-

ogy on groups of finite free rank

Theorem 6.5.1. Let G be an Abelian group of finite free rank. If G admits an DW group topology,

then either one of the following holds:
(i) If ro(G) = 0 then every non-trivial p-component of G admits an DW group topology.

(ii) If 0 < ro(G) then there exists p € P such that the p-component of G has infinite divisible

rank.

Proof. The first case coincides with G being a torsion group, which has been covered in Theorem
6.3.4. We proceed to solve the second case by contradiction. For this reason, let us consider G to
have finite p-ranks and a non-zero free rank n for some n € NT. Since G has free rank n, we can
fix some maximal independent subset I C G of size n and comprised of torsion free elements of
G. Clearly, the subgroup H = (I) generated by I is a maximal O-rank subgroup of G. Since H is
finitely generated, it satisfies the hypotheses of Corollary 6.4.4. Therefore, by item (ii) of Corollary
6.4.4 we have that H cannot be dense in G. Since H is not dense in G, the topological quotient

K = G/clg(H) is a non-trivial group, we shall proceed as follows.

Claim 64. The quotient K is a torsion group.

Proof. Indeed, since H contains a maximal independent subset of torsion-free elements of G, and
H C clg(H), then Proposition 6.2.3 (ii) implies that clg(H) is also a maximal 0-rank subgroup of

G. By Definition 6.2.2 the quotient group K is torsion. O

Claim 65. For every p € P the p-rank of K is finite.
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Proof. Let p € P be an arbitrary prime, since K is a quotient group of GG, the inequality
rp(K) < 10(G) +1p(G)

holds by Corollary A.2.2. Since the ranks ro(G) and 7,(G) are finite by hypothesis, the previous

inequality shows that r,(K) is finite. O
Claim 66. K does not admit an DW group topology.

Proof. Since K is a non-trivial torsion group, there exists some py € P such that its pp-rank r,, (K)
is non-zero. If K admits an DW group topology, then by case 1 of this theorem the cardinal rp, (K)
must be infinite in contradiction to our previous claim. We have then shown that K does not admit

an DW group topology. O

Finally, since G was equipped with an DW group topology, its topological quotient K would
inherit the DW property, which contradicts the above claim. We can conclude that G itself cannot

admit an DW group topology. O

Corollary 6.5.2. If an unbounded Abelian topological group G admits an DW group topology, then

G is of infinite divisible rank.

Proof. Observe that if G is unbounded then for every n € N the cardinal r(nG) is non-zero. It
then remains to prove that r(nG) is infinite for all n € N, so let us assume the contrary. Since
the group nG is a continuous homomorphic image of G, nG also admits an DW group topology by
our hypothesis and Proposition 6.6.2(i). By our assumption, r(nG) is finite, and therefore, nG is a

group of finite rank. This implies that

r(nG) = ro(nG) + Z rp(nG) < w
peP

holds. Clearly, this implies that nG has finite free rank and finite p-ranks, and therefore nG does

not admit an DW group topology by Theorem 6.5.1. O

As particular cases, we have the following:

Corollary 6.5.3. The following holds:
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(i) Every divisible group with finite free rank and finite p-ranks does not admit an DW group

topology.
(i) For every n € N the group Q™ does not admit an DW group topology.

While (ii) is a particular case from (i), we highlight it for the following reason: previously,
Comfort and Gould [4],[25] had shown that Q itself (and its finite powers) would admit an SSGP
topology. Finally, let us recall that wide subgroups of Q™ played a big role in the characterization
of Abelian SSGP groups (see Definition 4.4.1 and Chapter 4)

In particular, we can state the following version of Theorems 4.7.4 and 4.1.1 as follows:

Theorem 6.5.4. Let n € NT. A subgroup G C Q™ admits an SSGP group topology if and only if

G is a wide subgroup of Q™.

Since all wide subgroups of Q" satisfy the hypotheses of Theorem 6.5.1, we can combine these

results to obtain the following:
Corollary 6.5.5. For every n € Nt the following hold:
(i) The only subgroup of Q™ which admits an DW group topology is the trivial group.

(ii) Every wide subgroup of Q™ admits an SSGP group topology but not an DW one.

6.6 Topological operations of DW groups

In this final section we shall be covering some basic topological properties of the DW class. We
highlight that Theorem 6.6.1 and Example 6.6.6 are more involved than usual standard proofs. In
the former case, this example highlights that it is not enough to contain a dense DW subgroup to

belong to the SSGP class.

Theorem 6.6.1. Let {G; : i € I} be a family of topological groups all of which have the DW
property. Consider G = [[;c;G; and let H C G be a subgroup of G such that the direct sum
Gt = @,c; Gi satisfies G C H. Then H has the DW property.

Proof. Tt suffices to prove that for every open neighbourhood U of the identity eg the equality
H = (Cyc(UN H)) holds. Let U be a open neighbourhood of the identity eq and let h € H be
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arbitrary. Since U is open, we can find a finite set J C I and open sets U; C G for j € J such that

v=[Juix [ GicU (6.9)

jeJ 1€I\J

For every j € J let m; : G — G denote the projection from G to G;. Let j € J be arbitrary and
observe that m;(h) € G;. Since 7;[U] = U; C G; is an open neighbourhood of eg, and G; is DW,

there exists n; € N and :E{, e ,m%j € Cyc(Uj) such that
n;
mi(h) =[] =1 (6.10)
i=1
For every j€ Jand i =1,...,n; let ﬁcf € G be the mapping such that:

itk = j;and
. 7
m(2]) = (6.11)
eq, otherwise.

By our definition of i“{ and Equation 6.9 we have that
# € Cye(V NGT) C Cyc(U) (6.12)

for every j € J and i = 1,...,n;. Using that Gt C H and H is a subgroup of G, define h, € H as

hy :h-(Hﬁj{)—l (6.13)

jeJi=1

By Equations 6.10 and 6.11 for every j € J we have that 7;(h,) = eg,; and so h, € Cyc(V N H) by

Equation 6.9. It is clear then that

h:hT~Hﬁ:%§ (6.14)

jedi=1
by construction. From this, we have proven that h € (Cyc(VNH)) C (Cyc(UNH)) and so

H = (Cyc(U N H)), showing that H has the DW property. O

The next proposition is an analogue of the correspondent results for the class of SSGP groups
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due to Gould [25, Theorem 3.2.1 and 3.2.2]

Proposition 6.6.2. The following statements hold in the class of DW groups.
(i) The DW class is closed under continuous surjective homomorphisms,
(ii) The DW class is closed under topological products,

(iii) The DW class is closed under direct sums; and
(iv) The DW class is closed under topological quotients.

Proof. (i) Let G be an DW group. Suppose H is a topological group and f : G — H is a continuous
surjective homomorphism. We shall prove that H has the DW property. Let U C H be an open
neighbourhood of ey in H, by continuity of f the inverse image V = f~'[U] C G is an open
neighbourhood of eg in G.

Let h € H be arbitrary, since f is surjective let g € G such that f(g) = h. Since G is DW and
V is an open neighbourhood of eg, there exist xj ...x, € Cyc(V) such that g = H?Zl xj. Since f

is an homomorphism, we have that
F9) = f([T =) = [T (). (6.15)
j=1 j=1

Finally, since f also maps subgroups of G to subgroups of H then for every j = 1,...,n we have
that f(z;) € Cyc(f[V]) = Cyc(U). Therefore f(g) = h € (Cyc(U)), proving that the inclusion
H C (Cyc(U)) holds. Since the converse inclusion clearly holds, we conclude then that H has the
DW property by definition.

(ii) If {G; : i € I} is a family of indexed DW groups for some index set I then by Theorem
6.6.1 the product G = [];; G; has the DW property.

(iii) Similar to (ii) by Theorem 6.6.1 the sum G™ = @,.; G; has the DW property.

(iv) Follows directly from (i). O

For the topic of inheritance, it is important to remember that minimally almost periodic groups
cannot contain proper open subgroups [25, Observation 2.2.3]. From the get-go, we can see that

our choice of additional properties for subgroups is a little restricted. As we shall see in this section,
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the topic of inheritance is rather bleak for DW groups, as even closed or dense subgroups fail to
inehrit the property. To show this, we shall make use of the Hartman-Mycielski construction.

We pay attention to the following result by Dikranjan and the second listed author [16]:

Lemma 6.6.3 ([16] Lemma 8.2). Let G = P, cyy Cn where each C,, is a cyclic subgroup of order
an € Nt Uoo. If infinitely many a, = oo or limpa, = oo, then there exists a monomorphism
¢+ G — HM(T) such that the subgroup ¢(G) of HM(T) is dense in HM(T) and has the SSGP

property.
Finally, we remind the reader of the following:

Fact 6.6.4. Suppose G = @pGP Gy, is a torsion group decomposed into its p-components. If H < G

is any subgroup of G and H = € H, is its decomposition into p-components, then for every

peP

p € P we have that H, < G). In particular, any subgroup of G is a direct sum of subgroups of G.

With these tools in mind, we can show that the DW property may not be inherited to subgroups

in general:
Example 6.6.5. Let G = ,cp Z(p) as in Example 6.3.6.

(i) G is naturally embedded as a closed subgroup of HM(G). By Fact 1.5.1 we have that HM(G)
is DW. However, G itself does not admit an DW group topology, so it is not always inherited

to closed subgroups.

(ii) Since G satisfies the hypotheses of Lemma 6.6.3, there exists an embedding ¢ : G — HM(T)
such that ¢(G) is dense in HM(T) and it has the SSGP property. By Fact 1.5.1 we have that
HM(T) has the DW property. However, since G does not admit an DW topology then the

DW property is not always inherited to dense subgroups.

(iii) Let H C G be any non-trivial subgroup. By Fact 6.6.4, for every p € P there exists a subgroup
H, < Z(p) such that H = @pEP H,. If H is finite, then it is compact group and therefore
cannot have an DW group topology. If H is infinite then by Theorem 6.3.4 we have that H
does not admit an DW topology. With this we can conclude that G contains no non-trivial

DW subgroups.
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Finally there is one more possibility to explore. It is a well-known result that if a topological
group has a dense SSGP subgroup, then it itself has the SSGP property. This, sadly, is not the
case for DW groups as we shall see in the following example.

First, recall that a function called an n-step function if there exist a collection of exactly n
disjoint intervals where the function attains a constant value. Finally, if we are given some function

in HM(T), then by its support we mean the subset of I where it attains a non-zero value.

Example 6.6.6. There exists a non-DW Abelian torsion topological group with the SSGP property

which contains dense DW subgroup.

Proof. Consider HM(T) and let X be the set of all 2-step functions on their support with rational
end-points, but which also take values in (J,ep\ (o) T[p]; where T[p] = {t € T : pt = 0}. Consider
the subgroup H = (X) of HM(T) generated by X and let f be the constant function on [0, 1] which
takes the unique non-zero value in T[2]. By construction, H can be seen to be a dense subgroup of
HM(T), and that (f) N H = (e) holds.

We shall make use of the following claim in what follows.

Claim 67. Let € > 0 and U be an arbitrary neighbourhood of identity of G. Furthermore, suppose

J = [a,b) is some interval with rational end-points such that b — a < e. If we define
B(J)={f € HM(T) : f is constant on J and f(t) =0 for t € [0,1) \ J}

then B(J) is a subgroup of X and B(J) C O(U,¢).

Proof. B(J) can easily be seen to a subgroup of HM (G) as we are utilizing the coordinate-wise
operation. Additionally, B(J) is a subset of X by virtue of every constant function on J also being
a 2-step function on J. Let us then verify that the inclusion B(J) C O(U, ¢) holds. Given f € B(J)

we have that for all t € [0,1) \ J the equality f(¢) = e € U holds. This implies that

p{tel: f(t)gU}) <b—-a<e.

This shows that f € O(U,€) by Equation 1.5. Since f € B(J) was arbitrary, we have shown that

B(J) C O(U,¢) holds, as desired. O
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Claim 68. H has the DW property.

Proof. Observe that it suffices to show that X C (Cyc(O(U,€) N X)) holds for every neighbourhood

of identity U of G and every € > 0 . Indeed, the previous would imply that

H = (X) C (Cyc(O(U,e) N X)) C (Cyc(O(U,€e) N H)),

which implies that H inherits an DW group topology from HM(T). Let us then fix some function
f € X, a neighbourhood of identity U of G, and some € > 0. Denote by J the support of the
function f. Since f is a two-step function in its support, there exist two disjoint subintervals J;
and .Jo of J such that the restriction of f to J; is constant for ¢ = 1,2 and J = Jy U Js.

For i = 1,2 let us define the function f; € G! which satisfies that f; [;,= f [/, and f;(t) = e
for every t € [0,1) \ J;. By definition we have that f; € B(J;) € B(J) for j = 1,2. Since
B(J) € O(U,€) and it is a subgroup of HM(T) by the previous claim, we have that f; € Cyc(O(U, €)
for j = 1,2. Since f; is constant in its support, we also have that f; € X for j = 1,2. This
implies that f; € Cyc(O(U,e) N X) for j = 1,2. Finally, it is easily seen that f = f; - fo by our
construction, implying that f € (Cyc(O(U,¢e) N X)). Since f € X was arbitrary, we conclude that
X C (Cyc(O(U,e) N X)). This shows that H has an DW group topology. O

Consider the subgroup G = ({f} UH) = (f) ® H of HM(T). Observe that H is also dense in
G since it was already dense in HM(T), so G is a group that has a dense DW subgroup. Finally,
observe that G is a torsion group with finite 2-rank equal to one, which is witnessed by its direct

summand (f). By Theorem 6.3.4, the group G cannot admit an DW group topology. O
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Appendix A

Reference of results on algebraic ranks

A.1 Special rank, p-groups, and a bound for the rank of their

quotients

The goal of this section is to prove that the p-rank of a quotient group of an Abelian p-group of
finite p-rank does not exceed the p-rank of the original group; see Lemma A.1.5. Even though this
fact seems to be a part of folklore in group theory, we were unable to find any reference for it. The

following notion will play a key role in the proof of Lemma A.1.5.

Definition A.1.1. For an Abelian group G, we use 74 (G) to denote the smallest natural number
r such that every finitely generated subgroup H of G can be generated by at most r many of its
elements, if such r exists; otherwise, we let r(G) = w. We shall call 7 (G) the finitely generated

rank of G.

In the literature, the cardinal r¢(G) is called also the Priifer rank or special rank of G.

The following lemma relates ranks from Definitions 1.2.1(iv) and A.1.1.
Lemma A.1.2. 74 (G) < r(G) for every Abelian group G.

Proof. The inequality obviously holds if 7(G) is infinite, as r¢(G) < w by definition.
Suppose now that r(G) is finite and let r = r(G).

Take H to be an arbitrary finitely generated subgroup of G. Since G is Abelian, so is H. By
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the Frobenius-Stickelberger representation theorem, the isomorphism

m
H~7"o @z (A1)
J=t
holds for some primes p1,...p,n € P and positive integers n, ki,...,k, € NT. It easily follows

from (A.1) that r(H) = n + m and H is generated by (n + m)-many elements of H. Since
n+m=r(H) <r(G) =r by Fact 1.2.2, it follows that H can be generated by at most r-many of
its elements. Since this holds for an arbitrary finitely generated subgroup H of G, this means that
rig(G) < r by Definition A.1.1. O

The equality in Lemma A.1.2 need not hold even for torsion Abelian groups. Indeed, for different
primes p1, ..., pk, the torsion group G = Z(p; - - - pi,) satisfies 14, (G) = 1 and r(G) = k.
The next result shows that the inequality in Lemma A.1.2 does become the equality for Abelian

p-groups whose finitely generated rank is finite.

Lemma A.1.3. Let p be a prime number and G be an Abelian p-group such that ri(G) is finite.
Then r4(G) = r(G) = rp(Q).

Proof. Since G is a p-group, r¢(G) = 0 for all ¢ € (P U{0}) \ {p}, which implies 7(G) = r,(G) by
Definition 1.2.1(iv). By Lemma A.1.2, it remains only to establish the inequality r,(G) < ri(G).
Let S = {g € G : pg = 0} be the socle of G. Clearly, r,(S) = r,(G). By our assumption,
ri(G) = r € N. Suppose that r,(S) > r. It follows from Definition 1.2.1(ii) that we can choose a
p-independent subset X of S such that | X| = r+ 1. Now (X) is a finitely generated subgroup of G
which cannot be generated by at most r-many of its elements. ' This means that rig(G) > 1 +1
holds, in contradiction with r = 7g(G). This contradiction shows that r,(G) = rp(S) < r =

g (G).

(I

It is well-known that the rank of an Abelian group can increase when passing to its quotient
group. Indeed, r(Q) = 1, yet r(Q/Z) = w. This problem does not happen for finitely generated

rank.

Tndeed, every element of S has order p. Since X is an independent subset of S, this implies that [(X)| = plX
p" 1. On the other hand, if Y is a subset of (X) C S such that |Y| < r, then (V)| < p" < p"™! = [(X)], so (Y') must
be a proper subgroup of (X), which implies that Y does not generate (X).
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Lemma A.1.4. If H is a quotient group of an Abelian group G, then ri(H) < 145(G).

Proof. If r¢(G) = w, then 7 (H) < w = 74(G) by Definition A.1.1. From now on we can assume

that r¢(G) =n € N.

Let f : G — H be a quotient homomorphism. and A be a finitely generated subgroup of H.
Finally, fix Y to be a finite set of generators of A. Since f is a surjection, we can find a finite set
X such that f(X) =Y. Since the subgroup (X) of G is obviously finitely generated, there exists a

set Z C G such that |Z]| < rg(G) =n and (Z) = (X). Since f is a homomorphism, we have that

Since |f(Z)| < |Z| < n, we conclude that A can be generated by at most n-many elements of A.
Since this holds for an arbitrary finitely generated subgroup A of H, we have rg(H) < n = ri(G)
by Definition A.1.1. ]

If we observe the behavior of p-ranks, then the following problem persists in arbitrary groups:
Let p be a fixed a prime number. Clearly r,(Q) = 0, yet 7,(Q/Z) = 1 occurs. Our next result

shows that this phenomenon does not happen in the class of Abelian p-groups.

Lemma A.1.5. Let G be an Abelian p-group of finite p-rank. Then r,(H) < r,(G) for every

quotient group H of G.

Proof. Suppose that 7,(G) = n € N. Then rg(G) < n by Lemma A.1.2.

Let H be a quotient group of G. Then ry(H) < ri(G) < n by Lemma A.1.4. Being the
quotient group of an Abelian p-group G, H itself is an Abelian p-group. Now r,(H) = 7 (H) by
Lemma A.1.3. Thus, r,(H) <n =r,(G). O

Corollary A.1.6. The inequality r(H) < r(G) holds for every quotient group H of an Abelian

p-group G.
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A.2 An upper bound for the p-ranks of quotients of groups with

finite ranks

Lemma A.2.1. Let G be a divisible group with finite free rank and finite p-ranks. If H is a quotient

subgroup of G then for every p € P the inequality r,(H) < ro(G) + rp(G) holds.

Proof. Since G is divisible, the isomorphism

G~ Q7@ e Prp™)r (A2)
peP

holds where ro(G) and r,(G) are used to denote the free rank of G and the p-rank of G for a prime
p € P respectively. Suppose that H is a quotient group of G, and that ¢ : G — H is its natural

quotient mapping.
Since H is a quotient of a divisible group, it must also be a divisible group. By utilizing Equation
A2 for H, we can see that H,, the p-component of H, is a direct summand of H. This implies
that the projection mapping m, : H — H,, is a surjective homomorphism. This implies that the

composition m, 0 ¢ : G — H,, is a surjective homomorphism.

Claim 69. Let ¢ € P be a prime distinct from p. For every element g, € G, of the g-component

of G we have that m, o ¢(g,) = 0.

Proof. Since g, € Gy, there exists some n € N* such that ¢" is the order of g, or g, is the trivial
element. Since the latter implies our desired conclusion, let us suppose that the former holds. We

would then have that

n n

e=mpod((gq)? ) = [mp o dgg)]? -

Since m, o ¢(gq) is an element of a p-group, its order is a power of the prime p or it is trivial. If
the former holds, then by combining this with the previous equation, we would have that p must
divide ¢". Since p and g are relatively prime, then this case is not possible. We can then conclude

that m, 0 ¢(gq) = 0 as desired. O

Claim 70. The equality
p o p[QE) @ Z(p®)»(©)] = H,
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holds.

Proof. Take some h € H,, since the mapping 7, 0 ¢ : G — H), is surjective there exists some g € G
such that m, o ¢(g) = h. By Equation A.2, we can find a finite subset of primes P C P such that

g € P and

g=g0+ Y 9

qeP
where g is torsion-free (or neutral) and g, € G4 is an element of the g-component of G. By our

previous claim the equalities

h =y o ¢(g) = p° d(g0) + Z p © f(9q) = mp © #(g0) + mp © H(gq)

qeP

hold. This implies that h = 7, 0 ¢(go + g4) and therefore h € 7, 0 P[Q™(D) @ Z(p>)»(@)]. Since

h € Hj was arbitrary, we have shown that the inclusion
Hy, C 7y 0 $[Q D & Z(p>) ()]

holds. The reverse inclusion clearly holds by the definition of 7, o ¢. O

Claim 71. For every prime p € P the p-component H, of H is a quotient group of Q@) g
Z (p>)ro(G)

Proof. By our previous claim we have that the restriction of 7, o ¢ to the subgroup Q@) g

Z(p>)»(@) is a surjective homomorphism, implying our claim. O

By Lemma A.1.4 we have that
rrg(Hp) < ng(@TO(G) S Z(poo)rp(c)) < ro(G) + rp(G).

Since H), is an Abelian p-group then by Lemmas A.1.2 and A.1.3 we have that r;,(H,) = rp(Hp) =
rp(H). Implying that
rp(H) <1o(G) +1(G)

as desired. O
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Corollary A.2.2. Let G be an Abelian group with finite free rank and finite p-ranks. Then

rp(H) < 19(G) + rp(G) for every quotient group H of G.

Proof. Suppose K is a subgroup of G and that H = G/K is the quotient of G by K. Since G is
naturally embeddable as a subgroup of its divisible hull Dg we can assume without loss of generality
that K < G < Dg where D¢ is the divisible hull of G. By the third isomorphism theorem, the
quotient group H is a subgroup of Dg/K. Since D¢ is the divisible hull of G then ro(Dg) = ro(G)
and rp(D¢g) = 1,(G) for every prime p € P. This implies that D¢ is a divisible group of finite free

rank and finite p-ranks. By our previous Lemma and Fact 1.2.2, we have that

rp(H) < 1p(Da/K) < ro(Da) + 1p(Dg) = ro(G) + 75(G)

holds as desired.
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